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This paper analyzes a 𝑘-out-of-𝑛:𝐺 repairable system with 𝑁-policy, repairmen’s multiple synchronous vacations, and redundant
dependency. When there is no failed component in the system, the repairmen leave for a vacation, the duration of which follows a
phase type distribution. Upon returning from vacation, they should take another vacation if there are less than𝑁 failed components
waiting in the system.This pattern continues until at least 𝑁 failed components are waiting. Moreover, the redundant dependency
which is a special kind of failure dependency is taken into account in the multicomponent system. Under such assumptions, the
availability, the rate of occurrence of failures, and the reliability of the system are derived in transient regime by applying the quasi-
birth-and-death process. Furthermore, the Runge-Kutta method is carried out to numerically discuss the time-dependent behavior
of the system reliability measures. Finally, a special case of the system is presented to show the validity of our model.

1. Introduction

In reliability theory, redundancy is a technique widely used to
improve system availability and reliability. The 𝑘-out-of-𝑛:𝐺
system as a popular type of redundancy is often encountered
in industrial systems. A 𝑘-out-of-𝑛:𝐺 system consists of 𝑛

components, in which all 𝑛 components are working initially
even though only 𝑘 of them are required for the system
to be normal. Classical examples of its applications include
the communication systems with multiple transmitters, the
power transmission and distribution systems, the design of
electronic circuits, the cables in a suspension bridge, themul-
tipump system in a hydraulic control system, themultidisplay
system in a cockpit, and themultiengine system in an aircraft.
As specific practical applications, in a data processing system
with four video displays, the full data could be displayed as
long as at least two video displays are in good condition.
Thus, the display systemworks as a 2-out-of-4:𝐺 system. In an
aircraft with five engines, a minimum of three engines opera-
tional may be possible to fly the aircraft. Hence, the aircraft
functions as a 3-out-of-5:𝐺 system. Over the past decades,

many authors have carried out the availability and the reli-
ability of the 𝑘-out-of-𝑛:𝐺 systems due to their importance in
industry and in fault-tolerant systems. Extensive discussion
of 𝑘-out-of-𝑛:𝐺 systems is referred to the bibliographies by
Kuo and Zuo [1] and Cao and Cheng [2].

When 𝑘-out-of-𝑛:𝐺 system is considered for modelling,
the exponential distributions of random times involved are
usually assumed, for example, Moustafa [3], Krishnamoorthy
and Ushakumari [4], Ushakumari and Krishnamoorthy [5],
Li et al. [6], Tang and Zhang [7], Zhang and Wu [8], Jain
and Gupta [9], Kang and Kim [10]. They investigated such a
redundant system with different assumptions. Krishnamoor-
thy et al. [11] studied a 𝑘-out-of-𝑛:𝐺 system with repair under
𝑁-policy, in which a repairman is activated for repair as soon
as the number of failed components accumulates to a prede-
fined value 𝑁 (1 ⩽ 𝑁 ⩽ 𝑛 − 𝑘 + 1). They discussed three dif-
ferent situations: cold system, warm system, and hot system.
Besides, because of the mathematical complexity of the 𝑘-
out-of-𝑛:𝐺 system, Khatab et al. [12] proposed an algorithm
for automatic construction of the system state transition
diagram to analyze the availability of a 𝑘-out-of-𝑛:𝐺 system
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with nonidentical components and repair priority rule. Later,
Moghaddass et al. [13] generalized this work to a 𝑘-out-of-𝑛:𝐺
system with nonidentical components, similar or different
repair priorities, and shut-off rules. The main contribution
made in their study is that an algorithm is introduced to sys-
tematically generate the system state vectors and the transi-
tion rate matrix.

In traditional repairable systems, authors generally
assumed that the repairman remains idle until a failed com-
ponent is present or repair control policies are realized, which
will lead to a waste of human resources. In many real life
situations, the repairman may perform another assigned job
during his/her idle period. The time spent by the repairman
to take other secondary tasks is called vacation time. Owing
to the study of reliability models with repairman’s vacation
which is very important both in theory and in practice, Guo et
al. [14], Wu and Ke [15], and Yu et al. [16] introduced “repair-
man’s vacation policy” into repairable system with different
vacation strategies. However, it still seems that little more
than a beginning has been done in 𝑘-out-of-𝑛:𝐺 repairable
systems. Except [17, 18], nowork considered such a systemhas
come to our notice. With this knowledge, the case of repair-
man’s multiple vacations is taken into account in this paper.
We here are interested in how the system reliability measures
will be influenced by the vacation time andhow long the vaca-
tion time could be without affecting the repairman’s primary
work.

Another important factor in a multicomponent system
is the failure dependency which considers the interactions
between the failures of components. The dependency is the
most common phenomenon in real world scenarios. For
instance, the failure/adding of one component will alter
system reliability measures both by the loss/gain of the com-
ponent’s reliability and by the reconfiguration of the system
loading. Fricks and Trivedi [19] presented a classification
of failure dependencies where the common cause failures,
the standby dependency, and other failure dependencies are
discussed. Later, a variety ofmethods for analyzing the failure
dependencymodels have been used bymany researchers (see
[20–23]). In 2007, Yu et al. [24] introduced a specific kind of
failure dependency called redundant dependency, in which
any component can be viewed as a redundancy of another
component. They investigated the reliability optimization
problem of an nonrepairable parallel system having 𝑛 iden-
tical components. In their work, the dependence function
is originally defined to quantify the redundant dependency.
With the help of the dependence function, the redundant
dependencies are further classified as independence, weak,
linear, and strong dependencies. More recently, Yu et al. [25]
presented a constructive approach to optimize the availability
of an 𝑛-component parallel repairable system through mod-
eling the dependency of the components. The optimization
problem is formulated and the resolution procedure is also
progressively developed.

This paper considers a 𝑘-out-of-𝑛:𝐺 repairable system
with repairmen’s multiple synchronous vacations and redun-
dant dependency. In order to make our model more flexible
and reasonable, we assume that the repair is according to 𝑁-
policy. Applying the quasi-birth-and-death process, several

important reliability measures including the availability, the
rate of occurrence of failures, and the reliability of the sys-
tem are obtained in transient regime. In addition, the Runge-
Kutta method is applied to show the influence of various
parameters on the evolution of the system reliability mea-
sures. Through a particular case of our system, we numeri-
cally show that our formulae exactly agree with that provided
in Cao and Cheng [2]. The new contribution in this work is
that we suppose that the 𝑟 repairmen take multiple vacations,
the duration ofwhich follows a phase type distribution.More-
over, comparing with [24, 25], a more general 𝑘-out-of-𝑛:𝐺
repairable system which is a common form of redundancy is
considered.

The rest of this paper is arranged as follows. Section 2
gives the assumptions of the model and some notations. The
infinitesimal generator of the vector-valued Markov process
that governs the system is constructed in Section 3. More-
over, system reliability measures are derived in Section 4.
In Section 5, the numerical results are reported. Finally,
conclusions are drawn in Section 6.

2. Model Description

The detailed assumptions of the system are described as
follows.

Assumption 1. The system is composed of 𝑛 identical compo-
nents, in which all 𝑛 components are working initially even
though only 𝑘 of them are needed for the system to be normal.
The system is down as soon as the number of components in
the working state goes down to 𝑘 − 1. When it fails, no other
working components may break down any more.

Assumption 2. The working time 𝑋 of every component is
governed by an exponential distribution with nominal failure
rate 𝜆 (𝜆 > 0). Failed components in the system form a single
waiting line and receive repair provided by repairmen in the
order of their failures, that is, FCFS discipline. The repair
time 𝑌 of each failed component follows an exponential
distribution with parameter 𝜇 (𝜇 > 0). Moreover, a repaired
component is as good as new; that is, the repair is perfect.

Assumption 3. There are 𝑟 (𝑟 ⩾ 1) repairmen. All the
repairmen leave for a vacation together whenever there is no
failed component in the system. Upon returning from the
vacation, if there are at least 𝑁 (𝑟 ⩽ 𝑁 ⩽ 𝑛 − 𝑘 + 1) failed
components waiting for repair, the repairmen start to repair
components. Otherwise, they leave for another vacation.This
pattern continues until there are at least𝑁 failed components
waiting in the system. The vacation time 𝑉 follows a PH
distribution with representation (𝛼, T) of order 𝑚.

Assumption 4. The redundant dependency is taken into
account, which is originally defined in [24]. The dependency
of a system is called the redundant dependency if any of the
components can be viewed as a redundancy of another com-
ponent. As the components are identical and redundant to
each other in our model, the dependency must be symmetric
to these components. To combine the redundant dependency
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into the system failure, we assume that the failure rate of
components is determined by its nominal failure rate 𝜆 and
the dependence function in the following way

𝜆

𝑔 (𝑠)
, 𝑠 ⩾ 2, 𝑔 (1) ≡ 1, (1)

where 𝑔(𝑠) is the dependence function and 𝑠 is the number
of working components in the system.When one component
fails, the failure rate of the working components will update
upon the dependence function 𝑔(𝑠).

Assumption 5. Therandomvariables𝑋,𝑌, and𝑉 are assumed
to be independent of each other.

Furthermore, we define the following notations for use in
the sequel. Let I𝑙 be an identity matrix of order 𝑙, and let e𝑙
be a column vector of order 𝑙 of 1’s. We denote by 0𝑙 a zero
matrix of order 𝑙, by 0𝑙×𝑗 a zero matrix of dimension 𝑙 × 𝑗, and
byC𝑙×𝑞 the set of all 𝑙 × 𝑞matrices over the fieldC of complex
numbers. Write T0 = −Te𝑚.

3. Infinitesimal Generator

The 𝑘-out-of-𝑛:𝐺 repairable system as described above can be
studied as a block-structured continuous-timeMarkov chain
(CTCM). To see this, define 𝐿(𝑡) to be the number of failed
components (either waiting or being repaired) at time 𝑡; it
follows that 𝐿(𝑡) = 𝑖 (𝑖 = 0, 1, . . . , 𝑛 − 𝑘 + 1). Let 𝐽(𝑡) be the
state of repairmen at time 𝑡 and

𝐽 (𝑡)

=
{

{

{

0, the repairmen are not on vacation,

𝑗, the repairmen are on vacation at phase 𝑗, 𝑗 = 1, 2, . . . , 𝑚.

(2)

Since 𝑟 ⩾ 1, there are at least one repairman that is busy
during the nonvacation period and some repairmen that may
be idle.

Owing to the studyingmodelwhich is a redundant system
with dependent components, the failure rate of the system is
related to the dependence function and redundant number.
Here, the failure rate 𝜆𝑖 and the repair rate 𝜇𝑖 of the system
are offered as follows:

𝜆𝑖 = (𝑛 − 𝑖)
𝜆

𝑔 (𝑛 − 𝑖)
, 0 ⩽ 𝑖 ⩽ 𝑛 − 𝑘,

𝜇𝑖 =

{{{{

{{{{

{

𝑖𝜇, 1 ⩽ 𝑖 ⩽ 𝑟,

𝑟𝜇, 𝑟 + 1 ⩽ 𝑖 ⩽ 𝑛 − 𝑘 + 1,

0, otherwise.

(3)

According to the above assumptions and analysis, it can
be shown that the stochastic process X = {𝐿(𝑡), 𝐽(𝑡) : 𝑡 ⩾ 0}

is CTMC with state space given by

Ω = {(0, 𝑗) , 𝑗 = 1, 2, . . . , 𝑚}

∪ {(𝑖, 𝑗) , 𝑖 = 1, 2, . . . , 𝑛 − 𝑘 + 1, 𝑗 = 0, 1, . . . , 𝑚} .

(4)

By partitioning the system state space into levels with
regard to the number of failed components and employing
lexicographical sequence for the state, we observe that the
corresponding infinitesimal generator matrix Q of X is of
dimension (𝑛 − 𝑘 + 1)(𝑚 + 1) + 𝑚, exhibiting the following
block-structured form:

Q =

(
(
(
(
(

(

A0 C0
B1 A1 C1

B2 A2 C2
d d d

B𝑛−𝑘 A𝑛−𝑘 C𝑛−𝑘
B𝑛−𝑘+1 A𝑛−𝑘+1

)
)
)
)
)

)

, (5)

from which it follows that we deal with a finite quasi-birth-
and-death (QBD) process. Each block of the matrix Q is
defined in the following:

A0 = −𝜆0I𝑚 + T + T0𝛼,

C0 = (0𝑚×1, 𝜆0I𝑚) ,

B1 = (
𝜇𝛼

0𝑚
) ,

B𝑖 = (
𝑖𝜇 01×𝑚

0𝑚×1 0𝑚
) , 𝑖 = 2, 3, . . . , 𝑟,

B𝑖 = (
𝑟𝜇 01×𝑚
0𝑚×1 0𝑚

) ,

𝑖 = 𝑟 + 1, 𝑟 + 2, . . . , 𝑛 − 𝑘 + 1,

A𝑖 = (
− (𝜆𝑖 + 𝑖𝜇) 01×𝑚

0𝑚×1 −𝜆𝑖I𝑚 + T + T0𝛼
) ,

𝑖 = 1, 2, . . . , 𝑟,

A𝑖 = (
− (𝜆𝑖 + 𝑟𝜇) 01×𝑚

0𝑚×1 −𝜆𝑖I𝑚 + T + T0𝛼
) ,

𝑖 = 𝑟 + 1, 𝑟 + 2, . . . , 𝑁 − 1,

A𝑖 = (
− (𝜆𝑖 + 𝑟𝜇) 01×𝑚

T0 −𝜆𝑖I𝑚 + T
) ,

𝑖 = 𝑁,𝑁 + 1, . . . , 𝑛 − 𝑘,

A𝑛−𝑘+1 = (
−𝑟𝜇 01×𝑚
T0 T

) ,

C𝑖 = 𝜆𝑖I𝑚+1, 𝑖 = 1, 2, . . . , 𝑛 − 𝑘.

(6)

4. Transient Analysis

This section will discuss the transient behavior of system
reliability measures including the point availability, the rate
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of occurrence of failures at time 𝑡, and the reliability at time
𝑡. We first assume that all the 𝑛 components are new and the
repairmen are on vacation at phase 1 initially and define the
following notations:

𝑃𝑖,𝑗 (𝑡) = 𝑃 {𝐿 (𝑡) = 𝑖, 𝐽 (𝑡) = 𝑗} , (𝑖, 𝑗) ∈ Ω,

P0 (𝑡) = (𝑃0,1 (𝑡) , 𝑃0,2 (𝑡) , . . . , 𝑃0,𝑚 (𝑡)) ,

P𝑖 (𝑡) = (𝑃𝑖,0 (𝑡) , 𝑃𝑖,1 (𝑡) , . . . , 𝑃𝑖,𝑚 (𝑡)) ,

𝑖 = 1, 2, . . . , 𝑛 − 𝑘 + 1.

(7)

By a straightforward probability arguments, the transition
equations of the Markov model are formed as ordinary dif-
ferential equations with an initial condition

d
d𝑡
P (𝑡) = P (𝑡)Q,

P (0) = (1, 0, . . . , 0)
1×((𝑛−𝑘+1)(𝑚+1)+𝑚)

,

(8)

where P(𝑡) = (P0(𝑡),P1(𝑡), . . . ,P𝑛−𝑘+1(𝑡)).
The solution of the above ordinary differential equations

can be written as

P (𝑡) = P (0) eQ𝑡. (9)

Let the distinct eigenvalues of the matrix Q ∈

C((𝑛−𝑘+1)(𝑚+1)+𝑚)×((𝑛−𝑘+1)(𝑚+1)+𝑚) be 𝜁1, 𝜁2, . . . , 𝜁𝑙, with respec-
tive algebraic multiplicities 𝜏1, 𝜏2, . . . , 𝜏𝑙 where 𝜏1 + 𝜏2 + ⋅ ⋅ ⋅ +

𝜏𝑙 = (𝑛 − 𝑘 + 1)(𝑚 + 1) + 𝑚. By the existence
assertion of the Jordan canonical form theorem (see [26,
Theorem 3.1.11] for details), there is a nonsingular matrix Γ ∈
C((𝑛−𝑘+1)(𝑚+1)+𝑚)×((𝑛−𝑘+1)(𝑚+1)+𝑚) such that

Γ
−1QΓ = J = (

J1
J2

d

J𝑙

), (10)

where

J𝑑 =
(
(

(

𝜁𝑑 1

𝜁𝑑 1

d d

𝜁𝑑 1

𝜁𝑑

)
)

)𝜏𝑑×𝜏𝑑

, (11)

𝑑 = 1, 2, . . . , 𝑙 is a Jordan matrix.
In order to determine the nonsingular matrix Γ, we write
Γ = (Γ1, Γ2, . . . , Γ𝑙) with Γ𝑑 ∈ C((𝑛−𝑘+1)(𝑚+1)+𝑚)×𝜏𝑑 , 𝑑 = 1,

2, . . . , 𝑙. It follows from (10) that

(QΓ1,QΓ2, . . . ,QΓ𝑙) = (Γ1J1, Γ2J2, . . . , Γ𝑙J𝑙) . (12)

Then, we have that

QΓ𝑑 = Γ𝑑J𝑑, 𝑑 = 1, 2, . . . , 𝑙. (13)

Denote Γ𝑑 = (Γ
(𝑑)

1
, Γ
(𝑑)

2
, . . . , Γ

(𝑑)

𝜏𝑑
) where Γ(𝑑)

𝜅
∈

C((𝑛−𝑘+1)(𝑚+1)+𝑚)×1, 𝜅 = 1, 2, . . . , 𝜏𝑑. Thus, from (13), we know
that

Q (Γ
(𝑑)

1
, Γ
(𝑑)

2
, . . . , Γ

(𝑑)

𝜏𝑑
)

= (Γ
(𝑑)

1
, Γ
(𝑑)

2
, . . . , Γ

(𝑑)

𝜏𝑑
)
(
(

(

𝜁𝑑 1

𝜁𝑑 1

d d

𝜁𝑑 1

𝜁𝑑

)
)

)

.

(14)

Moreover, we obtain

QΓ(𝑑)
1

= 𝜁𝑑Γ
(𝑑)

1
, 𝑑 = 1, 2, . . . , 𝑙, (15)

QΓ(𝑑)
𝜅

= Γ
(𝑑)

𝜅−1
+ 𝜁𝑑Γ
(𝑑)

𝜅
,

𝜅 = 2, 3, . . . , 𝜏𝑑, 𝑑 = 1, 2, . . . , 𝑙.

(16)

It appears from (15) that Γ(𝑑)
1

is the eigenvector of Q
corresponding to the eigenvalue 𝜁𝑑. Once the explicit expres-
sion for Γ(𝑑)

1
is given, the explicit expressions for Γ(𝑑)

𝜅
(𝜅 =

2, 3, . . . , 𝜏𝑑) can be obtained by a recursion procedure. More-
over, the nonsingular matrix Γ is determined. Furthermore,
we get

P (𝑡) = P (0) e(ΓJΓ
−1
)𝑡

= P (0) ΓeJ𝑡Γ−1 = ΥeJ𝑡Γ−1. (17)

From (17), we can get the system state probabilities 𝑃𝑖,𝑗(𝑡)
((𝑖, 𝑗) ∈ Ω) explicitly. Some important reliability measures
such as the availability and the rate of occurrence of failures
of the system are easily obtained.

4.1. Availability. In a repairable system, the availability is the
first reliability measure. It defines the probability that the
system is working at a specific time 𝑡. By definition, the
availability of the system is

𝐴 (𝑡) = P0 (𝑡) e𝑚 +

𝑛−𝑘

∑

𝑖=1

P𝑖 (𝑡) e𝑚+1. (18)

4.2. The Rate of Occurrence of Failures at Time 𝑡. The rate of
occurrence of failures 𝑚(𝑡), called also the failure frequency,
is defined as themean number of failures per unit time. Based
on the formula proposed by Lam [27], the expression of𝑚(𝑡)

is given by

𝑚(𝑡) = P𝑛−𝑘 (𝑡)C𝑛−𝑘e𝑚+1. (19)

4.3. System Reliability. In order to get the reliability of the
system, we lump all failure states together to make one
absorbing state. Let 𝑆(𝑡) be the number of failed components
in the system at time 𝑡, 𝑆(𝑡) = 𝑖, 𝑖 = 0, 1, . . . , 𝑛 − 𝑘. Thus, the
new processZ = {𝑆(𝑡), 𝐽(𝑡) : 𝑡 ⩾ 0} forms a Markov process
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with state space Λ = {(0, 𝑗), 𝑗 = 1, 2, . . . , 𝑚} ∪ {(𝑖, 𝑗), 𝑖 =

1, 2, . . . , 𝑛 − 𝑘, 𝑗 = 0, 1, . . . , 𝑚}. The corresponding infinites-
imal generatorΘ of the resulting process has the form

Θ =

(
(
(
(
(

(

A0 C0
B1 A1 C1

B2 A2 C2
d d d

B𝑛−𝑘−1 A𝑛−𝑘−1 C𝑛−𝑘−1
B𝑛−𝑘 A𝑛−𝑘

)
)
)
)
)

)

. (20)

Moreover, define the system state probabilities

𝜋𝑖,𝑗 (𝑡) = 𝑃 {𝑆 (𝑡) = 𝑖, 𝐽 (𝑡) = 𝑗} , (𝑖, 𝑗) ∈ Λ,

𝜋0 (𝑡) = (𝜋0,1 (𝑡) , 𝜋0,2 (𝑡) , . . . , 𝜋0,𝑚 (𝑡)) ,

𝜋𝑖 (𝑡) = (𝜋𝑖,0 (𝑡) , 𝜋𝑖,1 (𝑡) , . . . , 𝜋𝑖,𝑚 (𝑡)) ,

𝑖 = 1, 2, . . . , 𝑛 − 𝑘,

𝜋 (𝑡) = (𝜋0 (𝑡) ,𝜋1 (𝑡) , . . . ,𝜋𝑛−𝑘 (𝑡)) .

(21)

By a similar argument to (8), we have
d
d𝑡
𝜋 (𝑡) = 𝜋 (𝑡)Θ,

𝜋 (0) = (1, 0, . . . , 0)
1×((𝑛−𝑘)(𝑚+1)+𝑚)

.

(22)

The solution of (22) is

𝜋 (𝑡) = 𝜋 (0) eΘ𝑡. (23)

Similar to (17), we can obtain the explicit expressions for
the state probabilities 𝜋𝑖,𝑗(𝑡) ((𝑖, 𝑗) ∈ Λ). Thus, the reliability
of the system at time 𝑡 is given by

𝑅 (𝑡) = 𝜋0 (𝑡) e𝑚 +

𝑛−𝑘

∑

𝑖=1

𝜋𝑖 (𝑡) e𝑚+1. (24)

Certainly, it is rather difficult to derive the reliability
measures of the system analytically when the values of 𝑚

and 𝑛 − 𝑘 + 1 are very large. Although the system reliability
measures are obtained, the explicit expression is always very
tedious. Here, instead we will apply the readily available dif-
ferential equation solver, namely, the Runge-Kutta method,
to numerically derive the system state probabilities and three
kinds of reliability measures. The most widely used Runge-
Kutta method of order 4 is an extremely important and effec-
tive class of single step method. This method has attracted
much attention particularly when the solution is required at
many points or plots need to be drawn to show the evolution
of certain performance measures.

5. Numerical Illustrations

The investigation model can be effectively applied to many
real-world systems. For illustration, we consider a commu-
nication system with 𝑛 transmitters. The average message
load may require at least 𝑘 transmitters be operational at any
time, or some critical message should be lost. Whenever a

transmitter fails, the transmitters that are still operating have
to bear the message load of the failed transmitter, as such the
performance of surviving transmitters are strongly affected
due to increased load. Transmitters fail according to a Poisson
process with parameter 𝜆. Once failed, it will be repaired
by repairmen and the repair time follows an exponential
distribution with parameter 𝜇. Moreover, the repairmen take
additional duties (e.g., maintenance or repair work in other
places) when there are no failed transmitters. Under normal
circumstances, the repairmen return to periodically check the
status of the system. If there are at least𝑁 failed transmitters,
the repairmen repair them immediately. Otherwise, they
leave the system together again for another duty. Conse-
quently, such a practical example provides a good approx-
imation of our model. In such a system, practitioners or
researchers are interested in how the performance of the sys-
tem will be affected by the various system parameters. Here,
we first study the influence of the repair capacity including
the number of repairmen and the vacation time on the three
reliability measures, namely, 𝐴(𝑡), 𝑚(𝑡), and 𝑅(𝑡). Then, we
analyze the influence of the redundant dependency on these
measures. Finally, a particular case is presented to verify the
correctness of the formulae obtained in our model.

5.1. The Influence of the Repair Capacity on
the System Reliability Measures

Example 1. First, we select 𝑘 = 5, 𝑛 = 10, 𝜆 = 0.75, 𝜇 =

2.5, 𝑁 = 4, and 𝑔(𝑠) = 1. The vacation time follows a PH
distribution with representation (𝛼, T) of order 4 and mean
0.2744, where

𝛼 = (1, 0, 0, 0) ,

T = (

−10 7 1 1

2 −15 9 1

1 4 −20 12

3 2 5 −30

),

T0 = (

1

3

3

20

).

(25)

The numerical example performs the above specific param-
eters by collocating with different values of 𝑟 = 2, 3, 4. For
conciseness, the numerical results for the state probabilities
at time 𝑡 with 𝑟 = 2 are tabulated in Table 1. Moreover, the
graphs of three kinds of reliability measures against time 𝑡

are shown in Figures 1(a)–1(c). It appears from Figure 1 that
the system reliability measures are sensitive to the number of
repairmen. Figures 1(a) and 1(c) indicate that 𝐴(𝑡) and 𝑅(𝑡)

increase with an increase in 𝑟, while Figure 1(b) reveals that
𝑚(𝑡) decreases as 𝑟 increases.

Example 2. In this example, we first choose 𝑘 = 7, 𝑛 = 13,
𝜆 = 0.85, 𝜇 = 3.0, 𝑟 = 2, 𝑁 = 5, and 𝑔(𝑠) = 1. We then
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Table 1: State probabilities at time 𝑡 for 5-out-of-10:𝐺 system with 𝑟 = 2.

(𝑖, 𝑗)
𝑡 = 1.0 𝑡 = 2.0 𝑡 = 15

𝑃𝑖,𝑗(𝑡) 𝜋𝑖,𝑗(𝑡) 𝑃𝑖,𝑗(𝑡) 𝜋𝑖,𝑗(𝑡) 𝑃𝑖,𝑗(𝑡) 𝜋𝑖,𝑗(𝑡)

(0, 1) 0.00374981 0.00351494 0.01115379 0.00636137 0.01226850 5.12207045e− 006
(0, 2) 0.00118880 0.00112852 0.00382026 0.00225494 0.00427789 1.83964478e− 006
(0, 3) 0.00054713 0.00052275 0.00180818 0.00108613 0.00204539 8.93109207e− 007
(0, 4) 0.00029447 0.00028128 0.00096858 0.00058167 0.00109576 4.78432786e− 007
(1, 0) 0.02213884 0.02027334 0.05548633 0.02946354 0.05906263 2.31729648e− 005
(1, 1) 0.00485982 0.00475908 0.00941794 0.00589421 0.01106485 5.04956143e− 006
(1, 2) 0.00263451 0.00259147 0.00487936 0.00310324 0.00579737 2.68305959e− 006
(1, 3) 0.00153891 0.00151791 0.00272384 0.00175209 0.00326443 1.52616107e− 006
(1, 4) 0.00083150 0.00082041 0.00145687 0.00093855 0.00174839 8.18596691e− 007
(2, 0) 0.05163692 0.04607219 0.10504713 0.05177993 0.10926587 4.03300099e− 005
(2, 1) 0.01554203 0.01549983 0.00896880 0.00616585 0.01165236 5.88607803e− 006
(2, 2) 0.00913414 0.00911224 0.00515332 0.00356103 0.00672616 3.41254716e− 006
(2, 3) 0.00562353 0.00561164 0.00308213 0.00214151 0.00404443 2.06196607e− 006
(2, 4) 0.00306098 0.00305469 0.00166393 0.00115764 0.00218648 1.11609506e− 006
(3, 0) 0.10340038 0.08817476 0.15946714 0.06864977 0.16065036 5.30219708e− 005
(3, 1) 0.04350428 0.04348799 0.00915952 0.00697416 0.01309937 7.40775495e− 006
(3, 2) 0.02569212 0.02568298 0.00538617 0.00410599 0.00771151 4.36504503e− 006
(3, 3) 0.01589489 0.01588962 0.00330282 0.00252301 0.00473853 2.68690436e− 006
(3, 4) 0.00866154 0.00865872 0.00179398 0.00137136 0.00257566 1.46136479e− 006
(4, 0) 0.17648867 0.13941054 0.20305688 0.06999372 0.19821419 5.44873210e− 005
(4, 1) 0.02737036 0.02736647 0.00415284 0.00332979 0.00611435 3.64996391e− 006
(4, 2) 0.02453049 0.02452767 0.00352569 0.00285626 0.00520666 3.14141776e− 006
(4, 3) 0.01727959 0.01727783 0.00242024 0.00197111 0.00357859 2.17081423e− 006
(4, 4) 0.00953513 0.00953419 0.00132856 0.00108325 0.00196482 1.19325482e− 006
(5, 0) 0.18053120 0.10186693 0.20765631 0.04292427 0.19357077 3.31901680e− 005
(5, 1) 0.01649174 0.01649093 0.00197104 0.00168108 0.00283891 1.80709792e− 006
(5, 2) 0.01743798 0.01743729 0.00202109 0.00174019 0.00289475 1.86160139e− 006
(5, 3) 0.01317059 0.01317013 0.00150402 0.00130156 0.00214610 1.38777889e− 006
(5, 4) 0.00736704 0.00736679 0.00083839 0.00072648 0.00119492 7.73800265e− 007
(6, 0) 0.14166675 — 0.16972308 — 0.15198409 —
(6, 1) 0.01354664 — 0.00197011 — 0.00199234 —
(6, 2) 0.01551987 — 0.00227279 — 0.00225788 —
(6, 3) 0.01221918 — 0.00179926 — 0.00176757 —
(6, 4) 0.00691014 — 0.00101959 — 0.00099807 —

consider the following three cases of PH vacation time where
the PH representations are given by the following.

Case 1. Phase type distribution (PH):

𝛼 = (1, 0, 0) ,

T = (

−13 8 3

2 −15 10

1 3 −18

) ,

T0 = (

2

3

14

) .

(26)

Case 2. Coxian distribution (COX):

𝛼 = (1, 0, 0) ,

T = (

−1 0.7 0

0 −3 2

0 0 −4

) ,

T0 = (

0.3

1

4

) .

(27)

Case 3. Erlangian distribution (ERL):

𝛼 = (1, 0, 0) ,
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Figure 1: Illustration of the system reliability measures under different values of 𝑟.

T = (

−0.9 0.9 0

0 −0.9 0.9

0 0 −0.9

) ,

T0 = (

0

0

0.9

) .

(28)

The expected values of the above three PH distributions
are 0.1926, 1.3500, and 3.3333, respectively.The computational
results for the state probabilities at time 𝑡 with Coxian vaca-
tion time distribution are provided in Table 2. For the three
cases, Figures 2(a)–2(c) indicate the influence of the vacation
time on the three system reliability measures. We observe
from Figure 2(a) that the system availability decreases with
increasing the mean of vacation time. So does the system
reliability. Figure 2(b) shows that the rate of occurrence of
failure of the system goes on increasing with increasing
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Table 2: State probabilities at time 𝑡 for 7-out-of-13:𝐺 system with Coxian vacation time distribution.

(𝑖, 𝑗)
𝑡 = 1.0 𝑡 = 2.0 𝑡 = 15

𝑃𝑖,𝑗(𝑡) 𝜋𝑖,𝑗(𝑡) 𝑃𝑖,𝑗(𝑡) 𝜋𝑖,𝑗(𝑡) 𝑃𝑖,𝑗(𝑡) 𝜋𝑖,𝑗(𝑡)

(0, 1) 0.00035092 0.00029939 0.00234782 0.00053402 0.00553206 1.46438762e− 009
(0, 2) 0.00001570 0.00001406 0.00010854 0.00002768 0.00027562 7.85077282e− 011
(0, 3) 0.00002583 0.00002445 0.00001338 0.00003790 0.00003663 1.11697134e− 011
(1, 0) 0.00174761 0.00142072 0.00993678 0.00196404 0.02152652 5.20985591e− 009
(1, 1) 0.00045413 0.00042400 0.00218616 0.00057728 0.00569506 1.66409595e− 009
(1, 2) 0.00006509 0.00006330 0.00018966 0.00005548 0.00053274 1.66490307e− 010
(1, 3) 0.00002469 0.00002448 0.00003408 0.00001099 0.00010354 3.45579489e− 011
(2, 0) 0.00479738 0.00371774 0.02340111 0.00408153 0.04735832 1.05993505e− 008
(2, 1) 0.00183186 0.00181555 0.00201806 0.00062299 0.00593509 1.93557409e− 009
(2, 2) 0.00039904 0.00039768 0.00024507 0.00008265 0.00077639 2.68829258e− 010
(2, 3) 0.00018125 0.00018104 0.00005684 0.00002094 0.00019542 7.20351402e− 011
(3, 0) 0.01160750 0.00832192 0.04632279 0.00656107 0.08456334 1.65062966e− 008
(3, 1) 0.00827586 0.00826777 0.00184327 0.00066987 0.00627604 2.31492208e− 009
(3, 2) 0.00189167 0.00189083 0.00027729 0.00010853 0.00101326 3.93447574e− 010
(3, 3) 0.00087827 0.00087812 0.00007772 0.00003297 0.00030829 1.26915539e− 010
(4, 0) 0.02525538 0.01610759 0.08128551 0.00851398 0.13056128 2.06408248e− 008
(4, 1) 0.02742191 0.02741827 0.00169607 0.00074853 0.00674950 2.86133489e− 009
(4, 2) 0.00630102 0.00630058 0.00029720 0.00013997 0.00125234 5.53711929e− 010
(4, 3) 0.00293426 0.00293416 0.00009782 0.00004999 0.00043993 2.05140706e− 010
(5, 0) 0.04930538 0.02623534 0.12772543 0.00862201 0.17722892 2.01586619e− 008
(5, 1) 0.05441289 0.05441147 0.00157193 0.00089415 0.00661971 3.21565083e− 009
(5, 2) 0.01420495 0.01420475 0.00034141 0.00021096 0.00145043 7.36548624e− 010
(5, 3) 0.00688025 0.00688020 0.00013867 0.00009405 0.00058021 3.10227199e− 010
(6, 0) 0.07625093 0.02417899 0.17869254 0.00571583 0.21066315 1.28614754e− 008
(6, 1) 0.08593299 0.08593251 0.00211544 0.00166564 0.00647683 3.67065617e− 009
(6, 2) 0.02382426 0.02382418 0.00058252 0.00048573 0.00160857 9.52357301e− 010
(6, 3) 0.01188946 0.01188944 0.00030225 0.00026576 0.00071986 4.48165576e− 010
(7, 0) 0.10361052 — 0.21995659 — 0.21763952 —
(7, 1) 0.33241245 — 0.19047261 — 0.03853717 —
(7, 2) 0.09684480 — 0.06464166 — 0.01218233 —
(7, 3) 0.04999499 — 0.04102373 — 0.00716196 —

the mean of vacation time. It can be seen the system per-
formance measures are also sensitive to the vacation time.

The Example 1 and Example 2 indicate that (a) the curves
of the system availability and the rate of occurrence of failures
exhibit violent fluctuations in the early stage, but after some
time units the fluctuations of them tend to disappear; (b)
the improvement of the repair capacity contains two aspects:
increase the number of repairmen and shorten the vacation
time.

5.2.The Influence of the Redundant Dependency on the System
Reliability Measures. In (1), the dependence function 𝑔(𝑠)

completely indicates redundant dependency. Clearly, if the
number of working components 𝑠 is given, the bigger 𝑔(𝑠) is,
the stronger the dependency is. According to the reference
[24], several types of redundant dependencies are quantified
and classified by the value of 𝑔(𝑠) as given in Table 3.

Based on Table 3, the redundant dependencies are clas-
sified into independence, weak, linear, and strong depen-
dence. We here study the influence of different types of the

Table 3: Classification of redundant dependencies.

Dependence types Dependence function
Independence 𝑔(𝑠) = 1, 𝑠 ⩾ 1

Weak dependence 1 < 𝑔(𝑠) < 𝑠, 𝑠 ⩾ 2, 𝑔(1) = 1

Linear dependence 𝑔(𝑠) = 𝑠, 𝑠 ⩾ 1

Strong dependence 𝑔(𝑠) > 𝑠, 𝑠 ⩾ 2, 𝑔(1) = 1

redundant dependencies on the system reliability measures
by taking the 𝑔(𝑠) = 𝑤𝑠 + 1 − 𝑤, 𝑤 ⩾ 0 as one specific form.

We select 𝑘 = 6, 𝑛 = 9, 𝜆 = 0.9, 𝜇 = 4.5, 𝑁 = 3, and
𝑟 = 2. The vacation time is governed by a PH distribution
with 3 stages and mean 0.6567 where

𝛼 = (1, 0, 0) ,

T = (

−3 2 1

0 −6 5

1 2 −10

) ,
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Figure 2: Different vacation time distributions on the system reliability measures.

T0 = (

0

1

7

) .

(29)
The numerical example performs the above specific param-
eters under different values of 𝑤 = 0.0, 0.5, 1.0, and 1.5
(corresponding to independence, weak dependence, linear
dependence, and strong dependence, resp.). The system state
probabilities at time 𝑡 with strong dependency are given

in Table 4. Moreover, we plot the three reliability measures
against time 𝑡 in Figures 3(a)–3(c). It appears fromFigure 3(a)
that the point availability function goes on increasing with
increasing 𝑤. Figure 3(b) shows that the rate of occurrence
of failures is a monotonically decreasing function of 𝑤. We
observe from Figure 3(c) that the system reliability increases
as 𝑤 increases. This example reveals that the dependency is
an essential and effective option to improve the reliability of
the system. That is, a system could be rescued by improving
its interior strength.
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Figure 3: Illustration of the system reliability measures under different values of 𝑤.

5.3. Special Case. Set 𝑟 = 1, 𝑁 = 1, 𝑔(𝑠) = 1, and the mean
vacation time tend to zero; then our model reduces to the
classical 𝑘-out-of-𝑛:𝐺Markovian repairable system. Cao and
Cheng [2] analyzed the Markovian repairable system where
the working times and the repair times of components follow
exponential distributions with parameters 𝜆 and 𝜇, respec-
tively. Applying theMarkov analysis method, the steady-state
availability and the rate of occurrence of failures are obtained
as follows:

𝐴
𝑎
=

∑
𝑛

𝑖=𝑘
(1/𝑖!) (𝜇/𝜆)

𝑖

∑
𝑛

𝑖=𝑘−1
(1/𝑖!) (𝜇/𝜆)

𝑖
,

𝑚
𝑎
=

(𝜇/ (𝑘 − 1)!) (𝜇/𝜆)
𝑘−1

∑
𝑛

𝑖=𝑘−1
(1/𝑖!) (𝜇/𝜆)

𝑖
.

(30)

To illustrate the correctness of the formulae obtained in
this paper, we select 𝑘 = 3, 𝜆 = 0.8, 𝜇 = 3.0, and the vacation
process defined by 𝛼 = (1) and T = (−10

5
). The computation

results are tabulated in Tables 5 and 6, respectively. Numerical
results show that the formulae obtained in the present paper
exactly agree with that given in Cao and Cheng [2].
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Table 4: State probabilities at time 𝑡 for 6-out-of-9:𝐺 system with 𝑤 = 1.5.

(𝑖, 𝑗)
𝑡 = 1.0 𝑡 = 2.0 𝑡 = 15

𝑃𝑖,𝑗(𝑡) 𝜋𝑖,𝑗(𝑡) 𝑃𝑖,𝑗(𝑡) 𝜋𝑖,𝑗(𝑡) 𝑃𝑖,𝑗(𝑡) 𝜋𝑖,𝑗(𝑡)

(0, 1) 0.22857288 0.30600859 0.14004392 0.18011475 0.12954979 0.06928896
(0, 2) 0.19138318 0.13425315 0.11236988 0.07666817 0.09549708 0.02701399
(0, 3) 0.11840432 0.09759396 0.06885402 0.05555788 0.05714303 0.01934796
(1, 0) 0.00245837 0.00185501 0.01689674 0.01225317 0.03907283 0.01445114
(1, 1) 0.14147553 0.18973718 0.15472240 0.20629400 0.11956725 0.07270678
(1, 2) 0.11882098 0.08341351 0.12971109 0.09060213 0.09973180 0.03173126
(1, 3) 0.07354896 0.06064669 0.08022974 0.06587026 0.06153067 0.02303948
(2, 0) 0.00235175 0.00176810 0.01152593 0.00831418 0.02225446 0.00813323
(2, 1) 0.04418354 0.05926527 0.09502958 0.12723152 0.11828874 0.07969259
(2, 2) 0.03711526 0.02605844 0.07981305 0.05597122 0.09932743 0.03504538
(2, 3) 0.02297529 0.01894647 0.04940333 0.04070450 0.06147224 0.02548392
(3, 0) 0.00309196 0.00231535 0.01222724 0.00878776 0.02109412 0.00764231
(3, 1) 0.00423352 0.00729428 0.01155059 0.02153336 0.01615434 0.01633314
(3, 2) 0.00554337 0.00430628 0.01650918 0.01365749 0.02414643 0.01081412
(3, 3) 0.00367400 0.00320764 0.01117162 0.01026892 0.01651239 0.00817615
(4, 0) 0.00051561 — 0.00274240 — 0.00549937 —
(4, 1) 0.00042983 — 0.00168433 — 0.00291421 —
(4, 2) 0.00072085 — 0.00321459 — 0.00593558 —
(4, 3) 0.00050078 — 0.00230035 — 0.00430824 —

Table 5: Transient availability for different values of 𝑛.

𝑛
𝑡 = 0.05 𝑡 = 0.8 𝑡 = 2.0 𝑡 = 5.0 𝑡 = 15 𝑡 = ∞

Transient availability 𝐴(𝑡) 𝐴
𝑎

5 0.99947637 0.84879395 0.77434958 0.76748325 0.76746985 0.76748411
6 0.99996954 0.91076195 0.81292504 0.79398189 0.79381158 0.79381858
7 0.99999834 0.94815897 0.84073291 0.80633015 0.80560957 0.80561290
8 0.99999991 0.97036039 0.86297106 0.81242281 0.81068765 0.81068912
9 0.99999999 0.98330039 0.88167249 0.81577981 0.81272627 0.81272680
10 1.00000000 0.99071311 0.89777755 0.81796013 0.81347962 0.81347967
11 1.00000000 0.99489455 0.91178931 0.81963952 0.81373516 0.81373495
12 1.00000000 0.99722162 0.92402106 0.82110710 0.81381495 0.81381458
13 1.00000000 0.99850149 0.93469835 0.82248635 0.81383802 0.81383754
14 1.00000000 0.99919818 0.94400260 0.82383045 0.81384426 0.81384368
15 1.00000000 0.99957399 0.95209006 0.82516263 0.81384588 0.81384522

Table 6: The rate of occurrence of failures for different values of 𝑛.

𝑛
𝑡 = 0.05 𝑡 = 0.8 𝑡 = 2.0 𝑡 = 5.0 𝑡 = 15 𝑡 = ∞

The rate of occurrence of failures 𝑚(𝑡) 𝑚
𝑎

5 0.02980281 0.61405657 0.69125709 0.69757813 0.69759046 0.69754768
6 0.00230639 0.42346524 0.59119148 0.61832244 0.61856527 0.61854425
7 0.00015700 0.28417339 0.52260799 0.58194542 0.58317130 0.58316129
8 0.00000979 0.18530564 0.46807686 0.56471755 0.56793707 0.56793265
9 0.00000057 0.11766409 0.42113025 0.55589376 0.56182126 0.56181959
10 0.00000003 0.07296726 0.37906934 0.55065561 0.55956132 0.55956099
11 0.00000000 0.04432034 0.34069567 0.54691305 0.55879481 0.55879516
12 0.00000000 0.02643608 0.30545156 0.54378335 0.55855554 0.55855626
13 0.00000000 0.01551965 0.27305581 0.54089840 0.55848642 0.55848739
14 0.00000000 0.00898429 0.24334157 0.53810464 0.55846779 0.55846895
15 0.00000000 0.00513693 0.21618317 0.53533721 0.55846300 0.55846433
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6. Conclusions

A 𝑘-out-of-𝑛:𝐺 repairable system with 𝑁-policy, repairmen’s
multiple vacations, and redundant dependency is discussed
in this paper. By using a finite quasi-birth-and-death process,
the availability, the rate of occurrence of failures, and the
reliability of the system are obtained in transient regime. The
Runge-Kutta method is used to discuss the effect of various
parameters on the system reliability measures. In our work,
the dependence function is introduced to describe the redun-
dant system with dependent components. The system’s relia-
bility with independent class is clearly lower than that of the
dependency class.The stronger the dependency is, the higher
the reliability of the system is.That implies that a system could
be rescued by improving its interior strength. Consequently, a
model with failure dependence seems much more applicable
to practical situations. There is a need to work further to
solve the 𝑘-out-of-𝑛:𝐺 repairable system with dependent but
nonidentical components.
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