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The growth of vegetation is undeniably subject to random fluctuations arising from environmental variability and internal effects
due to periodic forcing. To address these issues, we investigated a spatial version of a vegetation model including seasonal rainfall,
noise, and diffusion. By numerical simulations, we found that noise can induce the pattern transition from stationary pattern to
other patterns. More specifically, when noise intensity is small, patch invasion is induced. As noise intensity further increases,
chaotic patterns emerge. For the system with noise and seasonal rainfall, it exhibits frequency-locking phenomena. Patterns
transition may be a warning signal for the onset of desertification and thus the obtained results may provide some measures to
protect vegetation, such as reducing random factors or changing irrigation on vegetation.

1. Introduction

Understanding the effect of external variability on vegetation
systems is a problem of great interest. An obvious and most
important source of external variability is seasonality. The
consequences of the cyclic variation of seasonality have been
well investigated [1–4].The importance of understanding the
effect of the seasonal rainfall on the biological productivity of
a region within a specificmodel is equal to understanding the
effect of additional fluctuations such as interannual variations
[5]. On the other hand, the environments inmodels and labo-
ratories aremuch less complex than ecological environments,
and thus vegetation systems can be modeled as open systems
in which the interaction with the environment is noisy [6,
7]. Stochasticity can give rise to counterintuitive behaviors
such as stochastic resonance, noise-enhanced stability, noise-
delayed extinction, and noise-induced pattern formation [8–
10].

In the past years, the influences of noise and periodic forc-
ing have been well studied in ecosystems [11–13]. They found
from ecological models that noise can induce the emergence
of chaotic patterns. Moreover, noise and external periodic

forces may cause instability and enhance the oscillation of
the species density. In addition, interactions of noise and
external periodic forces can give rise to resonant patterns and
frequency-locking phenomena.

Regular patterns of vegetation have been observed in
many arid and semiarid regions of the world. The formation
of regular vegetation bands on hillsides of semiarid catch-
ments is often attributed to a low scale process of water
redistribution by runoff [14–20]. It is well recognized that
local feedbacks along with dispersion can induce regular
vegetation patterns to develop as a result of Turing-like
instability. This phenomenon motivated many recent studies
concerning the stability of the soilmoisture andplant biomass
balance equations [20]. Mathematical analysis showed that,
when the vegetation system is unstable, an even slightly het-
erogeneous initial distribution of the vegetation can induce
regular spatial patterns. Now, it is natural to ask whether
the noise and seasonal rainfall can induce spatial patterns in
vegetation systems.

Themain purpose of this paper is to investigate the effects
of noise and seasonal rainfall on the vegetation patterns. In
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particular, we want to check whether pattern transition or
frequency locking emerges. The rest of our paper is arranged
as follows. In Section 2, we give the vegetation model with
noise, seasonal rainfall, and spatial diffusion. In Section 3,
it is found that there is pattern transition from stationary
pattern to patch invasion or chaotic pattern. Furthermore,
the interactions of noise and periodic forces can give rise
to frequency-locking phenomena. Finally, we present some
conclusion and discussion.

2. Main Model

VonHardenberg et al. proposed a partial differential equation
model, with equations for the biomass density 𝑛(𝑟, 𝑡) and the
ground water density 𝑤(𝑟, 𝑡) in both space and time [21]:

𝜕𝑛

𝜕𝑡

=

𝛾𝑤

1 + 𝜎𝑤

𝑛 − 𝑛
2
− 𝜇𝑛 + ∇

2
𝑛, (1a)

𝜕𝑤

𝜕𝑡

= 𝑝 − (1 − 𝜌𝑛)𝑤 − 𝑤
2
𝑛 + 𝐷∇

2
(𝑤 − 𝛽𝑛)

− ]
𝜕 (𝑤 − 𝛼𝑛)

𝜕𝑥

,

(1b)

where ∇2 = 𝜕
2
/𝜕𝑥
2
+ 𝜕
2
/𝜕𝑦
2 is the Laplacian operator in

two-dimensional space with 𝑟 = (𝑥, 𝑦). (𝛾𝑤/(1 + 𝜎𝑤))𝑛 is
used to describe plant growth at a rate that grows linearly
with 𝑤 for dry soil; −𝜇𝑛 presents mortality and herbivory;
−𝑛
2 represents saturation due to limited nutrients; ∇2𝑛 is the

spread of plants; 𝑝 corresponds to precipitation; −(1−𝜌𝑛)𝑤 is
evaporation;−𝑤2𝑛 is local uptake of water by plants;𝐷∇2(𝑤−
𝛽𝑛) is the feedback term; ](𝜕(𝑤−𝛼𝑛)/𝜕𝑥) is used tomodel the
drop of runoff in vegetated areas due to increased infiltration.

When combined with noise and seasonal rainfall, the
original spatially extended model is written as the following
system:
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(2b)
The seasonal rainfall is assumed to be sinusoidal with ampli-
tude 𝐴

1
and frequency 𝜔, which is considered as an additive

version for the reason that toxins produced by different
populations have a significant role in shaping the dynamical
behavior of ecosystems [22]. 𝜔 is related to a seasonal rainfall
variation. There are 12 months in one year and rainfall may
be different in different months, so the value of 𝜔 is 𝜋/6. In
that case, the rainfall reaches its maximum value in March
and minimum value in September. This phenomenon can be
found in Southern China.

In (2a) and (2b), the stochastic factors are taken into
account as the term 𝜂(𝑟, 𝑡), which is obtained in the contin-
uum limit from themaster equation arising frommicroscopic

interaction in the space [23, 24] where the typical white noise
will emerge. Recently, colored noise and white noise have
both been used in describing ecological evolution [25, 26].
White noise is the limiting case of colored noise, so we
consider the more general case-colored noise in the present
paper.The noise term 𝜂(𝑟, 𝑡) is introduced additively in space
and time, which is the Ornstein-Uhlenbech process [13, 27].
The colored noise 𝜂(𝑟, 𝑡), which is temporally correlated and
white in space, satisfies
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where 𝜏 controls the temporal correlation and 𝜀measures the
noise intensity. Here, ⟨⟩means inner product and 𝛿 presents
impulse function.

Before proceeding to the spatially explicit case, the first
step is to have a look at the properties of the local dynamics.
The local system of systems (1a) and (1b) is as follows:
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We assume that the local system has a stable equilibrium
𝐸
∗
= (𝑛
∗
, 𝑤
∗
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equilibrium point is
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We make the following substitute: 𝑛 = 𝑛
∗
+ 𝑛( ⃗𝑟, 𝑡) and

𝑤 = 𝑤
∗
+ 𝑤( ⃗𝑟, 𝑡), into systems (1a) and (1b), and assume that
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∗. Then, in the linear approximation, we
obtain that
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The initial conditions are assumed as 𝑛|
𝑡=0

= 𝑓( ⃗𝑟) and
𝑤|
𝑡=0

= 𝑔( ⃗𝑟), where the functions 𝑓( ⃗𝑟) and 𝑔( ⃗𝑟) decay
rapidly for ⃗𝑟 → ±∞. Following the standard approach, let
us now perform a Laplace transformation of the linearized
equations over the two independent variables ⃗𝑟 and 𝑡. For ⃗𝑟

we use the so-called two-sided version of the transformation.
The relations for the forward and backward transforms are
[28, 29]
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where 𝜆 and 𝑞 are complex variables. After this transforma-
tion, we have that
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where 𝐹(𝑞) and 𝐺(𝑞) are the transforms of 𝑓( ⃗𝑟) and 𝑔( ⃗𝑟).
The transition between these two cases happens at the critical
advection coefficient that can be determined from the set of
equations [28, 29]

𝐿 (𝜆, 𝑞) = 0. (11)

By solving the linear equations (9) and (10) we find 𝑛
𝜆𝑞

and then use the backward transformation (8) to obtain the
following formal solution:
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Then we obtain the linear stability of this state which is
described by the dispersion relation:
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For the sake of convenience, we firstly pay attention to the one
dimension case. By setting 𝑞 = 𝑖𝜅, we have that

𝜆 =

𝑎
11
+ 𝑎
22
− 𝜅
2
− 𝐷𝜅
2

2

+

]𝜅𝑖
2

±

√𝐶
1
+ 𝐶
2
𝑖

2

, (14)

where 𝐶
1
= (𝐷 − 1)

2
𝜅
4
+ (2𝑎
11
𝐷+ 2𝑎

22
− ]2 − 2𝑎

22
𝐷− 2𝑎

11
+

4𝑎
12
𝐷𝛽)𝜅
2
+ (𝑎
11
−𝑎
22
)
2
+ 4𝑎
12
𝑎
21
and 𝐶

2
= −2𝑎

11
]𝜅+ 2]𝜅3 −

2𝐷]𝜅3 + 2𝑎
22
]𝜅 + 4𝑎

12
𝛼]𝜅.

Straightforward manipulation of (14) yields
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where Re(𝜆) and Im(𝜆) are the real and imaginary parts of 𝜆,
respectively.

The condition for a spatial mode 𝑞 (in one- or two-
dimensional space) is to be unstable and thus systems (1a) and
(1b) grow into a pattern; that is, Re(𝜆) > 0.

3. Main Results

In this section, extensive testing was performed through
numerical integration to describe systems (2a) and (2b).
In simulation, zero-flux boundary conditions are used and
the time step is Δ𝑡 = 10

−5 time unit. The space step is
Δ𝑥 = Δ𝑦 = 0.1 length unit and the grid sizes in the
evolutional simulations are 𝑀 × 𝑁 (𝑀 = 𝑁 = 500). The
Fourier transform method is used for the deterministic part
in (1a) and (1b). On the discrete square lattices, the stochastic
partial differential equations (2a) and (2b) are integrated
numerically by applying the Euler method. Several different
discrete methods were checked, and the results indicate that
the Fourier transform accurately approximates solutions of
(2a) and (2b). On the other hand, the Fourier method offers
a speed advantage over other numerical methods.

3.1. Pattern Formation of Systems (1a) and (1b) without Noise
and Periodic Force. In order to well show the effects of noise
and seasonal rainfall, we pay attention to the spatial pattern
of systems (1a) and (1b) without noise and periodic force.
Parameters’ values are used as 𝛾 = 1.6, 𝜎 = 1.6, 𝜇 = 0.5,
𝜌 = 1.5, 𝐷 = 10, 𝛼 = 3, and 𝛽 = 3, which can ensure that
Re(𝜆) > 0, for the simulation.

In Figure 1, we show the spatial pattern of the vegetation
in two-dimensional space. The initial density distribution
corresponds to random perturbations around the trivial
stationary state. One can see that, for the cases 𝑝 = 0.45 and
] = 0, systems (1a) and (1b) can show spotted pattern (see
Figure 1(a)). And for the cases𝑝 = 0.13 and ] = 50, the stripe-
like and spotted patterns coexist in the space (see Figure 1(b)).
The pattern structures are consistent with the previous work
[30].

For the systems (1a) and (1b), one can see that the
random initial distribution leads to the formation of regular
patterns, which means that the distribution of vegetation is
self-organized.

3.2. Emergence of Pattern Transition of Systems (1a) and
(1b) with Noise. In recent years, noise-sustained and noise-
induced spatial pattern formations have been discussed in
ecological systems [31, 32]. Now, we firstly investigate the
spatial pattern of the systems (1a) and (1b) with ] = 0 when
the additive noise is turned on. It can be seen from Figure 1(a)
that typical stationary Turing pattern is shown when there
is only diffusion. However, combined with additive noise,
Turing pattern disappears and crescent moon-like pattern
emerges (cf. Figure 2(a)). When the noise intensity and
temporal correlation further increase, patch invasion will
emerge which can be seen from Figure 2(b).

For the case ] ̸= 0, we found that there is chaotic pattern
for some appropriate values of noise intensity and tempo-
ral correlation shown in Figure 3. Chaos may lead to the
extinction of or disorder in the vegetation density [19], which
implies that noise may induce the onset of desertification.

In order to see the effects of noise intensity and tem-
poral correlation on pattern dynamics, we give regions of
pattern structures with respect to the two parameters in
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Figure 1: Snapshots of contour pictures of the vegetation at 𝑡 = 1000 with 𝛾 = 1.6, 𝜎 = 1.6, 𝜇 = 0.5, 𝜌 = 1.5, 𝐷 = 10, 𝛼 = 3, and 𝛽 = 3.
(a) 𝑝 = 0.45 and ] = 0; (b) 𝑝 = 0.13 and ] = 50.
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Figure 2: Snapshots of contour pictures of the vegetation at 𝑡 = 1000 with noise. Other parameters’ values are the same as in Figure 1(a).
(a) 𝜀 = 0.001 and 𝜏 = 5; (b) 𝜀 = 0.1 and 𝜏 = 11.

Figures 4 and 5. One can see that, for ] = 0, small values
of noise intensity and temporal correlation cannot induce
patch invasion. And for ] ̸= 0, one can choose the appropriate
values of noise intensity and temporal correlation to ensure
emergence of chaotic patterns.

3.3. Frequency Locking of Systems (2a) and (2b)withNoise and
Periodic Force. It iswell known that an external periodic force
applied to a nonlinear pendulum can cause the pendulum to
become entrained at a frequency which is rationally related
to the applied frequency, a phenomenon known as frequency
locking. It is useful to reveal the complexity of the ecosystem.

It can be found that systems (2a) and (2b) produce oscilla-
tions about period 𝑇out with respect to the external period
𝑇in = 2𝜋/𝜔; this phenomenon is called frequency locking
or resonant response, that is, when the system produces one
spike within each of the 𝐹 (𝐹 = 1, 2, 3, . . .) periods of the
external force, that is, 𝐹 : 1 resonant response. In the present
paper, the output period 𝑇out is defined as follows: 𝑇

𝑖
is the

time interval between the 𝑖th spike and the 𝑖 + 1th spike. 𝑞
spikes are taken into account and their average value is 𝑇out,
where 𝑇out = ∑

𝑞

𝑖=1
𝑇
𝑖
/(𝑞 − 1) [33].

It is checked by numerical simulations that when systems
(1a) and (1b) are only combined with periodic forcing, there



Discrete Dynamics in Nature and Society 5

0.2

0.25

0.3

0.35

0.4

Figure 3: Snapshots of contour pictures of the vegetation at 𝑡 = 1000
with 𝜀 = 0.07 and 𝜏 = 6. Other parameters’ values are the same as in
Figure 1(b).
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Figure 4: Regions of pattern structures of systems (1a) and (1b) with
respect to noise intensity and temporal correlation for ] = 0. I: no
patch invasion; II: patch invasion.

are no frequency locking phenomena. As a result, we do not
show the dynamical behavior of systems (1a) and (1b) only
with periodic forcing. When there are seasonal rainfall and
noise term, we show that there are 1 : 1 and 2 : 1 frequency
locking in the systems (2a) and (2b), which we plot in Figures
6 and 7. Note that the initial conditions are chosen as in the
following form:

𝑛 (𝑟, 0) = 𝑛
∗
+ 𝜙
1
𝑥 + 𝜙
2
𝑦 + 𝜑, (16a)

𝑤 (𝑟, 0) = 𝑤
∗
, (16b)

where 𝜙
1
, 𝜙
2
, and 𝜑 are positive constants.
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Figure 5: Regions of pattern structures of systems (1a) and (1b)
with respect to noise intensity and temporal correlation for ] ̸= 0. I:
chaotic pattern; II: no chaotic pattern.

Temporal correlation 𝜏 of the colored noise plays impor-
tant role in the spatial pattern formation and transition of
the different patterns. In order to well understand the phase
transition by the influence of temporal correlation 𝜏, we give
phase diagram of the 𝜏 − 𝜀 parameter space in Figure 8
by performing a series of simulations, that is, fixing 𝜏 and
scanning the noise intensity, 𝜀, when the frequency locking
evidently changes in the long term. It can be seen from this
figure that there are 1 : 1 and 2 : 1 frequency locking in different
regions.

4. Discussion and Conclusion

In this paper, we investigated a vegetation model combined
with seasonal rainfall, noise, and spatial diffusion. By per-
forming a series of numerical simulations, we found that
there was emergence of pattern transition from stationary
pattern to patch invasion. What is more, chaotic pattern will
appear if noise intensity is large. And for the system with
both noise and periodic forcing, it exhibits frequency-locking
phenomena. The results showed that noise and seasonal
rainfall play an important role in vegetation patterns.

Climate fluctuation is also considered as a source of veg-
etation spatial pattern, which means that all the parameters
in systems (2a) and (2b) can show temporal and spatial
variations. And it is believed that climate effect can enhance
the likelihood of catastrophic shifts to the desert state or
control the transitions between preferential states in bistable
dynamics [34–36]. Furthermore, in [37], it was shown that
static disorder in terms of environmental variability had
influence on the pattern dynamics in a spatially ecological
system. Then one may want to check whether this phe-
nomenon can occur in vegetation systems. These issues need
to be well addressed in the further investigation.

The mechanisms inducing the change of structure or
dynamics of vegetation populations are among the most
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Figure 6: The 1 : 1 frequency-locking oscillation with the values of the parameters 𝐴
1
= 0.35, 𝜔 = 𝜋/6, 𝜀 = 0.11, and 𝜏 = 3. (a) The mean

concentration of vegetation; (b) periodic forces.
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Figure 7: The 2 : 1 frequency-locking oscillation with the values of the parameters 𝐴
1
= 0.35, 𝜔 = 𝜋/6, 𝜀 = 0.3, and 𝜏 = 11. (a) The mean

concentration of vegetation; (b) periodic forces.
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Figure 8: Phase diagram in 𝜏 − 𝜀 parameter space with 𝐴
1
= 0.35

and 𝜔 = 𝜋/6. Regions (A) and (B) are corresponding to the 1 : 1 and
2 : 1 frequency locking.

challenging research areas in ecology [38–40]. However, a
variety of rich behaviors observed in vegetation populations
are far from being well understood [19]. In this sense, rich
dynamical behaviors emerging from our work contribute

to a better understanding of wetland ecosystems. From an
ecological standpoint, the results reported in this paper
indicate that noise and external forcing can cause patterns
transition in vegetation dynamics which implies that they
may induce the onset of desertification. As a result, we need
to take measures to decrease stochastic factors and change
irrigation to protect vegetation.
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