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A combined multinomial pricing model is proposed for pricing mining concession in which the annualized volatility of the price
of mineral products follows a multinomial distribution. First, a combinedmultinomial pricing model is proposed which consists of
binomial pricingmodels calculated according to different volatility values. Second, amethod is provided to calculate the annualized
volatility and the distribution. Third, the value of convenience yields is calculated based on the relationship between the futures
price and the spot price. The notion of convenience yields is used to adjust our model as well. Based on an empirical study of a
Chinese copper mine concession, we verify that our model is easy to use and better than the model with constant volatility when
considering the changing annualized volatility of the price of the mineral product.

1. Introduction

It is very important for a mining company to set reasonable
prices for mining concessions. In China, mining resources
belong to the state. To conduct mining operation, a mining
companymust first purchase the mining concession. In addi-
tion, a mining company can profit from transferring mining
concessions that they have purchased. Mining concession’s
appreciation can have a favorable impact on the valuation of
themining company. A relatively large error in the estimation
of the price of the mining concession during the evaluation
step can result in a loss of the company’s economic benefits.

Decision tree pricing models represent a method of
option pricing models. One of these decision tree pricing
models, the binomial pricing model, was first proposed by
Cox et al. [1]. Later, numerous researchers contributed to
binomial pricing models’ evolution to a multinomial pricing
model. Some researchers have conducted both theoretical
and empirical studies on the multinomial pricing model.
All of these studies have demonstrated that the multinomial
pricingmodel is suitable for option pricing and can be used to
obtain an option price that is close to the market price [2–4].

Because a mining concession has the characteristics of
a real option, a decision tree pricing model can be used to

price a mining concession. When using traditional decision
tree pricing models to price mining concessions, it is of
particular importance to determine the price volatility of the
mineral product, which is a key variable of this model. When
calculating the price of the mining concession of an offshore
oil field in the Netherlands, Smit first calculates six-year
annualized volatility of the price of Brent crude oil between
1988 and 1993. Then, he determines the annualized volatility
based on the annualized volatility values of the previous
two years and mean annualized volatility of all six years [5].
Gu et al. calculate monthly volatility based on the historical
data and assume that the monthly volatility of each of the
following months remained the same [6]. The aforemen-
tioned studies both assume that volatility was a constant and
make their calculations based on this assumption. However,
some researchers believe that the use of constant volatility
will result in overestimation or underestimation of the price
of a mining concession because volatility can experience
relatively significant variations from year to year. Therefore,
it is more reasonable to assume that the volatility is stochastic
(e.g., Ting et al. [7] and Huang et al. [8]). However, models
based on this assumption are relatively complex and therefore
have rarely been used in practice. One of the reasons, which
causes the model to be complex to use, is the distribution

Hindawi
Discrete Dynamics in Nature and Society
Volume 2017, Article ID 2196702, 9 pages
https://doi.org/10.1155/2017/2196702

https://doi.org/10.1155/2017/2196702


2 Discrete Dynamics in Nature and Society

assumption of the annualized volatility of the price ofmineral
products.

Some researchers have studied the distribution of the
volatility of the price of underlying assets. For example,
Liesenfeld and Jung believe that the volatility of stock prices
closely approximates a 𝑡-distribution [9]. Andersen et al.
studied the volatility of foreign exchange rates and stocks
return, discovering that both of them approximate a log-
normal distributionwith a sharp peak and a right-skewed fea-
ture [10, 11]. The calculation of the distribution feature of the
price volatility in the aforementioned studies is both relatively
complicated and relatively difficult to carry out in practice.
Therefore, some researchers assume that the volatility of the
price of underlying assets follows a multinomial distribution
and use multinomial pricing model to price options (e.g.,
Madan et al. [12] and Florescu and Viens [13]). However, it
is also difficult to calculate the price of mining concession if
we use multinomial pricing model directly.

In addition, because the owner of a mining concession
can obtain spot mineral product by mining, convenience
yield must be taken into consideration when calculating
the price of the mining concession. Since the concept of
convenience yield was introduced by Kaldor [14], numerous
researchers have studied the relationship between the futures
price and the spot price based on the convenience yield.
Lin and Duan estimate the change in the convenience yield
under the impact of supply and demand, finding that the
convenience yield exhibits seasonal characteristics; that is,
the convenience yield decreases in seasons when there is a
strong demand and increases in seasons when there is a low
demand [15]. By using the convenience yield as the indicator
of the supply risk, Stepanek et al. find correlations between
the convenience yield and the static inventory of stock on the
one hand and the future spot price on the other hand [16].

In this study, because the assumption of constant volatility
has its defects and the assumption of stochastic volatility is
complex to calculate, we assume that the annualized volatility
of the price of mineral products follows a multinomial dis-
tribution. In order to take into consideration the notion that
the annualized volatility of the price of mineral products may
experience relatively significant variations from year to year,
we propose a combined multinomial pricing model for pric-
ing mining concessions. The combined multinomial pricing
model is obtained as follows: first, calculate the distribution
series of the annualized volatility of the price of the mineral
product through grouped statistical analysis; then, different
values of the annualized volatility are calculated based on
binomial pricing models; finally, these binomial models are
combined into a multinomial pricing model based on the
probability corresponding to each value of the annualized
volatility values.This study’s empirical research demonstrates
that the combined multinomial pricing model considers the
high and low annualized volatility simultaneously.Therefore,
this model is more practical.

The rest of the paper is structured as follows. Section 2
introduces traditional decision tree models and focuses on
binomial and multinomial pricing models. Section 3 eluci-
dates the pricing method and combined multinomial pricing
model used in this study. Section 4 describes an empirical

study of a copper mine in China, including the calculation
result. Section 5 compares the combinedmultinomial pricing
model with previously known work. Section 6 provides this
study’s conclusions.

2. Traditional Decision Tree Model

Ever since a binomial option pricingmodel (CRRmodel) was
first proposed by Cox et al. [1], decision tree pricing models
have been widely used. Over the years, other researchers
have popularized the CRR model. The scope of application
of decision tree models not only has widened but also has
been expanded from binomial and trinomial models to
multinomial pricing models.

Decision tree pricing models were initially used to price
financial options and were later used to price real options.
Because mining concession is a type of tradable right and a
type of real option, decision tree pricing models can be used
to price a mining concession. When using a decision tree
pricing model to price a mining concession, the variables are
often defined as follows:

𝑆: value of the mine𝑋: cost of the mine𝑇: the time to expiration of the mining concession𝜎: volatility of the price of the mineral product𝑟: risk-free interest rate
2.1. Binomial Pricing Model. Cox et al. derive a binomial
option pricing model using the portfolio replication and
risk-neutral approaches [1]. When calculating the value of a
mining concession using the binomial approach, we assume
that the value of the mine equals the product of the price of
the mineral product and the reserve of the mineral product.
Therefore, it is necessary to determine the extent of the
increase and decrease in the value of the mine in each period
of time based on the volatility of the price of the mineral
product and establish a corresponding tree diagram of the
variation of the value of the mine. Ultimately, calculate the
price of the mining concession through reverse deduction
based on the tree diagram.

The calculation process of a one-step binomial pricing
model is as follows:

𝑢 = 𝑒𝜎√𝑇,
𝑑 = 𝑒−𝜎√𝑇
𝑝 = 𝑒𝑟𝑇 − 𝑑𝑢 − 𝑑
𝑓𝑢 = max (0, 𝑆𝑢 − 𝑋)
𝑓𝑑 = max (0, 𝑆𝑑 − 𝑋)
𝑓0 = 𝑒−𝑟𝑇 [𝑝𝑓𝑢 + (1 − 𝑝)𝑓𝑑] ,

(1)

where 𝑇 represents the time to expiration of the mining
concession; 𝜎 represents the annualized volatility of the price
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of the mineral product; 𝑢 represents the upstream multiplier
of the value of the mine; 𝑑 represents the downstream
multiplier of the value of the mine; 𝑓𝑢 represents the price
of the mining concession after it increases; 𝑓𝑑 represents
the price of the mining concession after it decreases; 𝑝
represents the probability that the value of the mine will rise;𝑓0 represents the price of themining concession at the current
time, that is, the price of the mining concession; 𝑟 represents
the risk-free interest rate; 𝑆 represents the value of the mine
at the current time; and𝑋 represents the cost of the mine.

If the time to expiration of the mining concession (𝑇) is
divided into 𝑛 number of periods of time, a multistep bino-
mial pricing model can be obtained by further derivation.
The expressions of multistep binomial pricing model are as
follows:

𝑓𝑢𝑖𝑑𝑛−𝑖 = max (0, 𝑆𝑢𝑖𝑑𝑛−𝑖 − 𝑋)
𝑓0 = 𝑒−𝑟𝑇 [ 𝑛∑

𝑖=0

(𝑖𝑛)𝑝𝑖 (1 − 𝑝)𝑛−𝑖 𝑓𝑢𝑖𝑑𝑛−𝑖] ,
(2)

where 𝑖 represents the number of times that the value of
the mine increases; 𝑓𝑢𝑖𝑑𝑛−𝑖 represents the price of the mining
concession after the value of the mine increases 𝑖 number of
times and decreases 𝑛 − 𝑖 number of times, that is, the price
of the option when the mining concession expires (there are𝑛 + 1 possibilities); and the meaning of each of the remaining
variables is the same as that in the one-step binomial-tree
model.

2.2. Multinomial Pricing Model. The calculation process of
the multinomial pricing model is established based on the
popularization of the binomial pricingmodel. Cox et al. argue
that the price of an option is the mathematical expectation of
the discount value of the option at expiration [1]. It is the same
with mining concessions.

We assume that a one-step multinomial tree has 𝑚
number of branches; that is, there are 𝑚 possible variations
of the value of the mine at the end of the period of time. If𝑓0 is the price of the mining concession at the current time
and 𝑆 is the value of the mine at the current time, after the𝑖th (1 ≤ 𝑖 ≤ 𝑚, 𝑖 ∈ N) type of price change, the price of
the mining concession changes from 𝑓0 to 𝑓𝑖 and the value
of the mine changes from 𝑆 to 𝑆𝑏𝑖, that is, 𝑏𝑖 number of
times the value of the mine at the current time. Based on the
assumptions mentioned above, the expressions of the one-
step multinomial pricing model are obtained as follows:

𝑓𝑖 = max (0, 𝑆𝑏𝑖 − 𝑋)
𝑓0 = 𝑒−𝑟𝑇 𝑚∑

𝑖=1

𝑝𝑖𝑓𝑖 (𝑚 ≥ 2, 𝑚 ∈ 𝑁) , (3)

where 𝑝𝑖 represents the probability that the price of the
mining concession will change from𝑓0 to𝑓𝑖;𝑇 represents the
time to expiration of the mining concession; 𝑟 represents the
risk-free interest rate; and𝑋 represents the cost of the mine.

Similar to the binomial and trinomial pricing models, if
the time to expiration of themining concession (𝑇) is divided

into 𝑛 number of periods of time, a multistep multinomial
pricing model can be obtained by further derivation. Its
expressions are as follows:

𝑓𝑏1𝑘1𝑏2𝑘2 ⋅⋅⋅𝑏𝑚𝑘𝑚 = max(0, 𝑆 𝑚∏
𝑖=1

𝑏𝑘𝑖𝑖 − 𝑋)
𝑓0 = 𝑒−𝑟𝑇( ∑

𝑘1+𝑘2+⋅⋅⋅+𝑘𝑚=𝑛

𝑛!∏𝑚𝑖=1𝑘𝑖!𝑝1𝑘1𝑝2𝑘2

⋅ ⋅ ⋅ 𝑝𝑚𝑘𝑚𝑓𝑏1𝑘1 𝑏2𝑘2 ⋅⋅⋅𝑏𝑚𝑘𝑚) ,
(4)

where 𝑘𝑖 represents the number of times that the value of
the mine undergoes the 𝑖th type of price change;𝑓𝑏1𝑘1𝑏2𝑘2 ⋅⋅⋅𝑏𝑚𝑘𝑚
represents the price of the mining concession after the value
of the mine undergoes 𝑘1 number of times of the first type of
change, 𝑘2 number of times of the second type of change,. . .,𝑘𝑚 number of times of the 𝑚th type of change, that is, the
price of the mining concession when it expires; and the
meaning of each of the remaining variables is the same as that
in the one-step multinomial pricing model.

For the multistep multinomial pricing model, the cal-
culation of 𝑝𝑖 is very complicated by algebraic methods.
Consequently,most of the studies have not used themultistep
multinomial pricing model when pricing mining conces-
sions. Some researchers attempt to solve this problem. For
example, Cox andRubinstein obtain the relationship between
the probability of continuous stock trading and the present
value selected in a chance event by introducing a complex
option and then obtaining the variation probability through
reverse derivation by the use of other variables [17]. To
obtain a simpler expression when using the prospect theory
proposed by Rockenbach [18], Yan takes the reciprocal of
the number of branches of the multistep multinomial pricing
model for the probabilities of each type of price change [19].

3. Pricing Method and Model

3.1. Calculation of Annualized Volatility. When using a deci-
sion tree pricing model to price a mining concession, it is
necessary to calculate the annualized volatility of the price
of the mineral product. Based on the book of Hull [20], the
process of calculating the annualized volatility of the price of
the mineral product is as follows.

First, the daily yield needs to be calculated, which is
expressed in the logarithmic form:

𝑅𝑖 = ln
𝑆𝑖𝑆𝑖−1 , (5)

where 𝑅𝑖 represents the yield on the 𝑖th day and 𝑆𝑖 represents
the price of the mineral product on the 𝑖th day.

Next, the standard deviation, 𝑠, of the daily yield is
calculated:

𝑠 = √ 1𝑛𝑦 − 1
𝑛∑
𝑖=1

(𝑅𝑖 − 𝑅)2, (6)
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where 𝑛𝑦 represents the number of days in a year on which
spot trading of the mineral product occurs (𝑛𝑦 is usually set
to 250) and 𝑅 represents the 𝑛 number-of-day average daily
yield.

Finally, the daily standard deviation is converted to an
annual standard deviation, that is, the annualized volatility,𝜎:

𝜎 = 𝑠√𝑛𝑦. (7)

3.2. Calculation of Distribution. In some complex models,
the annualized volatility of the price of mineral products
follows a log-normal distribution or Student’s 𝑡-distribution.
To simplify the calculation process, this study assumes that
the annualized volatility of the price of a mineral product
follows a multinomial distribution. Under this assumption,
each of the previous years’ annualized volatility values of
the price of a mineral product is mutually independent and
can only take a limited number of values. In addition, the
probability that the annualized volatility has each of the
aforementioned values is fixed.

Based on the efficient markets hypothesis, the annualized
volatility values of the price of a mineral product are mutu-
ally independent. Moreover, the annualized volatility of the
price ofmineral products hasmean-reversion characteristics.
Therefore, the volatility fluctuates within a certain range
most of the time. Here, copper is taken as an example.
Based on the study conducted by Figuerola-Ferretti and
Gilbert, the monthly volatility of the spot price of copper
between October 3, 1982, and December 30, 2005, was less
than 70% and fluctuated around 25% [21]. The same was
true for the annualized volatility. Therefore, we can calculate
the distribution by using the grouped statistical analysis
method. In reality, according to the central-limit theorem,
the limits of a multinomial distribution follow a normal
distribution. Therefore, if a multistep decision tree pricing
model is used, the price of a mining concession priced based
on the multinomial distribution assumption will be close
to the price of the mining concession priced based on the
normal distribution assumption.

After the annualized volatility of the price of the mineral
product of each of the previous years is obtained, the
distribution series of the annualized volatility of the price of
the mineral product can be approximated using the grouped
statistical analysis method based on the assumption that the
annualized volatility of the price of the mineral product
follows a multinomial distribution.

To conduct a grouped statistical analysis of the annualized
volatility of the spot price of copper, it is necessary to first
calculate the annualized volatility of the spot price of copper
of each year over the course of 𝑛 number of years and
then conduct a grouped statistical analysis of the annualized
volatility (each group has a span of 10%). There are seven
groups overall. Table 1 lists the statistical results.

Through the grouped statistical analysis of the annualized
volatility, 𝑎𝑖/𝑛 can be approximately considered the proba-
bility of the annualized volatility of the price of the mineral
product said to be within this range. Because it is assumed
that the annualized volatility of the price of the mineral

Table 1: The statistic table of the annualized volatility.

Range (%) Frequency Probability[0, 10) 𝑎1 𝑎1/𝑛[10, 20) 𝑎2 𝑎2/𝑛[20, 30) 𝑎3 𝑎3/𝑛[30, 40) 𝑎4 𝑎4/𝑛[40, 50) 𝑎5 𝑎5/𝑛[50, 60) 𝑎6 𝑎6/𝑛[60, 70) 𝑎7 𝑎7/𝑛
Note. 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 + 𝑎5 + 𝑎6 + 𝑎7 = 𝑛.

Table 2: The distribution series of annualized volatility of spot
copper price.

Annualized volatility (%) Probability
5 𝑎1/𝑛
15 𝑎2/𝑛
25 𝑎3/𝑛
35 𝑎4/𝑛
45 𝑎5/𝑛
55 𝑎6/𝑛
65 𝑎7/𝑛

product follows a multinomial distribution, the annualized
volatility can only take a finite number of values. Therefore,
in this study, themidpoint value of the annualized volatility in
each group’s statistical range is selected as the representative
value of the group. Table 2 lists the distribution series of the
annualized volatility of the spot price of copper used as an
example in the previous paragraph.

3.3. Convenience Yield. Convenience yield can be viewed as
the potential yield from the carrying of a stock. Considering
the time loss and transportation cost resulting from the
transportation of a commodity, convenience yield can be
viewed as the value of the yield generated by filling the
temporary local shortage of the commodity with the stocked
commodity. Convenience yield can also be viewed as the yield
generated by promptly providing raw materials to maintain
production.

Convenience yield has the following characteristics: when
the stock of a commodity is relatively low, its spot price will
increase because of the short supply and the convenience
yield will also be at a correspondingly high level. In this case,
the yield from carrying a stock of the commodity will be
higher.When there is a surplus stock of a commodity, its spot
price is relatively low and the convenience yield is low as well.
In other words, convenience yield is negatively correlated to
the stock level and positively correlated to the spot price.

The process of calculating the convenience yield based on
the relationship between the futures price and the spot price
is as follows:

𝐹𝑡 = 𝑆𝑡𝑒(𝑟−𝛿𝑡)𝑇 . (8)
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By rearranging the terms, we have

𝛿𝑡 = 𝑟 − 1𝑇 ln 𝐹𝑡𝑆𝑡 , (9)

where 𝐹𝑡 represents the price of the mineral product of a
certain futures contract at time 𝑡; 𝑆𝑡 represents the spot price
of the mineral product at time 𝑡; 𝑟 represents the risk-free
interest rate; 𝛿𝑡 represents the convenience yield at time 𝑡;
and 𝑇 represents the remaining time before the mining
concession expires (unit: years).

Gibson et al. discuss the time-series nature of the
convenience yield of crude oil futures, concluding that
the convenience yield of crude oil futures exhibits mean-
reversion characteristics [22].Therefore, when used in model
calculation, the mean convenience yield within a certain
period of time can be selected as the representative value
for calculation. The mean convenience yield, 𝛿, within 𝑛𝑑
number of days is calculated:

𝛿 = 1𝑛𝑑
𝑛𝑑∑
𝑡=1

𝛿𝑡. (10)

After considering the convenience yield factor, the risk-
free interest rate should be adjusted correspondingly. If the
risk-free interest rate is 𝑟 and the mean convenience yield is𝛿, then the adjusted risk-free interest rate, 𝑟, is

𝑟 = 𝑟 − 𝛿. (11)

3.4. CombinedMultinomial PricingModel. Numerous resear-
chers have realized the deficiency of the constant volatility
assumption. For example, in addition to determining 22%
as a suitable annualized volatility value, Smit performs a
calculation with annualized volatility values of 15% and 30%
as a reference [7]. However, Smit’s method is problematic
when used in practice because it is very difficult for a mining
company to predict the future value of the volatility of the
price of mineral products. In contrast, under the assumption
that the annualized volatility of the price of mineral products
follows a multinomial distribution, that means the annu-
alized volatility values of the price of the mineral product
of the previous years are mutually independent. Therefore,
the aforementioned problem can be solved by combining
multiple binomial pricing models into a multinomial pricing
model.

Here, we present an example of conducting a grouped
statistical analysis of the annualized volatility of the price
of a mineral product in 𝑞 number of years. The number of
the group is 𝑙. If the probability for the annualized volatility
belonging to each group is 𝑃𝑖 (1 ≤ 𝑖 ≤ 𝑙), the representative
value of the annualized volatility of each group is 𝜎𝑖, the
risk-free interest rate is 𝑟, and the mean convenience yield

is 𝛿. Each representative value of the annualized volatility is
calculated using a binomial pricing model. Then, we have

𝑏2𝑖−1 = 𝑒𝜎𝑖 ,
𝑏2𝑖 = 𝑒−𝜎𝑖 (12)

𝑝2𝑖−1 = 𝑒(𝑟−𝛿)𝑇 − 𝑏2𝑖𝑏2𝑖−1 − 𝑏2𝑖 ,
𝑝2𝑖 = 1 − 𝑒(𝑟−𝛿)𝑇 − 𝑏2𝑖𝑏2𝑖−1 − 𝑏2𝑖 ,

(13)

where 𝑏2𝑖−1, 𝑏2𝑖, 𝑝2𝑖−1, and 𝑝2𝑖 represent either the upstream
or downstream multipliers of the value of the mine and the
corresponding probabilities calculated using a binomial pric-
ing model when the annualized volatility is 𝜎𝑖. To combine
these binomial pricing models, it is necessary to multiply the
probability of the upstream or downstream multiplier of the
value of the mine in each binomial pricing model with the
probability of corresponding annualized volatility. Then, we
have

𝑝2𝑖−1 = 𝑒(𝑟−𝛿)𝑇 − 𝑏2𝑖𝑏2𝑖−1 − 𝑏2𝑖 𝑃𝑖,
𝑝2𝑖 = (1 − 𝑒(𝑟−𝛿)𝑇 − 𝑏2𝑖𝑏2𝑖−1 − 𝑏2𝑖 )𝑃𝑖,

(14)

where 𝑝2𝑖−1 and 𝑝2𝑖 represent the probabilities used in the
model combined by the aforementioned binomial pricing
models when the upstream and downstream multipliers are𝑏2𝑖−1 and 𝑏2𝑖.

Based on (12) and (14), the multistep multinomial pricing
model mentioned in Section 2.2 can be adjusted. If 𝑓0
represents the price of the mining concession, a combined
multinomial pricing model is then obtained:

𝑓𝑏1𝑘1𝑏2𝑘2 ⋅⋅⋅𝑏𝑚𝑘𝑚 = max(0, 𝑆 𝑚∏
𝑗=1

𝑏𝑘𝑗𝑗 − 𝑋)
(1 ≤ 𝑗 ≤ 2𝑙, 𝑗 ∈ N)

𝑓0 = 𝑒−(𝑟−𝛿)𝑇( ∑
𝑘1+𝑘2+⋅⋅⋅+𝑘𝑚=𝑛

𝑛!∏𝑚𝑖=1𝑘𝑖!
𝑚∏
𝑗=1

𝑝𝑘𝑗𝑗
⋅ 𝑓𝑏1𝑘1𝑏2𝑘2 ⋅⋅⋅𝑏𝑚𝑘𝑚) .

(15)

Figure 1 shows the multinomial tree diagram of the
combined multinomial pricing model.

4. Empirical Study

With the price of the mining concession of a copper mine in
China as the study object, this study performs an empirical
analysis of the combined multinomial pricing model when
assuming that the mine production is conducted continu-
ously.
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Figure 1: The multinomial tree diagram of the combined multinomial pricing model.

4.1. Data Sources and Processing. The mining concession
information used in this study originated from the Ministry
of Land and Resources of the People’s Republic of China.
The transfer of the ownership of the mining concession of a
copper mine was offered and a public announcement about
the offer was made. The mine had 211,200 tons of copper
ore and 2000.22 tons of copper remaining, with an annual
production capacity of 30,000 tons/year. Thus, the mine had
a service life of 𝑇 = 211200/30000 = 7.04 ≈ 7 years. A
copper mining company intended to purchase the mining
concession of the copper mine. The full cost of operating the
mine was 29,000 yuan/ton.

The copper futures data originated from the Shanghai
Futures Exchange.The spot data on the copper were obtained
from the Shanghai Metal Exchange Market. The daily morn-
ing spot prices of copper were selected as the spot price
of copper. The daily settlement prices of copper futures
were selected as the futures price of copper. The dates of
the samples span from January 1, 2007, to December 31,
2015. After removing the number of nontrading days caused
by holidays, there are 2,187 samples. When calculating the
price of the mining concession, the first trading day in 2016
(January 4, 2016) is used as the initial time. The spot price of
copper on January 4, 2016, was 36,250 yuan/ton. In addition,
the number of spot copper trading days in China is generally
fewer than 250 days per year. Based on the statistical analysis
of the number of spot trading days between 2007 and 2015,
the number of trading days in each year is set to 243 days for
the empirical study.

There aremultiple copper futures contracts on the futures
market at the same time and there are differences in the
settlement prices of most of the contracts on the same day. In
addition, a futures contract has an expiration date after which
the futures are no longer listed for trading.Therefore, futures
prices are discontinuous. To construct continuous futures
prices, the settlement price of the contract with the largest
trading volume in each month is selected as the futures price
of the month to construct a continuous contract. For copper
futures, the futures price of copper in January 2015 was the
settlement price of the futures contract that expired in April
2015 (the contact with the largest trading volume in January
2015). Because mining is a high-risk industry, it is unsuitable
to directly use either the deposit interest rate or the treasury
bond interest rate as the risk-free interest rate.Therefore, this
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Figure 2: The daily convenience yield of copper between 2007 and
2015.

study selects 8% as the long-term risk-free interest rate when
calculating the price of the mining concession based on the
requirements for calculating mining concessions established
in A Guide for Evaluation of Mining Concessions [23].

4.2. Model Calculation. Based on the data acquired, the daily
convenience yield of copper can be calculated using (9) and
is shown in Figure 2.

Figure 3 shows the trend of the futures and spot prices of
copper between 2007 and 2015.

It can be observed from Figure 2 that the convenience
yield essentially fluctuated around 10%, except that there
were relatively large fluctuations in the convenience yield of
copper futures between 2007 and 2009. It can be observed
from Figure 3 that there were significant fluctuations in the
trend of the price of copper between 2007 and 2009. Between
2007 and mid-2008, the price of copper fluctuated at a high
level. During this time, copper mining companies showed
a strong will to engage in production and the convenience
yield essentially fluctuated below 40%. However, beginning
in November 2008, the price of copper dropped significantly.
Because the copper mining companies’ reluctance to sell
resulted in a reduced quantity of copper being placed on
the market, the convenience yield increased above 50%. In
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Figure 3:The trend of the futures and spot prices of copper between
2007 and 2015.

Table 3: The annualized volatility values of spot copper price in
China from 2007 to 2015.

Year Annualized volatility (%)
2007 28.07
2008 33.50
2009 33.49
2010 20.87
2011 22.87
2012 11.24
2013 13.74
2014 13.29
2015 18.58

order to recover rapidly from the world economic crisis, the
Chinese government implemented a four-trillion-yuan stim-
ulus plan. The level of inflation then significantly increased
and the price of mineral products quickly demonstrated a
transition from a bear market to a bull market. In 2009, as
the futures price of copper gradually increased, investorswere
optimistic about a rise in the price of copper. As a result,
the mining companies were willing to produce more copper.
Consequently, there was no longer a shortage of copper, and
thus the convenience yield decreased again and fluctuated
around 5%. The price of copper dropped again beginning in
June 2011, but this drop was not as sharp as in year 2008.
Therefore, the convenience yield increased nonsignificantly
and fluctuated around 10%.

Based on (10), 𝛿 is calculated (𝛿 = 10%).
This study assumes that the value of the mine equals the

product of the price of the mineral product and the reserve of
themineral product. Based on the existing spot price data, the
annualized volatility of the spot price of copper between 2007
and 2015 is calculated. Table 3 lists the calculation results.

Table 4: The statistic table of annualized volatility of spot copper
price in China from 2007 to 2015.

Range (%) [0, 10) [10, 20) [20, 30)
Frequency 4 3 2
Probability 4/9 1/3 2/9

Table 5: The multiples and their corresponding probabilities of
representative value of annualized volatility.

Representative value of annualized
volatility (%) UM/DM Probability (%)

15 UM 1.16 17.64
DM 0.86 26.81

25 UM 1.28 13.29
DM 0.78 20.05

35 UM 1.42 8.57
DM 0.70 13.65

Note. UM refers to the upstreammultiplier of the price of mineral products.
DM refers to the downstream multiplier of the price of mineral products.

The nine aforementioned annualized volatility values can
be divided into three groups. The statistical range and the
probability of each of the groups are listed in Table 4.

Based on the description in Section 3.1, 15%, 25%, and
35% can be selected as each group’s representative values.
Based on (12) and (14), the probabilities and themultipliers of
the value of the mine required for calculating the combined
multinomial pricing model can be obtained (the long-term
risk-free interest rate is set to 8%). Table 5 lists the calculation
results.

Based on the data listed in Table 5, the price of themining
concession can be obtained using the combined multinomial
model based on (15) (20.48 million yuan).

5. Discussion and Further Analysis

5.1. Comparison of Discounted Cash Flow (DCF) Model
and Combined Multinomial Pricing Model. Nowadays, most
countries and companies use DCF model to price mining
concessions. DCF model is easy to use and its result is
accurate and relatively objective.

DCF model is a method using the concepts of the
time value of money. When using DCF model to price
mining concessions, all future cash flows are estimated and
discounted by using cost of capital to give their present values.
The sumof all future cash flows is the net present value, which
is taken as the price of mining concessions. The calculation
process of DCF model is as follows:

𝑉MC = 𝑛∑
𝑖=1

CF𝑖(1 + 𝑟)𝑖 =
𝑛∑
𝑖=1

(CI − CO)𝑖(1 + 𝑟)𝑖 , (16)

where 𝑉MC represents the value of mining concession; CF
represents the annual cash flow;CI represents the annual cash
inflow; CO represents the annual cash outflow; 𝑟 represents
the discount rate; 𝑖 represents the number of years after
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Table 6: The annual net cash flow after purchasing the mining
concession.

Year Net cash flow (thousand yuan)
1 −3623.20
2 −321.60
3 1418.20
4 1418.20
5 1418.20
6 1418.20
7 1418.20

purchasing the mining concession; 𝑛 represents the time to
expiration of the mining concession.

If the DCF model is used to price mineral concessions,
the discount rate ought to be determined first. When pricing
mining concessions in China, the discount rate is 8% accord-
ing toAGuide for Evaluation ofMining Concessions.Themine
had a service life of 7 years. Table 6 lists the annual net cash
flow after purchasing the mining concession.

Based on the data listed in Table 6 and (16), the price
of the mining concession is calculated (1.22 million yuan).
We can find out that the price calculated by DCF model
is significantly lower than the price calculated by combined
multinomial pricing model (20.48 million yuan). The reason
is that the DCF model does not take into consideration the
uncertainty of the fluctuation of the price ofmineral products
and the flexibility of business strategy.

5.2. Comparison of Traditional Binomial Pricing Model and
Combined Multinomial Pricing Model. In the combined
multinomial pricing model, we take into consideration the
high and low annualized volatility values in one model. This
is different from the traditional binomial pricing model. If
the traditional binomial pricing model is used to calculate
the study object of this research, a series of values of constant
annualized volatility can be selected. In addition, the results
can be compared with the calculation results obtained using
the combined multinomial pricing model. Based on the
annualized volatility data for 2007–2015 listed in Table 3,
we can select 15%, 20%, 25%, and 30% as the constant
annualized volatility of the spot price of copper and price
themining concession of the coppermine, respectively, using
the binomial pricing model. Table 7 lists the calculation
results obtained when we take the convenience yield into
consideration.

It can be observed from Table 7 that, under the constant
annualized volatility assumption, the price of the mining
concession increased with increasing annualized volatility.
Based on the study of Figuerola-Ferretti and Gilbert, if we
take into consideration the variation of the price of copper
on the London Metal Exchange between 1982 and 2005, it
can be seen that, for most years, the annualized volatility
of the price of copper was between 20% and 25% [21].
The statistical data of the annualized volatility of the spot
price of copper listed in Table 3 also essentially conforms
to the aforementioned characteristic. The mean annualized
volatility of the nine years is less than 25%; however, the

Table 7: The comparison of results by using binomial tree model
with constant annualized volatility and the model from this paper.

Annualized
volatility

The price of the concession
(million yuan)

Calculation
model

15% 13.83 TBPM
20% 16.85 TBPM
25% 20.20 TBPM
30% 23.83 TBPM
Multi 20.48 CMPM
Note. Here, “Multi” refers to usingmultiple annualized volatilities to calculate
the price of the concession. TBPM refers to traditional binomial pricing
model. CMPM refers to combined multinomial pricing model.

calculation results obtained using the model proposed in
this study are slightly higher than the calculation results
obtained using 25% as the constant annualized volatility.
This is because the data that could be acquired on the
spot price of copper of China were limited and thus only
the annualized volatility data of nine years are statistically
analyzed; consequently, there is a greater probability that the
annualized volatility will fall within the 30%–40% interval.
If more statistical data can be acquired (e.g., more than 20
years of annualized volatility data), the pricing of a mining
concession using the combined multinomial pricing model
will be more accurate.

6. Conclusion

This study proposes a combined multinomial pricing model
based on the assumption that the annualized volatility of the
price of amineral product follows amultinomial distribution.
The distribution series of the annualized volatility of the price
of themineral product is obtained through grouped statistical
analysis. The midpoint value of each group’s statistical range
is used as the representative values and possible value of the
annualized volatility. Calculation is then performed on each
of these representative values using a binomial pricingmodel.
The probabilities and the multipliers calculated using differ-
ent values of the annualized volatility can thus be obtained.
Because we assume that the annualized volatility of the
price of mineral products follows a multinomial distribution,
the annualized volatility values of the price of the mineral
product of the previous years are mutually independent.
Therefore, the aforementioned multiple binomial pricing
models can be combined into a multinomial pricing model
based on the probability corresponding to the respective
annualized volatility, which is then used to price the mining
concession.

This study uses the proposed pricing model to price the
mining concession of a copper mine in China. The empirical
study demonstrates that when used to price the mining
concession, the combined multinomial pricing model pro-
vides a more comprehensive consideration of the changing
annualized volatility of the price of the mineral product
than the traditional decision tree methods by considering the
high and low annualized volatility simultaneously.Therefore,
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pricing mining concessions using the proposed model is
more reasonable.
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