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In this study, the influence of traveler's departure time choice in day-to-day dynamic evolution of traffic flow in a transportation
network is investigated. Combining historical information and real-time information, a dynamic evolution model of traffic flow
with a study period divided into two intervals is proposed for a simple two-link network.Then, the evolution of network traffic flow
is investigated using numerical experiments. Three types of information are considered: (1) only historical information, (2) only
real-time information, and (3) both historical and real-time information. The results show that the dynamic evolution of network
traffic flow under the three types of information is similar. However, the possibility of chaos occurrence under both historical and
real-time information is smaller than that under two individual types of information. When chaos occurs, the chaotic behavior in
traffic-flow evolution under only real-time information is relatively less complex than that under the other two types of information.

1. Introduction

Both traditional static and dynamic traffic assignments only
focus on the equilibrium solution and its solution algorithm.
The research on the evolution of network traffic flow focuses
on finding whether the equilibrium of network flows exists
and has been extensively analyzed. Such research does not
focus on network flows equilibrium but on the dynamic
evolution process of network traffic flow, exploring whether
equilibrium exists in network flows and how the equilibrium
is reached.

The dynamic evolution of network traffic flow is the
macroscopic outcome of a large number of traveler’s route
choices. Therefore, from the view of individual travelers,
different assumptions about traveler’s choice behavior may
lead to different results of network traffic-flow evolution.
Nakayama et al. [1] assumed that drivers’ cognitive ability
is limited. A model system of drivers’ cognition, learning,
and route choice was formulated to determine the dynamic
characteristics of a driver-network system throughmicrosim-
ulation. Kim et al. [2] used a day-to-day evolution approach
and developed agent-based simulation models to investigate

how three assumptions of the user equilibrium (UE) principle
(perfect information, rationality, and homogeneity) influence
network traffic flows. Wei et al. [3] proposed a day-to-
day route choice model based on reinforcement learning to
analyze the effects of traveler’s memory, learning rate, and
experience cognition on the evolution of traffic flow using
multiagent simulation.

Thepreceding researchwas carried out usingmicroscopic
simulation. However, some scholars have simulated day-to-
day route choice behavior at microlevel using experimental
methods. Avineri et al. [4] discussed the influence of travel
time information on the traveler’s route choice using two-
route choice laboratory experiments under uncertainty. Sel-
ten et al. [5] reported laboratory route choice experiments
between amain route and a side route, showing that the mean
numbers on both roads tend to be very near equilibrium, and
the fluctuation of network flows under perfect information
is smaller than that under imperfect information. Rapoport
et al. [6] designed two experiments to study whether the
paradox is behaviorally realized in two simulated traffic
networks that differ fromeach other in their topology, and the
results proved the existence of Braess paradox. Meneguzzer
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et al. [7] reported an experiment to analyze day-to-day route
choice dynamics in a simple three-route network.

On the other hand, other scholars studied the evolution
of network traffic flow directly from aggregate-perspective.
Smith [8] proposed a dynamic system converging to the
Wardrop equilibrium solution by using the Lyapunovmethod
under the assumption that the cost-flow function is mono-
tone. Friesz et al. [9] analyzed the influence of information
quality provided by traveler’s information system on the day-
to-day adjustment processes of network flows. They found
that the dynamic adjustment process can eventually achieve
equilibriumunder the conditions of complete and incomplete
information. Guo et al. [10] proposed a dynamic system
that modeled the day-to-day adjustment process of traffic
flow with link-flow variables, whose stationary state was
equivalent to the UE state. Xiao et al. [11] showed that the
network flow dynamics, which was analogous to a damped
oscillatory system, would approach the equilibrium state with
minimum total potential energy and zero kinetic energy.
The preceding studies were carried out with continuous-
time dynamic models, although discrete-time models may
be more plausible in reality. Horowitz [12] proposed a
discrete dynamic system model based on a two-link network
and investigated the stability of stochastic equilibrium for
discrete-time deterministic process. More recently, Guo et
al. [13] formulated the day-to-day evolution of link flows
in traffic network using a discrete dynamic system model,
and the equilibrium state would be in either a deterministic
or a stochastic user equilibrium state. Rambha et al. [14]
developed a dynamic day-to-day pricing model to minimize
the expected total system travel time, contributing to a
significant reduction in expected total system travel time
compared with the no-toll case.

The evolution of network traffic flow is a discrete dynamic
system that has attracted the interest of many researchers
who used nonlinear dynamics to analyze this phenomenon.
Cantarella et al. [15, 16] proposed a day-to-day dynamic
model and used nonlinear dynamics to deduce the equilib-
rium condition. Dendrinos [17] found that short-term traffic
flow had nonlinear chaos involving fast Fourier transform of
urban traffic-flow time series. Zhang and Jarrett [18] investi-
gated the dynamic behavior of traffic flow in a network using
dynamic gravitymodel, inwhich equilibria, oscillations, peri-
odic doubling, and chaos were found. Lan et al. [19, 20] inves-
tigated the existence of chaotic behavior for short-term traffic
flow and developed a parsimony procedure to determine
whether chaotic phenomena exist in traffic-flow dynamics.
Xu and Gao [21, 22] further used UE assignment model to
estimate origin-destination (OD) cost and found that chaos
still existed even in a two-dimensional system. The authors
also presented a discrete dynamic model for the day-to-day
adjustment process of route choice and found oscillations and
chaos of network traffic flow when travelers were sensitive
to travel cost and demand. Guo and Huang [23] proposed a
discrete dynamic traffic assignmentmodel in the case of some
travelers with imperfect information. Oscillations and chaos
were observed when model parameters exceeded certain
values. Liu et al. [24, 25] presented the day-to-day dynamic
traffic-flow evolution based on nonlinear dynamics and

formulated a similar model with elastic demand. Li et al. [26]
used nonlinear dynamics to analyze day-to-day evolution
characteristics of traffic flow under bounded rational and
analyzed the relationship between traveler’s rationality and
system stability.

The preceding research on the evolution of network
traffic flow only considers the influence of route choice, but
does not consider the influence of departure time choice.
It assumes that traveler’s route choice is based on a single
departure interval. However, traveler’s departure time choice
behavior is also an important factor that influences the
evolution of network traffic flow. It is reasonable to relax
this assumption because travelers will travel at different
departure times to reduce their travel times. Therefore, it is
necessary to analyze the evolution of network traffic flow
under the combined influence of traveler’s departure time
and route choice behavior. The departure time is not fixed,
and travelers adjust the departure time according to the
congestion level of the network. Based on this concept,
Cascetta and Cantarella [27] presented a day-to-day and
within-day dynamic assignment models. They focused on
the analysis of network daily flow fluctuations, but ignored
the day-to-day traffic-flow evolution at different periods.
Ziliaskopoulos and Rao [28] proposed a simulation-based
model for equilibrium on dynamic networks when travelers
simultaneously optimize their departure times and route
choices, but did not consider the instability of traffic-flow
evolution. Srinivasan and Guo [29] investigated the day-
to-day dynamics in an urban traffic network induced by
departure time dynamics in commuter decisions, but did
not consider traveler’s route choice behavior. In addition,
numerous studies, such as Ben-Elia et al. [30], Han et al.
[31], and Mahmassani et al. [32], have shown that travel
information has an impact on traveler’s choice behavior.

Note that the research previously conducted by the
authors to investigate chaotic behavior [24, 25] has focused
on day-to-day network traffic-flow evolution and considered
only route choice behavior (departure time behavior was not
considered).Therefore, the purpose of this paper is to analyze
day-to-day dynamic evolution of network traffic flow con-
sidering both route choice and departure time. In addition,
the influence of historical and real-time travel information
on traveler’s departure time and route choice is evaluated.
A day-to-day dynamic evolution model considering the
departure time and route choice is proposed and the dynamic
evolution characteristics of traffic flow under the influence
of different travel information are evaluated with a focus on
the characteristics of chaos. The paper considers a two-link
network which has been the main focus of researchers [5, 12,
15] and two intervals for the traveler’s departure time choice.
The presented two-interval formulation lays the foundation
for the study of traffic-flow evolution in complex networks
with multiple intervals.

2. Proposed Model

A simple road network is used in this study, as shown in
Figure 1. The network consists of two parallel links (1 and 2)
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Figure 1: Two-link road network considered in the study.

in the same direction that are connected to an origin (O) and
a destination (D).

The evolution of network traffic flow in a two-link
network with two intervals is illustrated in Figure 2. First,
travel demands in the two intervals on day n-1 are determined
based on historical travel information under the assumption
that daily traffic demand is fixed. Then, travel demand in
interval 1 is assigned to two links based on travel information.
Thus, the travel time of the links in interval 1 is obtained.
Next, travel demand in interval 2 is assigned according to
historical information and the travel time information in
interval 1. The travel times of the links in interval 2 are also
obtained. When all travelers arrive at their destination on day
n - 1, the travel time information of the two links in the two
intervals becomes new historical travel information. Finally,
the distribution of network traffic flow on day n is updated
according to the new historical travel information.

The study period is divided into two intervals. The OD
demand is fixed. It is assumed that link travel time is related
to link traffic volume.The travel time function is expressed as

𝐶𝑛,𝑡𝑝 = 𝑔𝑝 (𝑓𝑛,𝑡𝑝 ) , 𝑡 = 1, 2; 𝑝 = 1, 2 (1)

where 𝑓𝑛,𝑡1 and 𝑓𝑛,𝑡2 are the traffic volumes of links 1 and 2,
respectively, in interval t on day n and 𝐶𝑛,𝑡1 and 𝐶𝑛,𝑡2 are the
actual travel costs of links 1 and 2, respectively, in interval t
on day n.

The evolution process of network flows is shown in
Figure 2. The perceived travel cost on day n, which should
be updated before the trip, is determined using the perceived
and actual travel costs on day (n -1), as follows:

𝐶𝑛,𝑡𝑝 = 𝜑𝐶𝑛−1,𝑡𝑝 + (1 − 𝜑) 𝐶𝑛−1,𝑡𝑝 , 𝑡 = 1, 2; 𝑝 = 1, 2 (2)

where 𝜑 is the weight coefficient (0 ≤ 𝜑 ≤ 1) which reflects
the traveler’s dependence on the perceived travel cost of the
previous day, where travel cost is determined based on travel
time.

According to the perceived travel cost on day n, the
probabilities of departure in two intervals can be determined.
The utility of link p in interval t is defined as

𝑈𝑛𝑝,𝑡 = 𝑉𝑛𝑝/𝑡 + 𝑉𝑛𝑡 + 𝜀𝑛𝑝/𝑡 + 𝜀𝑛𝑡 (3)

where 𝑉𝑛𝑝/𝑡 and 𝜀𝑛𝑝/𝑡are systematic and random components
that change with the combination (t, p) in the utility of link
p in interval t, respectively, 𝑉𝑛𝑡 and 𝜀𝑛𝑡 are systematic and

random components, which only change with t in the utility
of link p in interval t, respectively. Note that 𝑉𝑛𝑝/𝑡 = −𝜃𝐶𝑛,𝑡𝑝 ,𝑉𝑛𝑡 = −𝑐𝑛𝑡 = −𝑐𝑡.

Assume that (a) 𝜀𝑛𝑡 and 𝜀𝑛𝑝/𝑡 are independent for all p (p= 1,
2) and t (t = 1, 2) and (b) 𝜀𝑛𝑝/𝑡 are independent and identically
Gumbel distributed [33] with parameters (0, 1) for fixed t.
Then, the probability of choosing departure time in interval t
(=1,2) on day n is given by [34]

𝑃𝑛,1 = 1
1 + 𝑒𝜆((−c2+ln(𝑒−𝜃𝐶𝑛,21 +𝑒−𝜃𝐶𝑛,22 ))−(−𝑐1+ln(𝑒−𝜃𝐶𝑛,11 +𝑒−𝜃𝐶𝑛,12 ))) (4)

𝑃𝑛,2 = 1 − 𝑃𝑛,1
= 1

1 + 𝑒𝜆((−𝑐1+ln(𝑒−𝜃𝐶𝑛,11 +𝑒−𝜃𝐶𝑛,12 ))−(−𝑐2+ln(𝑒−𝜃𝐶𝑛,21 +𝑒−𝜃𝐶𝑛,22 )))
(5)

where 𝜆 and 𝜃 are related to traveler characteristics.
The travel demand in the two intervals can be calculated

according to the probabilities of departure choice as follows.

𝑑𝑛,1 = 𝐷
1 + 𝑒𝜆((−𝑐2+ln(𝑒−𝜃𝐶𝑛,21 +𝑒−𝜃𝐶𝑛,22 ))−(−𝑐1+ln(𝑒−𝜃𝐶𝑛,11 +𝑒−𝜃𝐶𝑛,12 ))) (6)

𝑑𝑛,2 = 𝐷
1 + 𝑒𝜆((−𝑐1+ln(𝑒−𝜃𝐶𝑛,11 +𝑒−𝜃𝐶𝑛,12 ))−(−𝑐2+ln(𝑒−𝜃𝐶𝑛,21 +𝑒−𝜃𝐶𝑛,22 ))) (7)

Let

𝑃 (𝐶𝑛,11 , 𝐶𝑛,12 , 𝐶𝑛,21 , 𝐶𝑛,22 )
= 1

1 + 𝑒𝜆((−𝑐2+ln(𝑒−𝜃𝐶𝑛,21 +𝑒−𝜃𝐶𝑛,22 ))−(−𝑐1+ln(𝑒−𝜃𝐶𝑛,11 +𝑒−𝜃𝐶𝑛,12 ))) .
(8)

Traffic assignment is carried out in two intervals after
determining travel demand. Travelers update their perceived
travel costs based on historical and real-time travel informa-
tion in the chosen departure time. Therefore, the updated
perceived travel cost is determined based on the perceived
travel cost on day n and the actual travel cost at the previous
interval and is expressed as

𝐶𝑛,𝑡𝑝 = 𝛼𝐶𝑛,𝑡𝑝 + (1 − 𝛼) 𝐶𝑛,𝑡−1𝑝 , 𝑡 = 1, 2; 𝑝 = 1, 2 (9)

where 𝛼 is the weight coefficient (0 ≤ 𝛼 ≤ 1) which reflects
the traveler’s dependence on the perceived travel cost on day
n and 𝐶𝑛,0𝑝 is the real-time information of the network in
interval 1 on day n, which is the free-flow link travel time.

It is worth noting that for 𝛼 = 1 the traveler’s perceived
travel cost does not change. That is, the traveler selects the
route based on historical travel information. For 𝛼 = 0, the
traveler’s perceived travel cost depends on actual travel cost
in the previous interval on the same day. That is, the traveler
selects the route based on real-time travel information. The
traveler’s perceived travel cost for 𝛼 = 1 is expressed as

𝐶𝑛,𝑡𝑝 = 𝐶𝑛,𝑡𝑝 , 𝑡 = 1, 2; 𝑝 = 1, 2 (10)

The traveler’s perceived travel costs for 𝛼 = 0 is expressed
as follows.

𝐶𝑛,𝑡𝑝 = 𝐶𝑛,𝑡−1𝑝 , 𝑡 = 1, 2; 𝑝 = 1, 2 (11)
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Figure 2: Evolution of network traffic flow on two-link network with a study period divided into two intervals.

The utility of link p (p = 1, 2) in interval t (t = 1, 2)
contains systematic utility component −𝜃𝐶𝑛,𝑡𝑝 and random
utility component 𝜉𝑡𝑝. It is assumed that the random utility
component 𝜉𝑡𝑝 is Gumbel distributed with parameters (0, 1).
The probability of route choice in interval t (t = 1, 2) on day n
is given by the following.

𝑝𝑛,𝑡1 = 𝑃 (−𝜃𝐶𝑛,𝑡1 + 𝜉𝑡1 ≥ −𝜃𝐶𝑛,𝑡2 + 𝜉𝑡2)
= 1

1 + 𝑒𝜃(�̂�𝑛,𝑡1 −�̂�𝑛,𝑡2 )
(12)

𝑝𝑛,𝑡2 = 1 − 𝑝𝑛,𝑡1 = 1
1 + 𝑒−𝜃(�̂�𝑛,𝑡1 −�̂�𝑛,𝑡2 ) (13)

Route flows in interval 1 can be assigned according to the
probability of route choice in interval 1 on day n. That is,

𝑓𝑛,11 = 𝑑𝑛,1
1 + 𝑒𝜃(�̂�𝑛,11 −�̂�𝑛,12 ) (14)

𝑓𝑛,12 = 𝑑𝑛,1
1 + 𝑒−𝜃(�̂�𝑛,11 −�̂�𝑛,12 ) . (15)

Let

𝑝1 (𝐶𝑛,11 , 𝐶𝑛,12 ) = 1
1 + 𝑒𝜃(�̂�𝑛,11 −�̂�𝑛,12 ) . (16)

Then, traffic assignment in interval 2 is given by the
following.

𝑓𝑛,21 = 𝑑𝑛,2
1 + 𝑒𝜃(�̂�𝑛,21 −�̂�𝑛,22 ) (17)

𝑓𝑛,22 = 𝑑𝑛,2
1 + 𝑒−𝜃(�̂�𝑛,21 −�̂�𝑛,22 ) (18)

Let

𝑝2 (𝐶𝑛,11 , 𝐶𝑛,12 , 𝐶𝑛,21 , 𝐶𝑛,22 ) = 1
1 + 𝑒𝜃(�̂�𝑛,21 −�̂�𝑛,22 ) . (19)

Then, the dynamic system model is translated into the
following equations.

𝐶𝑛,11 = 𝜑𝐶𝑛−1,11 + (1 − 𝜑) 𝑔1 (𝐷
⋅ 𝑃 (𝐶𝑛−1,11 , 𝐶𝑛−1,12 , 𝐶𝑛−1,21 , 𝐶𝑛−1,22 )
⋅ 𝑝1 (𝐶𝑛−1,11 , 𝐶𝑛−1,12 ))

(20)

𝐶𝑛,12 = 𝜑𝐶𝑛−1,12 + (1 − 𝜑) 𝑔2 (𝐷
⋅ 𝑃 (𝐶𝑛−1,11 , 𝐶𝑛−1,12 , 𝐶𝑛−1,21 , 𝐶𝑛−1,22 )
⋅ (1 − 𝑝1 (𝐶𝑛−1,11 , 𝐶𝑛−1,12 )))

(21)

𝐶𝑛,21 = 𝜑𝐶𝑛−1,21 + (1 − 𝜑) 𝑔1 (𝐷
⋅ (1 − 𝑃 (𝐶𝑛−1,11 , 𝐶𝑛−1,12 , 𝐶𝑛−1,21 , 𝐶𝑛−1,22 ))
⋅ 𝑝2 (𝐶𝑛−1,11 , 𝐶𝑛−1,12 , 𝐶𝑛−1,21 , 𝐶𝑛−1,22 ))

(22)

𝐶𝑛,22 = 𝜑𝐶𝑛−1,22 + (1 − 𝜑) 𝑔2 (𝐷
⋅ (1 − 𝑃 (𝐶𝑛−1,11 , 𝐶𝑛−1,12 , 𝐶𝑛−1,21 , 𝐶𝑛−1,22 ))
⋅ (1 − 𝑝2 (𝐶𝑛−1,11 , 𝐶𝑛−1,12 , 𝐶𝑛−1,21 , 𝐶𝑛−1,22 )))

(23)

Note that (12) to (23) describe day-to-day dynamic evolu-
tion process of route flow in each of the two intervals, unlike
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those of Cantarella et al. [16] which reflect the day-to-day
dynamic evolution process of route flow in only one interval.
Whether the evolution of network traffic flow is chaotic can
be determined according to the Lyapunov exponent of the
dynamic system. The Lyapunov exponent of n-dimensional
discrete dynamic system is calculated as [35]

𝐿 𝑖 = lim
𝑘→∞

1
𝑘 log 𝑢𝑖 [𝐽𝑘 ⋅ ⋅ ⋅ 𝐽1] (24)

where Ji is the Jacobian matrix and ui is the eigenvalue of the
matrix. In this paper, the maximum Lyapunov exponent is
used to judge whether the evolution of network traffic flow
is chaotic. If the exponent is greater than 0, the evolution of
network traffic flow is considered chaotic.

3. Numerical Investigation

The traffic network shown in Figure 1 was used in this numer-
ical investigation. The travel time for each link is calculated
using the following Bureau of Public Roads formula:

𝑡 = 𝑡0 [1 + 0.15 ( 𝑓
𝑄)4] (25)

where t is the travel time to traverse a link, t0 is the link
free-flow travel time, f is the link traffic volume, and C is
the link capacity. The following data were assumed for the
experiments: for link 1, free-flow travel time (t10) is 22 min
and capacity (Q1) is 1500 veh/h, and for link 2, free-flow travel
time (t20) is 25 min and capacity (Q2) is 2000 veh/h. It is
assumed that the inherent disutility in interval 1 (c1) is 5 and
that in interval 2 (c2) is 3.TheODdemand in the study period
is 3000 veh and the study period is 2 hours, which is divided
into two intervals. The travelersmake route choice in the two-
link network and can depart from the origin in any one of the
two intervals.

3.1. Effect of 𝜃 on Network Flow Evolution for 𝛼 = 1. For 𝛼 = 1,
the traveler’s perceived travel cost is unchanged, indicating
that the traveler selects the route based on only historical
travel information. The influence of traveler’s dependence on
the perceived travel cost in previous day on the evolution of
the network flows in different situations is discussed next.

The bifurcation diagram formed by traffic-flow evolution
of link 1 in interval 1, where 𝜑 changes as 𝜃 increases, is
shown in Figure 3. When 𝜃 is small, no matter what 𝜑 is,
the evolution of network traffic flow will not become chaotic
but will always maintain stability, as shown in Figure 3(a)
and in the right parts of Figures 3(b) and 3(c). Then, as 𝜃
increases, the periodic phenomena appear in the evolution of
traffic flow, as shown in the left parts of Figures 3(b) and 3(c).
The results show that the chaotic phenomena appear when𝜃 exceeds a certain value (𝜃 ≥ 1.09). Figure 3(d) shows an
example of the start of chaos for 𝛼 = 1. When chaos occurs in
traffic-flow evolution, the chaotic region is shifted from small
to larger 𝜑 as 𝜃 increases, as shown in Figures 3(e) and 3(f).

The results show that the evolutionary processes of traffic
demand and traffic flow are similar. The evolution charac-
teristics of traffic demand are shown in Figure 4, which are

similar to those of Figure 3. In the evolution of traffic demand
and traffic flow, chaotic behaviors appear simultaneously.

3.2. Effect of 𝜆 or 𝜃 on Network Flow Evolution for Different𝛼. The different states of traffic-flow evolution with different𝛼(1,0.5 and 0) are shown in Figure 5. For 𝛼 = 1, to analyze
the chaotic behavior of traffic-flow evolution with 𝜃 and 𝜑,
the different states of the evolution with 𝜃 and 𝜑 are plotted
using numerical experiments for 𝜆 = 0.4, as shown in the left
figure of Figure 5(a). The evolution characteristics of traffic
flow in Figure 3 can be further verified from the left figure
of Figure 5(a). The system will not be in chaotic state when𝜃 is small. On the contrary, the evolution will be chaotic
when 𝜃 exceeds 1.09. In the case of chaos in the evolution of
network traffic flow, the chaotic region gradually shifts to the
side of larger 𝜑 as 𝜃 increases. In addition, the states of the
evolution with parameters 𝜆 and 𝜑 when 𝜃 = 3 are shown in
right figure of Figure 5(a), which is similar to that in the left
figure of Figure 5(a). For 0 < 𝛼 < 1, the traveler’s perceived
travel cost is determined using both historical and real-time
travel information. Taking 𝛼 = 0.5 as an example, the system
states for different 𝜃 and 𝜑, 𝜆 = 0.4, and 𝛼 = 0.5 are shown in
the left figure of Figure 5(b). As noted, the nonchaotic region
is larger than the chaotic region. When 𝜃 exceeds 1.35, the
evolution appears chaotic. In addition, the states of evolution
for different 𝜆 and 𝜑, 𝜃 = 3, and 𝛼 = 0.5 are shown in the right
figure of Figure 5(b), which is also similar to that in the left
figure of Figure 5(b).

For 𝛼 = 0, traveler’s perceived travel cost is determined
by the actual travel cost in the previous interval on the same
day; in other words, travelers select route according to real-
time travel information. The system’s state with 𝜃 and 𝜑 for 𝜆
= 0.4 is shown in the left figure of Figure 5(c). As shown in
the left figure of Figure 5(c), the evolution shows chaos when𝜃 exceeds 1.35, and the chaotic region is mainly on the right.
In addition, the states of the evolution with 𝜆 and 𝜑 for 𝜃 = 3
are shown in the right figure of Figure 5(c), which is similar
to that in the left figure of Figure 5(c). Based on the above
analysis, it is concluded that the effects of 𝜆 and 𝜃 on network
traffic-flow evolution are similar.

3.3. Comparison of Chaotic Region under Different Types
of Information. The different states of traffic-flow evolution
under three types of travel information are shown in Figure 6
for 𝜆 =0.3 and 0.8. As noted, the chaotic region under
the combined influence of historical and real-time travel
information is smaller than that under the individual influ-
ence of historical or real-time travel information. Therefore,
the possibility of chaos occurrence in traffic-flow evolution
is relatively small when the travelers choose the routes
according to both types of travel information.

To investigate the effect of different types of information
on traffic-flow evolution, Figure 7 shows the system states for
different 𝛼 and 𝜑 for specific values of (𝜃 = 5, 𝜆 = 0.4) and (𝜃
= 3, 𝜆 = 0.8). As noted, the chaotic region decreases first and
then increases as 𝛼 increases. Therefore, this result further
verifies that traveler’s route choice based on both historical
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(e) 𝜃 = 1.4
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(f) 𝜃 = 6.0

Figure 3: Flow bifurcation diagram with 𝜑 for 𝛼 = 1, 𝜆 = 0.4 for different 𝜃.

and real-time information can reduce the probability of chaos
occurrence.

3.4. Comparison of Chaotic Complexity under Different Types
of Information. A phase diagram for each step of the system
(i.e., projection of the system attractor on the plane with
the two coordinates) is shown in Figure 8, where the x-axis
is the flow of link 1 in interval 1 and the y-axis is the flow

on link 1 in interval 2. In this figure, the chaotic behavior
in traffic-flow evolution was analyzed under three different
types of travel information. As noted, the complexity of the
chaotic attractor under real-time information is smaller than
that under only historical or combined historical and real-
time information. Therefore, the traveler’s route choice based
on real-time information can make the chaos in traffic-flow
evolution less complex.
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(f) 𝜃 = 6.0

Figure 4: Demand bifurcation diagram with 𝜑 for 𝛼 = 1, 𝜆 = 0.4 for different 𝜃.

4. Conclusions

In this paper, a day-to-day dynamic evolution model of
network traffic flow is formulated considering departure
time choice in a two-link network with two-interval anal-
ysis period. Traffic-flow evolution under different types of
information is investigated using numerical experiments by
changing traveler characteristic parameters (𝜑, 𝜃, and 𝜆) and
travel information parameter (𝛼). Based on this study, the
following comments are offered:

(1) The evolution of network traffic flow as 𝜃 or 𝜆
increases is similar for different types of travel infor-
mation: chaos does not appear initially when 𝜃 or 𝜆
is small, but chaos is found when 𝜃 or 𝜆 exceeds a
certain value. The explanation of this phenomenon
is straightforward. The parameter 𝜃 reflects trav-
eler’s sensitivity to travel time during route choice.
As 𝜃 increases, travelers become more sensitive to
travel time. Thus, travelers tend to select the shortest
route when 𝜃 is large, which makes network flows
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Figure 5: System state for different value of 𝛼.

unstable and the chaos more likely to happen. For
the parameter 𝜆, which reflects traveler’s sensitivity
to the perceived cost of the interval, as 𝜆 increases,
travelers become more sensitive to the perceived cost
of the interval. Similarly, chaos is more likely to occur
when𝜆 exceeds a certain value.Therefore, the traveler
sensitivity to the perceived cost of the interval and the
perceived route travel cost has similar effects on the

evolution of network trafficflow considering traveler’s
departure time and route choice.

(2) Overall, the possibility of chaos occurrence is rel-
atively small under the combined historical infor-
mation and real-time information. However, in the
case of chaos occurrence, the complexity of chaotic
behavior is relatively small under real-time infor-
mation alone. This is of great significance for the
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Figure 6: System state for different 𝜃 and 𝜑 for 𝜆(=0.3, 0.8) and 𝛼(=1, 0.5, 0).
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Figure 7: The system’s state for different 𝛼 and 𝜑 for (𝜃 = 5, 𝜆 = 0.4) and (𝜃 = 3, 𝜆 = 0.8).

management and control of network traffic flow using
travel information systems. The results show that
both historical and real-time information should be
used to guide network flows in normal circumstances.
When the network traffic flow is unstable, especially
when chaos occurs, real-time information should be
used to regulate traffic flows.

(3) The evolution of network traffic flow considering
traveler’s route and departure time choices ismodeled
in this paper by introducing a learning mechanism
based on travel time information from previous days
and that from the same day provided by a real-time
informative system. Under the basic framework of

this model, other different behavioral assumptions
may be adopted, such as bounded rationality. In
addition, the proposed model can be used to simulate
the conditions where different users are advised by
different information systems. For example, one-half
of travelers are influenced by historical information
and the other half are advised by real-time informa-
tion.

(4) Thefindings of this paper are only applicable to a two-
link network with two-interval period. The research
method of this paper would provide a useful back-
ground for analyzing traffic flows on more complex
networks. The dynamic evolution characteristics of
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Figure 8: Projection of chaotic attractor for 𝛼 for specific 𝜃, 𝜆 and 𝜑.

network traffic flow are analyzed by establishing a
larger dimensional nonlinear dynamic model. How-
ever, the chaos phenomenon may be more compli-
cated, such as the occurrence of hyperchaos. Some
of the preceding topics are currently explored by the
authors.

(5) The research presented in this paper is still in the theo-
retical stage, and therefore its verification using actual
data is warranted. If the chaos phenomenon of traffic
flow is proved to exist using a large amount of field
data, it will raise new research questions, for example,
how chaos control can be carried out tomake network
traffic flow reach a stable state. This definitely would
help traffic engineers and practitioners to effectively
manage and control road traffic.

Data Availability

The numerical simulations data used to support the findings
of this study were supplied byWensi Chen under license and
so cannot be made freely available. Requests for access to
these data should be made to Wensi Chen’s e-mail address:
496311795@qq.com.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This research project is financially supported by the National
Natural Science Foundation of China (Grant Nos. 51308126,
51378036, and 51308018).



Discrete Dynamics in Nature and Society 11

References

[1] S. Nakayama, R. Kitamura, and S. Fujii, “Drivers’ learning
and network behavior dynamic analysis of the driver-network
system as a complex system,” Transportation Research Record,
vol. 1676, no. 1, pp. 30–36, 1999.

[2] H. Kim, J.-S. Oh, and R. Jayakrishnan, “Effects of user equilib-
rium assumptions on network traffic pattern,” KSCE Journal of
Civil Engineering, vol. 13, no. 2, pp. 117–127, 2009.

[3] F. Wei, S. Ma, and N. Jia, “A Day-to-Day Route Choice Model
Based on Reinforcement Learning,” Mathematical Problems in
Engineering, vol. 2014, Article ID 646548, 19 pages, 2014.

[4] E. Avineri and J. N. Prashker, “The impact of travel time
information on travelers’ learning under uncertainty,” Trans-
portation, vol. 33, no. 4, pp. 393–408, 2006.

[5] R. Selten, T. Chmura, T. Pitz, S. Kube, and M. Schreckenberg,
“Commuters route choice behaviour,” Games and Economic
Behavior, vol. 58, no. 2, pp. 394–406, 2007.

[6] A. Rapoport, T. Kugler, S. Dugar, and E. J. Gisches, “Choice of
routes in congested traffic networks: experimental tests of the
Braess paradox,” Games and Economic Behavior, vol. 65, no. 2,
pp. 538–571, 2009.

[7] C. Meneguzzer and A. Olivieri, “Day-to-day Traffic Dynam-
ics: Laboratory-like Experiment on Route Choice and Route
Switching in a Simple Network with Limited Feedback Infor-
mation,” Procedia - Social and Behavioral Sciences, vol. 87, pp.
44–59, 2013.

[8] M. J. Smith, “The stability of a dynamic model of traffic
assignment—an application of a method of Lyapunov,” Trans-
portation Science, vol. 18, no. 3, pp. 245–252, 1984.

[9] T. L. Friesz, D. Bernstein, N. J. Mehta, R. L. Tobin, and S.
Ganjalizadeh, “Day-to-day dynamic network disequilibria and
idealized traveler information systems,” Operations Research,
vol. 42, no. 6, pp. 1120–1136, 1994.

[10] R.-Y. Guo, H. Yang, H.-J. Huang, and Z. Tan, “Link-based day-
to-day network traffic dynamics and equilibria,” Transportation
Research Part B: Methodological, vol. 71, pp. 248–260, 2015.

[11] F. Xiao,H. Yang, andH. Ye, “Physics of day-to-day network flow
dynamics,” Transportation Research Part B: Methodological, vol.
86, pp. 86–103, 2016.

[12] J. L. Horowitz, “The stability of stochastic equilibrium in a two-
link transportation network,” Transportation Research Part B:
Methodological, vol. 18, no. 1, pp. 13–28, 1984.

[13] R.-Y.Guo,H. Yang, andH.-J. Huang, “A discrete rational adjust-
ment process of link flows in traffic networks,” Transportation
ResearchPartC: EmergingTechnologies, vol. 34, pp. 121–137, 2013.

[14] T. Rambha and S. D. Boyles, “Dynamic pricing in discrete
time stochastic day-to-day route choicemodels,”Transportation
Research Part B: Methodological, vol. 92, pp. 104–118, 2016.

[15] G. E. Cantarella, “Day-to-day dynamics in transportation net-
works: stability and limits of equilibrium in a two-link network,”
Sistemi Urbani, vol. 1, pp. 27–50, 1993.

[16] G. E. Cantarella and E. Cascetta, “Dynamic processes and
equilibrium in transportation networks: towards a unifying
theory,” Transportation Science, vol. 29, no. 4, pp. 305–329, 1995.

[17] D. S. Dendrinos, “Traffic-flow dynamics: a search for chaos,”
Chaos, Solitons & Fractals, vol. 4, no. 4, pp. 605–617, 1994.

[18] X. Zhang and D. F. Jarrett, “Chaos in a dynamic model of
traffic flows in an origin-destination network,” Chaos: An
Interdisciplinary Journal of Nonlinear Science, vol. 8, no. 2, pp.
503–513, 1998.

[19] L. W. Lan, F.-Y. Lin, and A. Y. Kuo, “Testing and prediction of
traffic flow dynamics with chaos,” Journal of the Eastern Asia
Society for Transportation Studies, vol. 5, pp. 1975–1989, 2003.

[20] L. W. Lan, F.-Y. Lin, and A. Y. Kuo, “Identification for chaotic
phenomena in short-term traffic flows: a parsimony procedure
with surrogate data,” Journal of the Eastern Asia Society for
Transportation Studies, vol. 6, pp. 1518–1533, 2005.

[21] M. Xu and Z. Gao, “Behaviours in a dynamical model of traffic
assignment with elastic demand,” Chinese Physics B, vol. 16, no.
6, pp. 1608–1614, 2007.

[22] M. Xu and Z. Gao, “Chaos in a dynamic model of urban
transportation network flow based on user equilibrium states,”
Chaos, Solitons & Fractals, vol. 39, no. 2, pp. 586–598, 2009.

[23] R.-Y. Guo and H.-J. Huang, “Chaos and bifurcation in dynam-
ical evolution process of traffic assignment with flow “muta-
tion”,” Chaos, Solitons & Fractals, vol. 41, no. 3, pp. 1150–1157,
2009.

[24] S.-X. Liu, H.-Z. Guan, and H. Yan, “Chaotic behavior in the
dynamical evolution of network traffic flow and its control,”
Acta Physica Sinica, vol. 61, no. 9, Article ID 090506, 2012.

[25] S.-X. Liu, W.-S. Chen, Q.-Y. Chi, and H. Yan, “Day-to-
day dynamical evolution of network traffic flow with elastic
demand,” Acta Physica Sinica, vol. 66, no. 6, pp. 12–26, 2017.

[26] T. Li, H.-Z. Guan, and K.-K. Liang, “Day-to-day dynamical
evolution of network traffic flow under bounded rational view,”
Acta Physica Sinica, vol. 65, no. 15, pp. 17–27, 2016.

[27] E. Cascetta and G. E. Cantarella, “A day-to-day and within-day
dynamic stochastic assignmentmodel,”Transportation Research
Part A: Policy and Practice, vol. 25, no. 5, pp. 277–291, 1991.

[28] A. K. Ziliaskopoulos and L. Rao, “A simultaneous route and
departure time choice equilibrium model on dynamic net-
works,” International Transactions in Operational Research, vol.
6, no. 1, pp. 21–37, 1999.

[29] K. K. Srinivasan andZ.Guo, “Day-to-DayEvolution ofNetwork
Flows Under Departure Time Dynamics in Commuter Deci-
sions,”Transportation Research Record, no. 1831, pp. 47–56, 2003.

[30] E. Ben-Elia and E. Avineri, “Response to Travel Information: A
Behavioural Review,” Transport Reviews, vol. 35, no. 3, pp. 352–
377, 2015.

[31] L. Han, H. Sun, J.Wu, and C. Zhu, “Day-to-day evolution of the
traffic network with Advanced Traveler Information System,”
Chaos, Solitons & Fractals, vol. 44, no. 10, pp. 914–919, 2011.

[32] H. S. Mahmassani and Y.-H. Liu, “Dynamics of commuting
decision behaviour under advanced traveller information sys-
tems,” Transportation Research Part C: Emerging Technologies,
vol. 7, no. 2-3, pp. 91–107, 1999.

[33] M. Ben-Akiva and S. R. Lerman,Discrete choice analysis: theory
and application to travel demand, The MIT Press, 1985.

[34] Y. Sheffi, Urban transportation networks: Equilibrium analysis
with mathematical programming methods, Prentice-Hall, New
Jersey, USA, 1985.

[35] G.-C. Wu and D. Baleanu, “Jacobian matrix algorithm for
Lyapunov exponents of the discrete fractional maps,” Commu-
nications in Nonlinear Science and Numerical Simulation, vol.
22, no. 1-3, pp. 95–100, 2015.



Hindawi
www.hindawi.com Volume 2018

Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Problems 
in Engineering

Applied Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Probability and Statistics
Hindawi
www.hindawi.com Volume 2018

Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi
www.hindawi.com Volume 2018

Optimization
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Engineering  
 Mathematics

International Journal of

Hindawi
www.hindawi.com Volume 2018

Operations Research
Advances in

Journal of

Hindawi
www.hindawi.com Volume 2018

Function Spaces
Abstract and 
Applied Analysis
Hindawi
www.hindawi.com Volume 2018

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi
www.hindawi.com Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Hindawi
www.hindawi.com Volume 2018Volume 2018

Numerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical Analysis
Advances inAdvances in Discrete Dynamics in 

Nature and Society
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

Di�erential Equations
International Journal of

Volume 2018

Hindawi
www.hindawi.com Volume 2018

Decision Sciences
Advances in

Hindawi
www.hindawi.com Volume 2018

Analysis
International Journal of

Hindawi
www.hindawi.com Volume 2018

Stochastic Analysis
International Journal of

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

