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Proactive hedging option is an exotic European stock option designed for hedgers. Such option requires option holders to buy in
(or sell out) the underlying asset (stock) and allows them to adjust the holdings of the underlying asset per its price changes within
an option period. The proactive hedging option is an attractive choice for hedgers because its price is lower than that of classical
options and because it completely hedges the risk of exposure for option holders. In this study, the underlying asset pricemovement
is assumed to follow geometric fractional Brownian motion.The pricing formula for proactive hedging call options is derived with
a linear position strategy by applying the risk-neutral evaluation principle. We use simulations to confirm that the price of this
exotic option is always no more than that of the classical European option under the same parameters.

1. Introduction

The classical option was first introduced in the 1970s by the
Chicago Board Options Exchange (CBOE). Various option
instruments have since followed to cater to the diverse array
of transaction purposes among investors including specula-
tion, arbitrage, or hedging. Scholars and traders alike [1–6]
have investigated the pricing and price dynamics of exotic
options in effort to help investors trade them on the market.

The “option”, by design, is a hedging tool for investors
who hold or intend to hold an underlying asset. When the
price of an underlying asset intersects the option exercising
price, the option goes into effect and the option holder may
trade in or sell out the underlying asset at exercising price
from the optionwriter.However, if the price of the underlying
asset does not intersect the exercising price, the option holder
loses the money he or she initially paid for the option. The
option holder inherently prefers any lower option price as
it represents a lower hedging cost. The option enables the
option holder to trade the asset at an advantageous price,
however, so that a risk-free arbitrage is available between
the exercising price and market price. The return from such
risk-free arbitrage and the option price leverage each other;
this phenomenon has attracted a great deal of speculators to
the market. Many exotic options, including binary options,

lookback options, and “as-you-like-it” options center around
the interests of speculators rather than hedgers, although
hedging is, in actuality, the most elementary function of
options.

The present study was conducted to explore an exotic
option called the “proactive hedging option”, which serves to
lower the hedging cost passed on to the option holder. The
proactive hedging option combines the classical European
option with a mandatory constraint, which requires the
option holder to adjust the amount of the on-hold underlying
asset according to the contracted strategy. This constraint is
expected to lower the option fee, as the option holder them-
selves cover part of the risk on the sell side by exercising the
contracted strategy. This paper explicitly details the design of
the proactive hedging option under a linear position strategy
and derives the pricing of the exotic option accordingly.

1.1. Proactive Hedging Option. Option traders typically
include speculators and hedgers with various goals and
strategies as they navigate the market. Speculators seek to
gain excessive returns by virtue of option leverage, so their
primary concern is leverage effects; the expected return tends
to be higher for a larger leverage. Unlike speculators, hedgers
seek to cover their risk of exposure at a minimum cost,
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namely, the lowest possible option price. In an arbitrage-free
financial market, option price depends only on the risk that is
transferred to the option writer (the seller). To minimize the
option fee, hedgers (buyers) must proactively minimize their
exposure to the risk taken by the option writer. The classical
option requires that the option writers cover all the expected
loss per the difference between the current and the exercising
price of the underlying asset as the option holders begin to
exercise the option. The option holder has no incentive to
hedge the risk at all; this leads to a relatively high option
fee.

Asian options are one of the few real choices for hedgers
among various exotic options; their price depends on the
average price of the underlying asset over the entire life of
the option or a certain period within it. Asian options are
usually cheaper than classical options, as their contracts are
based on the average price of the underlying asset which is
relatively stable (and thus such options are less risky).The risk
of deviations from average price is covered, so the options are
more attractive to hedgers who desire a smooth, continuous,
and predictable cash flow over a period of time rather than
general hedgers.

For a call/put option holder to cover the risk exposure
proactively, they may buy in/sell out their underlying asset
according to changes in its price. The option holder, per
the position of the underlying asset, may use a return from
holding the underlying asset to hedge part of his or her risk.
Wang et al. [7–9] proposed an exotic European stock option
according to this phenomenonwhich is referred to here as the
“proactive hedging option”.

Proactive hedging option holders, per their namesake,
seek to proactively cover their risk of exposure; the option
writers only bear a residual portion of the risk. This strategy
is realized by embedding a mandatory condition into the
classical European option, a condition that requires option
holders to hold the underlying asset and adjust the holding
position linearly according to its price fluctuations. For a
call option specifically, the option holders hold a certain
amount of capital at the beginning of the option period
and they begin to buy into the underlying asset when its
price exceeds a certain threshold (usually the exercising
price). They increase the holdings based on a linear position
strategy if the price continues to rise. The position strategy
is predetermined and attached to the option contact as a
constraint. In this process, the average buy-in price along the
linear position strategy is called the “purchasing price”.When
the option may be exercised, the option writer takes only
the expected loss caused by the difference between the pur-
chasing price and exercising price. A portion of the expected
loss created by the difference between the current and
purchasing price is offset by the self-defensive asset holding
of the option holder and, therefore, not taken by the option
writer.

Similarly, for a put option, the option holder retains
a certain number of shares of the underlying asset at the
beginning of the option period. When the asset price falls
below a threshold, they begin to sell out the asset and decrease
holdings if the price is on a continual decline based on a
given position strategy. In this process, the average sell-out

price along the linear position strategy is called the selling
price. When the put option may be exercised, the option
writer takes the expected loss from the difference between
the excising price and selling price. This expected loss is
offset by the self-defensive asset selling of the option holders
and, therefore, not taken by the option writer. Of course, the
proactive hedging option has lower pricing than the classical
option as the option writer takes less risk, and it partly hedges
the risk of the option holder.

Although the proactive hedging option has a price
advantage, it requires a sacrifice of leverage size to some
extent because the option holders bear a certain amount
of the capital or underlying asset for the purposes of
hedging. The leverage of the option grows weaker as the
underlying asset option holder gains more capital. When
the initial capital exceeds the exercising price multiplied by
the number of underlying assets in the option contact, the
leverage of the call option disappears completely. Similarly,
when the initial holding of the underlying asset exceeds
the number of underlying assets in the option contact, the
leverage of the put option disappears completely. In short,
the proactive hedging option is well-suited to the interests of
hedgers.

1.2. Overview of Option Pricing. Financial derivatives’ value
estimation and pricing are fundamental aspects of effective
financial transactions. The asset price should be the best
estimate of its true value in an efficient market. The value of
an option typically consists of two parts: the intrinsic value
generated from the difference between the underlying asset
price and the exercising price, and the time value originated
from the uncertainty of the underlying asset price. The time
value gradually decreases to zero at the maturity date, so the
price of an option at the maturity date depends only on its
intrinsic value. However, for a given time point before the
maturity date, an option must be priced appropriately per its
time value.

The Black-Scholes (B-S) model provides a very useful
solution in determining the time value of an option. It con-
structs a risk-neutral portfolioΠ composed of the option and
the opposite transaction of a certain amount of underlying
asset S assuming that the expected return of the underlying
asset is a risk-free rate [10]. The risk-neutral world assumes
that investors do not need risk compensation and that the
expected return of any financial asset has a risk-free rate.
Empirical research has shown that the theoretical price as
determined by B-S model is reasonably close to the real price
of options [11, 12], which has made the B-S model one of the
most popular option pricing instruments.

For the classical European option, the B-Smodel assumes
the underlying asset price follows a geometric Brownian
motion (GBM).The theoretical price is obtained by applying
the Itô Lemma to establish the B-S partial differential equa-
tion for the riskless portfolio Π. The analytic solution must
satisfy both the partial differential equation and a boundary
condition on the price at the maturity date. The transfor-
mation of heat conduction equation can then be applied
to obtain the pricing formula [10]. Although the pricing
formula derived by this technique provides mathematically
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elegant and powerful option pricing results, the assumption
of the underlying asset price following GBM does not usually
hold in reality. In fact, there exists long-range positive
autocorrelation in stock returns, which is considered to be
simply an intrinsic feature of financial markets [13–16]; this
conclusion is incompatible with the GBM assumption of the
classical B-S model. Geometric fractional Brownian motion
(GFBM) is better suited to the properties of financial asset
prices [17–21], e.g., fat-tail distribution or volatility clustering.
Recent researchers have indeed attempted to deduce B-S
models based on GFBM [22–25].

Another approach to obtaining analytic B-S model solu-
tions is to directly apply the risk-neutral evaluation principle
as defined by Cox and Ross [26]. The risk-neutral evaluation
principle indicates that the expected returns of any financial
asset must be a risk-free rate. That is to say, if the price
of an option at the maturity date 𝑉(𝑇) is given, then the
price for any time before that point is a discount value of
the expected value of 𝑉(𝑇) at the risk-free interest rate.
Pricing formulas for any option can be derived directly
by applying the risk-neutral evaluation principle provided
that the probability density function of the underlying asset
price and intrinsic value function distributions are known.
This route is simpler and more accessible than the classical
route. As discussed below in Section 4, the same pricing
formula can be obtained by either method under the same
settings.

This paper presents a pricing formula for proactive hedg-
ing options based on GFBM and the risk-neutral evaluation
principle. We make two main contributions to the current
option design and pricing literature and practice. First, we
demonstrate that the pricing of a European option can indeed
be obtained under both the risk-neutral evaluation principle
and B-S model. Secondly, we derive the pricing formula for a
proactive hedging option with a linear position strategy and
confirmby simulation that the price of the exotic option never
exceeds that of the classical European option if they share the
same parameter settings.

The rest of this paper is organized as follows. Section 2
discusses a general form of pricing formula for the classical
European option based on GFBMby applying the risk-neural
evaluation principle. Based on this general form, we develop
the pricing for proactive hedging call options and discuss
some special forms of the pricing formula in Section 3.
Section 4 reports the simulations we ran to compare the
theoretical price of a proactive hedging option with that of a
classical option under different parameter settings. Section 5
provides a brief summary and conclusion.

2. Classical European Option Pricing
Based on GFBM

2.1. Asset Price Behavior Based on GFBM. If a Gaussian
process B𝐻(𝑡), 𝑡 ≥ 0 follows Fractional Brownian motion
(FBM), then it has mean E[B𝐻(𝑡)] = 𝜇 and covariance

E [B𝐻 (t)B𝐻 (s)] = 12 (|𝑡|2𝐻 + |𝑠|2𝐻 − |𝑡 − 𝑠|2𝐻) (1)

for all 𝑠, 𝑡 ∈ R+.TheHurst parameter, 𝐻, is a value from 0 to
1. Let 𝑡 = 𝑠. The variance of FBM can be obtained as follows.

E [B𝐻 (t)]2 = 12 (|𝑡|2𝐻 + |𝑡|2𝐻 − |𝑡 − 𝑡|2𝐻) = 𝑡2𝐻 (2)

The Hurst parameter 𝐻 is a measure of long-range depen-
dence in the stochastic process of FBM. If 𝐻 = 1/2,
B𝐻(𝑡) reduces to an uncorrelated Brownian motion series
B(𝑡). A time series with 𝐻 larger than 0.5 has long-range
positive dependence. A larger H value indicates stronger
positive dependence. A time series with 𝐻 below 0.5 has
long-range negative dependence; a smaller 𝐻 value indicates
stronger negative dependence. As mentioned in Section 1,
many previous researchers have shown that the price changes
of financial assets have long-range positive dependence, sowe
only consider the case of𝐻 ≥ 0.5 here.

Let 𝑆(𝑡) be the asset price at time 𝑡. If 𝑆(𝑡) follows FBM,
then it satisfies the following:

𝑑𝑆 (𝑡)𝑆 (𝑡) = 𝜇𝑑𝑡 + 𝜎𝑑𝐵𝐻 (𝑡) (3)

where 𝑆(0), the draft 𝜇, and the volatility 𝜎 of the asset price
are all positive constants for 𝑡 ≥ 0. We assume log(S(t))
follows FBM; that is, that stochastic process 𝑆(𝑡) follows
GFBM. By applying the fractional Wick-Itô formula, Hu and
Øksendal proved that (3) can be rewritten as follows [27]:

𝑆 (𝑡) = 𝑆 (0) exp (𝜎𝐵𝐻 (𝑡) + 𝜇𝑡 − 12𝜎2𝑡2𝐻) . (4)

For any two time points 𝑡1 and 𝑡2 with 0 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑇,
the relationship between 𝑆(𝑡1) and 𝑆(𝑡2) can be obtained by
applying (4):

𝑆 (𝑡2) = 𝑆 (𝑡1) exp [𝜇 (𝑡2 − 𝑡1) − 12𝜎2 (𝑡2𝐻2 − 𝑡2𝐻1 )
+ 𝜎 (𝐵𝐻 (𝑡2) − 𝐵𝐻 (𝑡1))] .

(5)

Equation (5) will later prove very important for deriving the
pricing formula.

2.2. Fractional European Option Pricing Formula. This sec-
tion discusses the pricing formula for the classical European
option based on an assumption of GFBM process on asset
prices. The risk-neutral evaluation principle is applied to
enable this approach.

At the maturity date𝑇, the value of the classical European
option,𝑉𝑇, is equal to its intrinsic value, which can be written
as follows:

𝑉𝑇 (𝑆𝑇) = {{{
(𝑆𝑇 − 𝑋𝑒)+ , call option

(𝑋𝑒 − 𝑆𝑇)− , put option
(6)

where 𝑋𝑒, the exercising price, is a given constant and 𝑆𝑇,
the asset price at maturity date 𝑇, is a random variable. The
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option pricing problem at any time point t, 0 ≤ 𝑡 ≤ 𝑇, yields
a solution equivalent to the solution of the following:

𝑉𝑡 = 𝑉 (𝑆 (𝑡) , 𝑡) . (7)

And it is also identical to the solution of (6) when t=T.
According to the risk-neutral evaluation principle dis-

cussed in Section 1, the option pricing 𝑉𝑡 before the maturity
date should equal the discounted value of the option value 𝑉𝑇
at the maturity date; the discount rate should be the risk-free
interest rate 𝑟. The pricing formula can then be obtained by
solving

𝑉𝑡 = 𝑒−𝑟(𝑇−𝑡)𝐸 [𝑉𝑇 (𝑆𝑇)] . (8)

where 𝑆𝑇 is a function of 𝑆(𝑡) and 𝑡. To achieve an analytical
solution from (8), we used a result provided by Necula to
establish Theorem 1 [28].

Theorem 1. Let 𝑓 be a function such that 𝐸[𝑓(𝐵𝐻(𝑇))] < ∞.
Then for every 0 ≤ 𝑡 ≤ 𝑇,

𝐸𝑡 [𝑓 (𝐵𝐻 (𝑇))]
= ∫+∞
−∞

1
√2𝜋 (𝑇2𝐻 − 𝑡2𝐻) exp(− (𝑥 − 𝐵𝐻 (𝑡)2)2 (𝑇2𝐻 − 𝑡2𝐻))

⋅ 𝑓 (𝑥) 𝑑𝑥.

(9)

Theorem 1 allows us to further establish Lemma 2, which gives
the value function of a European option at any time point before
the maturity date.

Lemma 2. Assume the price of the underlying asset at time
point 𝑡, 𝑆(𝑡), satisfies (3). Then the valuation of the option at
time point 𝑡 is

𝑉 (𝑆 (𝑡) , 𝑡) = 𝑒−(𝑇−𝑡)𝑟√2𝜋
⋅ ∫+∞
−∞

𝑉𝑇 (𝑆 (𝑡) 𝑒𝜎√𝑇2𝐻−𝑡2𝐻𝑍+(𝑇−𝑡)𝑟−(𝜎2/2)(𝑇2𝐻−𝑡2𝐻))
⋅ 𝑒−𝑍2/2𝑑𝑍.

(10)

Here 𝑉𝑇(⋅) is the value function of the European option at
maturity 𝑇.
Proof. Given that the asset price 𝑆(𝑡) follows GFBM and
satisfies (5), in a risk-neutral world, (5) can be rewritten as

𝑆 (𝑡2) = 𝑆 (𝑡1) exp (𝑟 (𝑡2 − 𝑡1) − 12𝜎2 (𝑡22𝐻 − 𝑡12𝐻)
+ 𝜎 (𝐵𝐻 (𝑡2) − 𝐵𝐻 (𝑡1))) ,

(11)

where 𝑟 is the risk-free rate. According to (11), we have

𝑆𝑇 = 𝑆 (𝑡) exp (𝑟 (𝑇 − 𝑡) − 12𝜎2 (𝑇2𝐻 − 𝑡2𝐻)
+ 𝜎 (𝐵𝐻 (𝑇) − 𝐵𝐻 (𝑡))) .

(12)

Combining (12) with (8), we have

𝑉(𝑆 (𝑡) , 𝑡) = 𝑒−𝑟(𝑇−𝑡)𝐸 [𝑉𝑇 (𝑆𝑇)] = 𝑒−𝑟(𝑇−𝑡)𝐸 [𝑉𝑇(𝑆 (𝑡)
⋅ exp (𝑟 (𝑇 − 𝑡) − 12𝜎2 (𝑇2𝐻 − 𝑡2𝐻)
+ 𝜎 (𝐵𝐻 (𝑇) − 𝐵𝐻 (𝑡)))] .

(13)

Under Theorem 1,

𝑉 (𝑆 (𝑡) , 𝑡) = 𝑒−𝑟(𝑇−𝑡)𝐸 [𝑉𝑇 (𝑆𝑇)] = 𝑒−𝑟(𝑇−𝑡) ∫
𝑅
𝑉𝑇(𝑆 (𝑡)

⋅ exp (𝑟 (𝑇 − 𝑡) − 12𝜎2 (𝑇2𝐻 − 𝑡2𝐻)
+ 𝜎 (𝑥 − 𝐵𝐻 (𝑡)))
⋅ 1
√2𝜋 (𝑇2𝐻 − 𝑡2𝐻) exp[−

(𝑥 − 𝐵𝐻 (𝑡))22 (𝑇2𝐻 − 𝑡2𝐻)] 𝑑𝑥.

(14)

Let 𝑍 = (𝑥 − 𝐵𝐻(𝑡))/√𝑇2𝐻 − 𝑡2𝐻, so we can obtain
(10). Lemma 2 holds. Equation (10) suggests that
𝑆(𝑡)𝑒𝜎√𝑇2𝐻−𝑡2𝐻𝑍+(𝑇−𝑡)𝑟−(𝜎2/2)(𝑇2𝐻−𝑡2𝐻) is a transformation
of 𝑆𝑇(𝑆(𝑡), 𝑡) under the standard Brownian motion 𝑍
measure. In the following example, we deduct the pricing
formula of the classical European option with Lemma 2
and show that this pricing formula is identical to the one
obtained through B-S equations.

Example 3. Assume a classical European option, the under-
lying stock price of which follows the GFBM process. The
pricing formula of this option can be obtained by plug-
ging the value function equation (6) into (10). We start
here with a call option with value function of V𝐹𝑐(𝑆(𝑡), 𝑡)
at time point 𝑡 before the maturity date. Let 𝑈 =
𝑆(𝑡)𝑒𝜎√𝑇2𝐻−𝑡2𝐻𝑍+(𝑇−𝑡)𝑟−(𝜎2/2)(𝑇2𝐻−𝑡2𝐻). When𝑈 ≥ 𝑋𝑒 (where𝑋𝑒
is similar to the exercising price in the B-S model), we have

ln (𝑋𝑒/𝑆) − (𝑇 − 𝑡) 𝑟 + 𝜎2 (𝑇2𝐻 − 𝑡2𝐻) /2
𝜎√𝑇2𝐻 − 𝑡2𝐻 ≤ 𝑍

< +∞.
(15)
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Consequently,

𝑉𝐹𝑐 (𝑆 (𝑡) , 𝑡) = 𝑒−(𝑇−𝑡)𝑟√2𝜋
⋅ ∫+∞
𝑑1

(𝑆 (𝑡) 𝑒𝜎√𝑇2𝐻−𝑡2𝐻𝑍+(𝑇−𝑡)𝑟−(𝜎2/2)(𝑇2𝐻−𝑡2𝐻) − 𝑋𝑒)
⋅ 𝑒−𝑍2/2𝑑𝑍 = 𝑆 (𝑡)√2𝜋 ∫+∞

𝑑1

𝑒−(1/2)(𝑍−𝜎√𝑇2𝐻−𝑡2𝐻)2𝑑𝑍

− 𝑋𝑒𝑒−(𝑇−𝑡)𝑟√2𝜋 ∫+∞
𝑑1

𝑒−(𝑍2/2)𝑑𝑍 = 𝑆 (𝑡)√2𝜋
⋅ ∫+∞
𝑑1−𝜎√𝑇

2𝐻−𝑡2𝐻
𝑒−(1/2)(𝑍−𝜎√𝑇2𝐻−𝑡2𝐻)2𝑑 (𝑍

− 𝜎√𝑇2𝐻 − 𝑡2𝐻) − 𝑋𝑒𝑒−(𝑇−𝑡)𝑟√2𝜋 ∫+∞
𝑑1

𝑒−𝑍2/2𝑑𝑍
= 𝑆 (𝑡) (𝑁 (−𝑑2)) − 𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (𝑁 (−𝑑1))

(16)

where

𝑑1 = ln (𝑋𝑒/𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 ,

𝑑2 = ln (𝑋𝑒/𝑆) − (𝑇 − 𝑡) 𝑟 − (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 ,

(17)

andN( ⋅ ) indicates the cumulative probability of the standard
normal distribution. By applying the same approach, we can
get the pricing formula for the put option:

𝑉𝐹𝑝 (𝑆 (𝑡) , 𝑡) = 𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (𝑁 (𝑑1)) − 𝑆 (𝑡) (𝑁 (𝑑2)) . (18)

Formulas (16) and (18) are identical to the pricing formulas
used by Hu and Øksendal [27], which were obtained by
solving B-S partial differential equations.

3. Proactive Hedging European Call
Option Pricing Model with Linear
Position Constraint

3.1. Pricing Model Assumptions. Here, we add or modify the
following assumptions based on the B-S pricing model:

(i) The option has underlying stock prices following
FBM with the draft 𝛾 and volatility 𝜎.

(ii) A call option holder should hold an initial capital of
amount 𝐴 = 𝑄 × 𝑋𝑒 at the beginning of the option
period for each piece of an option contract, where 𝑄
is the stock unit of one option contract piece.

(iii) Option holders adjust the underlying stock holdings
according to the price changes subject to the linear
position constraint attached to the option contract.

3.2. Linear Position Strategy. The continuous linear position
constraint was first proposed by Wang et al. [8]. It assumes
that an option holder holds an initial capital of amount 𝐴
for the piece of the option. When the price of the underlying
stock reaches 𝑋𝑒 + 𝛿 (𝛿 ≥ 0), the option holder spends 𝛽0 ⋅ 𝐴
(for) on buying the stock at a given time, where𝛽0 , 0 ≤ 𝛽0 ≤ 1,
which denotes the proportion of capital spent, is the “capital
utilization coefficient”.

The option holder linearly and continuously adjusts
the capital utilization to increase the holdings if the price
continues to rise until reaching (1 + 𝛼)(𝑋𝑒 + 𝛿), where 𝛼
is a positive number referred to as the “investment strategy
index”. The highest utilization coefficient of the capital is 𝛽,
so 0 ≤ 𝛽0 ≤ 𝛽 ≤ 1; that is, the option holder can spend
at most 𝛽 ⋅ 𝐴 in total on holding the stock when the price
reaches (1+𝛼)(𝑋𝑒+𝛿) and no longer will increase the holding
when the price exceeds this threshold. The capital utilization
coefficient function along this process, 𝐵(𝑆), can be expressed
as follows.

𝐵 (𝑆) =
{{{{{{{{{

0 𝑆 (𝑡) < 𝑋𝑒 + 𝛿
𝛽 − 𝛽0𝛼 (𝑋𝑒 + 𝛿) (𝑆 (𝑡) − 𝑋𝑒 − 𝛿) + 𝛽0 𝑋𝑒 + 𝛿 ≤ 𝑆 (𝑡) < (1 + 𝛼) (𝑋𝑒 + 𝛿)

𝛽 𝑆 (𝑡) ≥ (1 + 𝛼) (𝑋𝑒 + 𝛿)
(19)

Equation (19) is also graphically illustrated in Figure 1.

3.3. Proactive Hedging Option Value Function with Linear
Position Strategy. As noted in Section 1, the value of an option
essentially depends on how much risk is transferred to the
option writer. If an exotic option allows the option holder to
take self-defense strategies, then its value is determined by
the difference of the expected loss taken by the option writer
in the classical European option and the returns from the

self-defense strategies taken by the option holder.The classical
European option holder does not carry out any self-defense
strategy, so she will suffer an expected loss (20) for each piece
of the option contract as the stock price rises from𝑋𝑒 to 𝑆0.

𝐿𝑏 (𝑆0) = 𝐴𝑋𝑒 (𝑆0 − 𝑋𝑒) (20)

Meanwhile, in an exotic option allowing holder’s self-
defense strategy, like the proactive hedging option with linear



6 Discrete Dynamics in Nature and Society

Capital
Utilization



Share PricesXe + (1+)(Xe +)

0

Figure 1: Capital utilization coefficient function along stock price
under linear position strategy.

position strategy, the option holder will spend additional
amount of capital, Δ𝑞, on buying the stock when the price
changes from 𝑆 to 𝑆 + Δ𝑆, such that

Δ𝑞 = Δ𝑄 ⋅ 𝐴 ≈ 𝑄 (𝑆) ⋅ Δ𝑆 ⋅ 𝐴 (21)

where Δ𝑄 is the rate of the increased capital for buying
the stock. Thus, when the stock price reaches 𝑆0, this stock
holding will have an extra return Δ𝑅:

Δ𝑅 = Δ𝑞𝑆 (𝑆0 − 𝑆) = 𝐴𝑄 (𝑆) Δ𝑆𝑆 (𝑆0 − 𝑆) (22)

whereΔ𝑞/𝑆 indicates the additional stock units purchased by
using the additional capital Δ𝑞. When the stock price rises
from 𝑋𝑒 + 𝛿 (when the self-defense strategy is triggered) to𝑆0, the excepted return to the option holder is as follows.

𝑅 (𝑆0) =
{{{{{{{
∫𝑆0
𝑋𝑒+𝛿

𝐴 ⋅ 𝑄 (𝑆)𝑆 ⋅ (𝑆0 − 𝑆) 𝑑𝑆 + 𝐴 ⋅ 𝛽0𝑋𝑒 + 𝛿 ⋅ (𝑆0 − 𝑋𝑒 − 𝛿) , (𝑋𝑒 + 𝛿) ≤ 𝑆0 ≤ (1 + 𝛼) (𝑋𝑒 + 𝛿)
∫(1+𝛼)(𝑋𝑒+𝛿)
𝑋𝑒+𝛿

𝐴 ⋅ 𝑄 (𝑆)𝑆 ⋅ (𝑆0 − 𝑆) 𝑑𝑆 + 𝐴 ⋅ 𝛽0𝑋𝑒 + 𝛿 ⋅ (𝑆0 − 𝑋𝑒 − 𝛿) , (1 + 𝛼) (𝑋𝑒 + 𝛿) ≤ 𝑆0
(23)

Then the expected loss taken by the optionwriter is as follows.
𝐿 (𝑆0) = 𝐿𝑏 (𝑆0) − 𝑅 (𝑆0) (24)

Folding (19), (20), and (23) into (24) yields the value function
of the exotic option, the self-defense strategy:

𝑉𝑇 (⋅)

=
{{{{{{{{{{{

𝑉𝑇1 (⋅) ,𝑉𝑇2 (⋅) ,𝑉𝑇3 (⋅) ,𝑉𝑇4 (⋅) ,

𝑆 < 𝑋𝑒𝑋𝑒 ≤ 𝑆 ≤ 𝑋𝑒 + 𝛿
𝑋𝑒 + 𝛿 ≤ 𝛿 ≤ (1 + 𝛼) (𝑋𝑒 + 𝛿)

(1 + 𝛼) (𝑋𝑒 + 𝛿) ≤ 𝑆
(25)

where
𝑉𝑇1 (⋅) = 0
𝑉𝑇2 (⋅) = 𝑆 − 𝑋𝑒
𝑉𝑇3 (⋅) = (1 + (𝛽 − 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) − 𝛽0𝑋𝑒𝑋𝑒 + 𝛿) (𝑆 − 𝑋𝑒)

− (𝛽 − 𝛽0)𝑋𝑒𝑆𝛼 (𝑋𝑒 + 𝛿) ln( 𝑆𝑋𝑒 + 𝛿)
− ((𝛽 − 𝛽0) − 𝛼𝛽0)𝑋𝑒𝛿𝛼 (𝑋𝑒 + 𝛿)

𝑉𝑇4 (⋅) = (𝑆 − 𝑋𝑒) (1 − 𝛽0𝑋𝑒𝑋𝑒 + 𝛿)
− (𝛽 − 𝛽0) 𝑆𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) ln (1 + 𝛼)
+ 𝑋𝑒 ((𝛽 − 𝛽0) + 𝛽0𝛿𝑋𝑒 + 𝛿) .

(26)

3.4. Proactive Hedging Option Pricing Formula Based on
GFBM. This section discusses the pricing formula for exotic
options under the assumptions that (1) they allow option
holders to take the linear position proactive hedging strategy
as described in Section 3.2 and (2) the prices of underlying
stocks follow GFBM process. With a similar approach to
Example 3, the pricing formula is obtained by solving the
integral expression after combining the value function in (25)
and the pricing formula of the fractional European option in
(10). The value function in (25) is a stepwise function, so the
pricing formula consists of four parts:

𝑉𝐹𝐸𝑐 (𝑆 (𝑡) , 𝑡) = 𝑉1 (𝑆 (𝑡) , 𝑡) + 𝑉2 (𝑆 (𝑡) , 𝑡)
+ 𝑉3 (𝑆 (𝑡) , t) + 𝑉4 (𝑆 (𝑡) , 𝑡) , (27)

where

𝑉1 (𝑆 (𝑡) , 𝑡) = 𝑒−𝑟(𝑇−𝑡)√2𝜋 ∫
𝑆<𝑋𝑒

𝑉𝑇1 (⋅) 𝑒−𝑍2/2𝑑𝑍
𝑉2 (𝑆 (𝑡) , 𝑡) = 𝑒−𝑟(𝑇−𝑡)√2𝜋 ∫

𝑋𝑒≤𝑆≤𝑋𝑒+𝛿
𝑉𝑇2 (⋅) 𝑒−𝑍2/2𝑑𝑍

𝑉3 (𝑆 (𝑡) , 𝑡)
= 𝑒−𝑟(𝑇−𝑡)√2𝜋 ∫

𝑋𝑒+𝛿≤𝑆≤(1+𝛼)(𝑋𝑒+𝛿)
𝑉𝑇3 (⋅) 𝑒−𝑍2/2𝑑𝑍

𝑉4 (𝑆 (𝑡) , 𝑡) = 𝑒−𝑟(𝑇−𝑡)√2𝜋 ∫
𝑆≥(1+𝛼)(𝑋𝑒+𝛿)

𝑉𝑇4 (⋅) 𝑒−𝑍2/2𝑑𝑍

(28)

and 𝑉1(𝑆(𝑡), 𝑡) = 0.
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Similar to Example 3, let 𝑈 =
𝑆(𝑡)𝑒𝜎√𝑇2𝐻−𝑡2𝐻𝑍+(𝑇−𝑡)𝑟−(𝜎2/2)(𝑇2𝐻−𝑡2𝐻). When 𝑋𝑒 ≤ 𝑈 ≤ 𝑋𝑒 + 𝛿,
we have

ln (𝑋𝑒/𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 ≤ 𝑍

≤ ln ((𝑋𝑒 + 𝛿) /𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 .

(29)

When𝑋𝑒 + 𝛿 ≤ 𝑈 ≤ (1 + 𝛼)(𝑋𝑒 + 𝛿), we have
ln ((𝑋𝑒 + 𝛿) /𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)

𝜎√𝑇2𝐻 − 𝑡2𝐻 ≤ 𝑍

≤ ln ((1 + 𝛼) (𝑋𝑒 + 𝛿) /𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 .

(30)

When 𝑈 ≥ (1 + 𝛼)(𝑋𝑒 + 𝛿), we have
𝑍
≥ ln ((1 + 𝛼) (𝑋𝑒 + 𝛿) /𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)

𝜎√𝑇2𝐻 − 𝑡2𝐻 . (31)

To simplify the above expressions, let

𝑑1 = ln (𝑋𝑒/𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 ,

𝑑2 = ln ((𝑋𝑒 + 𝛿) /𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 ,

𝑑3
= ln ((1 + 𝛼) (𝑋𝑒 + 𝛿) /𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)

𝜎√𝑇2𝐻 − 𝑡2𝐻 .

(32)

Then,

𝑉2 (𝑆 (𝑡) , 𝑡) = 𝑒−𝑟(𝑇−𝑡)√2𝜋
⋅ ∫𝑑2
𝑑1

(𝑆 (𝑡) 𝑒𝜎√𝑇2𝐻−𝑡2𝐻𝑍+(𝑇−𝑡)𝑟−(𝜎2/2)(𝑇2𝐻−𝑡2𝐻) − 𝑋𝑒)
⋅ 𝑒−𝑍2/2𝑑𝑍 = 𝑆 (𝑡)√2𝜋 ∫𝑑2

𝑑1

𝑒−(1/2)(𝑍−𝜎√𝑇2𝐻−𝑡2𝐻)2𝑑𝑍
− 𝑋𝑒𝑒−(𝑇−𝑡)𝑟√2𝜋 ∫𝑑2

𝑑1

𝑒−𝑍2/2𝑑𝑍 = 𝑆 (𝑡)√2𝜋
⋅ ∫𝑑2−𝜎√𝑇2𝐻−𝑡2𝐻
𝑑1−𝜎√𝑇

2𝐻−𝑡2𝐻
𝑒−(1/2)(𝑍−𝜎√𝑇2𝐻−𝑡2𝐻)2𝑑 (𝑍

− 𝜎√𝑇2𝐻 − 𝑡2𝐻) − 𝑋𝑒𝑒−(𝑇−𝑡)𝑟√2𝜋 ∫𝑑2
𝑑1

𝑒−𝑍2/2𝑑𝑍
= 𝑆 (𝑡) (𝑁(𝑑2 − 𝜎√𝑇2𝐻 − 𝑡2𝐻) − 𝑁(𝑑1
− 𝜎√𝑇2𝐻 − 𝑡2𝐻)) − 𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (𝑁 (𝑑2) − 𝑁 (𝑑1)) .

(33)

The expression of 𝑉𝑇3(⋅) must be simplified for the sake of
feasibility. Let Σ = 𝜎√𝑇2𝐻 − 𝑡2𝐻𝑍 + (𝑇 − 𝑡)𝑟 − (𝜎2/2)(𝑇2𝐻 −𝑡2𝐻); then

𝑉𝑇3 (⋅) = 𝑆 (𝑡) (1 + (𝛽 − 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) − 𝛽0𝑋𝑒𝑋𝑒 + 𝛿) 𝑒Σ − (1

+ (𝛽 − 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) − 𝛽0𝑋𝑒𝑋𝑒 + 𝛿)𝑋𝑒

− (𝛽 − 𝛽0)𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿) (ln 𝑆 (𝑡)𝑋𝑒 + 𝛿 + Σ) 𝑒Σ

− ((𝛽 − 𝛽0) − 𝛼𝛽0)𝑋𝑒𝛿𝛼 (𝑋𝑒 + 𝛿) = {𝑆 (𝑡) (1

+ (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) )

− (𝛽 − 𝛽0)𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿) [ln 𝑆 (𝑡)𝑋𝑒 + 𝛿 + (𝑇 − 𝑡) 𝑟

− 𝜎22 (𝑇2𝐻 − 𝑡2𝐻)]} 𝑒Σ − (𝛽 − 𝛽0)𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿)
⋅ 𝜎√𝑇2𝐻 − 𝑡2𝐻𝑒Σ𝑍 − (1 + (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) )

⋅ 𝑋𝑒 − (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛿𝛼 (𝑋𝑒 + 𝛿) .

(34)

If

𝑀1 = 𝑆 (𝑡) (1 + (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) )

− (𝛽 − 𝛽0)𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿) [ln 𝑆 (𝑡)𝑋𝑒 + 𝛿 + (𝑇 − 𝑡) 𝑟

− 𝜎22 (𝑇2𝐻 − 𝑡2𝐻)]

𝑀2 = (𝛽 − 𝛽0)𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿) 𝜎√𝑇2𝐻 − 𝑡2𝐻

𝑀3 = (1 + (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) )𝑋𝑒
+ (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛿𝛼 (𝑋𝑒 + 𝛿) ,

(35)

then 𝑉𝑇3(⋅) can be further simplified into

𝑉𝑇3 (⋅) = 𝑀1𝑒Σ −𝑀2𝑒Σ𝑍 −𝑀3. (36)
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Therefore,

𝑉3 (𝑆 (𝑡) , 𝑡) = 𝑀1𝑒Σ −𝑀2𝑒Σ𝑍 −𝑀3 = 𝑒−(𝑇−𝑡)𝑟√2𝜋
⋅ ∫𝑑3
𝑑2

(𝑀1𝑒Σ −𝑀2𝑒Σ𝑍 −𝑀3) 𝑒−𝑍2/2𝑑𝑍 = 𝑀1√2𝜋
⋅ ∫𝑑3−𝜎√𝑇2𝐻−𝑡2𝐻
𝑑2−𝜎√𝑇

2𝐻−𝑡2𝐻
𝑒−(𝑍−𝜎√𝑇2𝐻−𝑡2𝐻)2/2𝑑(𝑍

− 𝜎√𝑇2𝐻 − 𝑡2𝐻) − 𝑒−(𝑇−𝑡)𝑟√2𝜋 ∫𝑑3
𝑑2

(𝑀2𝑒Σ𝑍 +𝑀3)
⋅ 𝑒−𝑍2/2𝑑𝑍 = 𝑀1 [𝑁(𝑑3 − 𝜎√𝑇2𝐻 − 𝑡2𝐻)
− 𝑁(𝑑2 − 𝜎√𝑇2𝐻 − 𝑡2𝐻)] − 𝑀3𝑒−(𝑇−𝑡)𝑟 [𝑁 (𝑑3)
− 𝑁 (𝑑2)] − 𝑀2√2𝜋
⋅ ∫𝑑3−𝜎√𝑇2𝐻−𝑡2𝐻
𝑑2−𝜎√𝑇

2𝐻−𝑡2𝐻
𝑒−(𝑍−𝜎√𝑇2𝐻−𝑡2𝐻)2/2𝑍𝑑(𝑍

− 𝜎√𝑇2𝐻 − 𝑡2𝐻) = 𝑀1 [𝑁 (𝑑3 − 𝜎√𝑇2𝐻 − 𝑡2𝐻)
− 𝑁(𝑑2 − 𝜎√𝑇2𝐻 − 𝑡2𝐻)] − 𝑀3𝑒−(𝑇−𝑡)𝑟 [𝑁 (𝑑3)
− 𝑁 (𝑑2)] − 𝑀2√2𝜋 (𝑒−(𝑑3−𝜎√𝑇2𝐻−𝑡2𝐻)2/2

− 𝑒−(𝑑2−𝜎√𝑇2𝐻−𝑡2𝐻)2/2) − 𝜎√𝑇2𝐻 − 𝑡2𝐻𝑀2 [𝑁(𝑑3
− 𝜎√𝑇2𝐻 − 𝑡2𝐻) − 𝑁(𝑑2 − 𝜎√𝑇2𝐻 − 𝑡2𝐻)] .

(37)

Similarly, let M4 = 1 − 𝛽0𝑋𝑒/(𝑋𝑒 + 𝛿) − ((𝛽 − 𝛽0)𝑋𝑒/𝛼(𝑋𝑒 +𝛿)) ln(1 + 𝛼) Then VT4(⋅) can be simplified into VT4(⋅) =𝑀4𝑆𝑒Σ − (1 − 𝛽)Xe. Thus,

𝑉4 (𝑆 (𝑡) , 𝑡) = 𝑒−(𝑇−𝑡)𝑟√2𝜋 {∫+∞
𝑑3

𝑀4𝑆 (𝑡) 𝑒Σ𝑒−𝑍2/2𝑑𝑍
− ∫+∞
𝑑3

(1 − 𝛽)𝑋𝑒𝑒−𝑍2/2𝑑𝑍} = 𝑀4𝑆 (𝑡)√2𝜋
⋅ ∫+∞
𝑑3−𝜎√𝑇

2𝐻−𝑡2𝐻
𝑒−(𝑍−𝜎√𝑇2𝐻−𝑡2𝐻)2/2𝑑 (𝑍

− 𝜎√𝑇2𝐻 − 𝑡2𝐻) − (1 − 𝛽)𝑋𝑒𝑒−(𝑇−𝑡)𝑟√2𝜋
⋅ ∫+∞
𝑑3

𝑒−𝑍2/2𝑑𝑍 = 𝑀4𝑆 (𝑡) (1 − 𝑁(𝑑3
− 𝜎√𝑇2𝐻 − 𝑡2𝐻)) − (1 − 𝛽)𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (1
− 𝑁 (𝑑3)) .

(38)

Consequently, the final pricing formula for the proactive
hedging option is

𝑉𝐹𝐸𝑐 (𝑆 (𝑡) , 𝑡)
= 𝑉1 (𝑆 (𝑡) , 𝑡) + 𝑉2 (𝑆 (𝑡) , 𝑡) + 𝑉3 (𝑆 (𝑡) , 𝑡)

+ 𝑉4 (𝑆 (𝑡) , 𝑡)
= 𝑆 (𝑡) (𝑁 (𝑑5) − 𝑁 (𝑑4))

− 𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (𝑁 (𝑑2) − 𝑁 (𝑑1))
+ 𝑀1 [𝑁 (𝑑6) − 𝑁 (𝑑5)]
− 𝑀3𝑒−(𝑇−𝑡)𝑟 [𝑁 (𝑑3) − 𝑁 (𝑑2)]
− 𝑀2√2𝜋 (𝑒−𝑑62/2 − 𝑒−𝑑52/2)
− 𝜎√𝑇2𝐻 − 𝑡2𝐻𝑀2 [𝑁 (𝑑6) − 𝑁 (𝑑5)]
+ 𝑀4𝑆 (𝑡) (1 − 𝑁 (𝑑6))
− (1 − 𝛽)𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (1 − 𝑁 (𝑑3))

(39)

where

𝑑1 = ln (𝑋𝑒/𝑆 (𝑡)) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 ,

𝑑2 = ln ((𝑋𝑒 + 𝛿) /𝑆 (𝑡)) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 ,

𝑑3
= ln ((1 + 𝛼) (𝑋𝑒 + 𝛿) /𝑆 (𝑡)) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)

𝜎√𝑇2𝐻 − 𝑡2𝐻 ,
𝑑4 = 𝑑1 − 𝜎√𝑇2𝐻 − 𝑡2𝐻,
𝑑5 = 𝑑2 − 𝜎√𝑇2𝐻 − 𝑡2𝐻,
𝑑6 = 𝑑3 − 𝜎√𝑇2𝐻 − 𝑡2𝐻,
𝑀1
= 𝑆 (𝑡) (1 + (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) )

− (𝛽 − 𝛽0)𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿) [ln 𝑆 (𝑡)𝑋𝑒 + 𝛿 + (𝑇 − 𝑡) 𝑟 − 𝜎22 (𝑇2𝐻 − 𝑡2𝐻)] ,
𝑀2 = (𝛽 − 𝛽0)𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿) 𝜎√𝑇2𝐻 − 𝑡2𝐻,
𝑀3 = (1 + (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) )𝑋𝑒 + (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛿𝛼 (𝑋𝑒 + 𝛿) ,
𝑀4 = 1 − 𝛽0𝑋𝑒𝑋𝑒 + 𝛿 − (𝛽 − 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) ln (1 + 𝛼) .

(40)

At this point, the pricing formula for a proactive hedging
option with linear position strategy is obtained.

3.5. Pricing Formula Discussion. This subsection discusses
some special forms of the pricing formula presented in
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Section 3.4. The pricing formula in (39) has three sets of
parameters. The first set is the Hurst index 𝐻, which repre-
sents the dependence in the process of the underlying asset
price. The second set includes parameters (𝛼, 𝛽, 𝛽0, 𝛿), which
describe the linear position strategy. The third set includes
parameters (𝑟, 𝑇, 𝜎, 𝑋𝑒), which are the basic parameters for
the pricing of a classical European option. Below, we discuss
several special cases based on these three sets of parameters.

(a) Consider a Hurst parameter 𝐻 = 1/2. In this
case, price of underlying asset follows GBM and the pricing
formula in (39) can accordingly be reduced into the following:

𝑉𝐸𝑐 (𝑆 (𝑡) , 𝑡) = 𝑉1 (𝑆 (𝑡) , 𝑡) + 𝑉2 (𝑆 (𝑡) , 𝑡)
+ 𝑉3 (𝑆 (𝑡) , 𝑡) + 𝑉4 (𝑆 (𝑡) , 𝑡)

= 𝑆 (𝑡) (𝑁 (𝑑5) − 𝑁 (𝑑4))
− 𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (𝑁 (𝑑2) − 𝑁 (𝑑1))
+ 𝑀1 [𝑁 (𝑑6) − 𝑁 (𝑑5)]
− 𝑀3𝑒−(𝑇−𝑡)𝑟 [𝑁 (𝑑3) − 𝑁 (𝑑2)]
− 𝑀2√2𝜋 (𝑒−𝑑62/2 − 𝑒−𝑑52/2)
− 𝜎√𝑇 − 𝑡𝑀2 [𝑁 (𝑑6) − 𝑁 (𝑑5)]
+ 𝑀4𝑆 (𝑡) (1 − 𝑁 (𝑑6))
− (1 − 𝛽)𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (1 − 𝑁 (𝑑3)) ,

(41)

where

𝑑1 = ln (𝑋𝑒/𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇 − 𝑡)
𝜎√𝑇 − 𝑡 ,

𝑑2 = ln ((𝑋𝑒 + 𝛿) /𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇 − 𝑡)
𝜎√𝑇 − 𝑡 ,

𝑑3 = ln ((1 + 𝛼) (𝑋𝑒 + 𝛿) /𝑆) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇 − 𝑡)
𝜎√𝑇 − 𝑡 ,

𝑑4 = 𝑑1 − 𝜎√𝑇 − 𝑡,
𝑑5 = 𝑑2 − 𝜎√𝑇 − 𝑡,
𝑑6 = 𝑑3 − 𝜎√𝑇 − 𝑡,
𝑀1 = 𝑆 (𝑡) (1 + (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) )

− (𝛽 − 𝛽0)𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿) [ln 𝑆 (𝑡)𝑋𝑒 + 𝛿 + (𝑇 − 𝑡) 𝑟
− 𝜎22 (𝑇 − 𝑡)] ,

𝑀2 = (𝛽 − 𝛽0)𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿) 𝜎√𝑇 − 𝑡,

Capital
Utilization

Share Prices
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Figure 2: Capital utilization function with linear position strategy
when 𝛽0 = 0.

𝑀3 = (1 + (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) )𝑋𝑒
+ (𝛽 − (1 + 𝛼) 𝛽0)𝑋𝑒𝛿𝛼 (𝑋𝑒 + 𝛿) ,

𝑀4 = 1 − 𝛽0𝑋𝑒𝑋𝑒 + 𝛿 − (𝛽 − 𝛽0)𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) ln (1 + 𝛼) .
(42)

In this study, we took a different approach from the B-
S method to obtain the pricing formula. Although both
methods are based on the hypothesis of a risk-neutral world,
we focused on whether the results of the two approaches are
consistent. We further simplified (41) by letting 𝛽 = 𝛽0 = 0,
which reflects an option holder who does not participate in
any self-defense, so that the problem setting is identical to
that of the classical European option. We then compared the
results obtained by two approaches. The simplified formula
version of (41) is

𝑉𝑐 (𝑆 (𝑡) , 𝑡) = 𝑆 (𝑡) (𝑁 (𝑑1)) − 𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (𝑁 (𝑑2)) , (43)

where

𝑑1 = ln (𝑆 (𝑡) /𝑋𝑒) + (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇 − 𝑡)
𝜎√𝑇 − 𝑡 ,

𝑑2 = ln (𝑆 (𝑡) /𝑋𝑒) + (𝑇 − 𝑡) 𝑟 − (𝜎2/2) (𝑇 − 𝑡)
𝜎√𝑇 − 𝑡 .

(44)

Clearly, this result is in accordance with the classical B-S
formula.

We investigated two boundary position strategies as
special cases. The first case is when 𝛽0 = 0, where the linear
position strategy is shown in Figure 2.



10 Discrete Dynamics in Nature and Society

When the linear position strategy in Figure 2 applies, the
pricing formula is

𝑉𝐹𝛽0𝑐 (𝑡, 𝑆 (𝑡))
= 𝑉1 (𝑆 (𝑡) , 𝑡) + 𝑉2 (𝑆 (𝑡) , 𝑡) + 𝑉3 (𝑆 (𝑡) , 𝑡)

+ 𝑉4 (𝑆 (𝑡) , 𝑡)
= 𝑆 (𝑡) (𝑁 (𝑑5) − 𝑁 (𝑑4))

− 𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (𝑁 (𝑑2) − 𝑁 (𝑑1))
+𝑀1 [𝑁 (𝑑6) − 𝑁 (𝑑5)]
−𝑀3𝑒−(𝑇−𝑡)𝑟 [𝑁 (𝑑3) − 𝑁 (𝑑2)]
− 𝑀2√2𝜋 (𝑒−𝑑62/2 − 𝑒−𝑑52/2)
− 𝜎√𝑇2𝐻 − 𝑡2𝐻𝑀2 [𝑁 (𝑑6) − 𝑁 (𝑑5)]
+𝑀4𝑆 (𝑡) (1 − 𝑁 (𝑑6))
− (1 − 𝛽)𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (1 − 𝑁 (𝑑3))

(45)

where

𝑑1 = ln (𝑋𝑒/𝑆 (𝑡)) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 ,

𝑑2 = ln ((𝑋𝑒 + 𝛿) /𝑆 (𝑡)) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 ,

𝑑3
= ln ((1 + 𝛼) (𝑋𝑒 + 𝛿) /𝑆 (𝑡)) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)

𝜎√𝑇2𝐻 − 𝑡2𝐻 ,
𝑑4 = 𝑑1 − 𝜎√𝑇2𝐻 − 𝑡2𝐻,
𝑑5 = 𝑑2 − 𝜎√𝑇2𝐻 − 𝑡2𝐻,
𝑑6 = 𝑑3 − 𝜎√𝑇2𝐻 − 𝑡2𝐻,
𝑀1
= 𝑆 (𝑡) (1 + 𝛽𝑋𝑒𝛼 (𝑋𝑒 + 𝛿))

− 𝛽𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿) [ln 𝑆 (𝑡)𝑋𝑒 + 𝛿 + (𝑇 − 𝑡) 𝑟 − 𝜎22 (𝑇2𝐻 − 𝑡2𝐻)] ,
𝑀2 = 𝛽𝑋𝑒𝑆 (𝑡)𝛼 (𝑋𝑒 + 𝛿)𝜎√𝑇2𝐻 − 𝑡2𝐻,
𝑀3 = (1 + 𝛽𝑋𝑒𝛼 (𝑋𝑒 + 𝛿))𝑋𝑒 + 𝛽𝑋𝑒𝛿𝛼 (𝑋𝑒 + 𝛿) ,
𝑀4 = 1 − 𝛽𝑋𝑒𝛼 (𝑋𝑒 + 𝛿) ln (1 + 𝛼) .

(46)

The second special case is when 𝛽 = 𝛽0 = 1, where the option
holder purchases all the possible stock at the price𝑋𝑒+𝛿.The
capital utilization under this linear position strategy is shown
in Figure 3.

Capital
Utilization

Share Prices

1

Xe + 

Figure 3: Capital utilization function with linear position strategy
when 𝛽 = 𝛽0 = 1.

In this case, the corresponding pricing formula is

𝑉𝐹𝛽𝑐 (𝑆 (𝑡) , 𝑡) = 𝑆 (𝑡) (𝑁 (𝑑4) − 𝑁 (𝑑3))
− 𝑋𝑒𝑒−(𝑇−𝑡)𝑟 (𝑁 (𝑑2) − 𝑁 (𝑑1))
+ 𝑆 (𝑡) 𝛿𝑋𝑒 + 𝛿 [1 − 𝑁 (𝑑4)]

(47)

where

𝑑1 = ln (𝑋𝑒/𝑆 (𝑡)) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)
𝜎√𝑇2𝐻 − 𝑡2𝐻 ,

𝑑2
= ln ((𝑋𝑒 + 𝛿) /𝑆 (𝑡)) − (𝑇 − 𝑡) 𝑟 + (𝜎2/2) (𝑇2𝐻 − 𝑡2𝐻)

𝜎√𝑇2𝐻 − 𝑡2𝐻 ,
𝑑3 = 𝑑1 − 𝜎√𝑇2𝐻 − 𝑡2𝐻,
𝑑4 = 𝑑2 − 𝜎√𝑇2𝐻 − 𝑡2𝐻.

(48)

If we add an additional condition 𝛿 = 0 to the condition
of 𝛽 = 𝛽0 = 1, that is, the option holder must hold all the
available stocks at the exercising price, then the value of the
exotic option drops to zero.

4. Theoretical Prices of Proactive Hedging
Option and Classical European Option

We next calculated the theoretical price of the exotic option
which allows a proactive hedging strategy under formula (39)
and that of the classical European option by formula (41),
respectively. Our calculation parameter settings are shown in
Table 1. For simplicity, we assume 𝑡 = 0 across all calculations
in this section.

We calculated the price of the proactive hedging option
with linear position strategy as well as that of the classical
European option for every possible parameter combination
generated by values in Table 1, and then we determined
the ratio of these two prices for each particular parameter
setting as listed in Table 2. The first four columns denote
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Table 1: Parameter settings

Symbol Values Symbol Values
𝐻 0.5, 0.7,0.9 𝑇 0.5 (half of one year)𝛼 50%, 70%, 100% 𝑆0 $20 per share𝛽 80%, 100% 𝑋𝑒 $20 per share𝛽0 0, 50% 𝜎 30%𝛿 $0, $4, $10 per share 𝑟 6%

Table 2: Price ratios of exotic option allowing proactive hedging
relative to classical European option under constant parameters
(𝛼, 𝛽, 𝛽0, 𝛿).

price ratios𝛼 𝛽 𝛽0 𝛿 𝐻 = 0.5 𝐻 = 0.7 𝐻 = 0.9
50% 80% 0 0 0.77 0.80 0.82
50% 80% 0 4 0.95 0.97 0.98
50% 80% 0 10 1.00 1.00 1.00
50% 80% 50% 0 0.41 0.42 0.43
50% 80% 50% 4 0.85 0.88 0.91
50% 80% 50% 10 0.99 0.99 1.00
50% 100% 0 0 0.71 0.74 0.78
50% 100% 0 4 0.94 0.96 0.97
50% 100% 0 10 1.00 1.00 1.00
50% 100% 50% 0 0.35 0.37 0.39
50% 100% 50% 4 0.84 0.87 0.90
50% 100% 50% 10 0.98 0.99 1.00
70% 80% 0 0 0.83 0.85 0.87
70% 80% 0 4 0.97 0.98 0.99
70% 80% 0 10 1.00 1.00 1.00
70% 80% 50% 0 0.44 0.44 0.45
70% 80% 50% 4 0.85 0.88 0.91
70% 80% 50% 10 0.99 0.99 1.00
70% 100% 0 0 0.79 0.82 0.84
70% 100% 0 4 0.96 0.97 0.98
70% 100% 0 10 1.00 1.00 1.00
70% 100% 50% 0 0.39 0.41 0.42
70% 100% 50% 4 0.85 0.88 0.91
70% 100% 50% 10 0.99 0.99 1.00
100% 80% 0 0 0.88 0.90 0.91
100% 80% 0 4 0.98 0.98 0.99
100% 80% 0 10 1.00 1.00 1.00
100% 80% 50% 0 0.46 0.46 0.47
100% 80% 50% 4 0.86 0.89 0.91
100% 80% 50% 10 0.99 0.99 1.00
100% 100% 0 0 0.85 0.87 0.89
100% 100% 0 4 0.97 0.98 0.99
100% 100% 0 10 1.00 1.00 1.00
100% 100% 50% 0 0.43 0.44 0.44
100% 100% 50% 4 0.85 0.88 0.91
100% 100% 50% 10 0.99 0.99 1.00

the values of the parameters describing the linear position
strategy. The last three columns are the price ratios for 𝐻 =

0.5, 0.7, 0.9, respectively. For example, the theoretical price
of the exotic option allowing proactive hedging with 𝐻 =0.9, 𝛼 = 0.5, 𝛽 = 80%, and 𝛿 = 𝛽0 = 0 is 1.30 and that
of the classical European option with the same parameter
setting is 1.58: the price ratio is 1.30/1.58=0.82. The price ratio
represents the extent to which the proactive hedging option
with linear position strategy reduces the option price relative
to the classical European option under the same parameters.

The price ratios in Table 2 represent three important
observations.

(1) The theoretical price of the proactive hedging option
does not exceed that of the classical option at any
point, regardless of whether stock price changes are
driven by GBM (H=0.5) or GFBM (H=0.7 or 0.9
in this illustration). In other words, the proactive
hedging option always has a price advantage which is
equal to 1 minus the price ratio, although sometimes
the advantage is almost 0 (price ratio is 1) relative
to the classical European option across all parameter
settings. The maximum price advantage reaches up
to 65% (price ratio is 0.35) based on the parameter
settings here.

(2) All the four parameters (𝛼, 𝛽, 𝛽0, 𝛿) describing the
position strategy have significant effects on the price
advantage, especially 𝛽0 and 𝛿. Our calculation results
suggest that if the option holder spends half of the
initial capital to initiate the position at the exercising
price, then this exotic option is at least 50% cheaper
than that of the classical option. However, if the
option holder only begins to purchase stock when
the price exceeds 20% of the exercising price, the
price advantage of the exotic option drops almost to
zero. The price advantage appears to be nearly solely
dependent on howmuch capital is used to initiate the
position at the exercising price.

(3) The price ratios are rather robust given the volatility
of the stock price 𝜎. WhenH increases from 0.5 to 0.9
within each row, the price ratios are bounded within
0.06 of each other.

5. Conclusions

In this paper, we discussed the value and pricing of an exotic
option which allows call option holders to conduct proactive
hedging with a linear position strategy in the risk-neutral
world. We also compared the price of such options to that
of the classical European option under the same parameter
settings.
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We found that it is indeed possible to apply a risk-neutral
evaluation principle directly to the pricing of this exotic
option. When the exotic option reduces to a classical Euro-
pean option, the pricing formula obtained by this approach is
identical to that obtained by B-S model. We then compared
the theoretical prices of such proactive hedging options with
those of classical options under the same parameter settings.
The proactive hedging option may have a considerable price
advantage, up to 65%, over the classical European options.
This suggests that such a proactive hedging option may
be of interest to the option holders in covering their risk
of exposure at the sacrifice of leverage. The possible price
advantage makes these options attractive in regard to future
research and even option product designs.

We used several assumptions throughout the derivation
and calculations presented in this paper. Most, like the
risk-neutral assumption, are present in previous theoretical
studies on option pricing as well. One unique assumption
we made is that the linear position strategy has a continuous
function, which allowed us to simplify the derivation, but this
strategy may not be feasible in practice. In the future, we plan
to secure a fully feasible linear position strategy as well as
other nonlinear positions.
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