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This paper studies the statistical estimation of the Gerber-Shiu discounted penalty functions in a general spectrally negative Lévy
risk model. Suppose that the claims process and the surplus process can be observed at a sequence of discrete time points. Using
the observed data, the Gerber-Shiu functions are estimated by the Laguerre series expansion method. Consistent properties are
studied under the large sample setting, and simulation results are also presented when the sample size is finite.

1. Introduction

In this paper, the cash flow of an insurance company is
described by the following spectrally negative Lévy process:

𝑈𝑡 = 𝑢 + 𝑐𝑡 + 𝜎𝐵𝑡 − 𝑋𝑡, 𝑡 ≥ 0. (1)

Here, 𝑢 ≥ 0 denotes the initial reserve and 𝑐 > 0 is the rate of
premium.The process {𝐵𝑡}𝑡≥0 is a standard Brownian motion
and 𝜎 > 0 is a constant. The claims process {𝑋𝑡}𝑡≥0 is a Lévy
subordinator, whose Laplace exponent is defined by

𝜓 (𝑠) = 1𝑡 ln𝐸 [𝑒−𝑠𝑋𝑡] = ∫∞
0

(𝑒−𝑠𝑥 − 1) ] (𝑥) 𝑑𝑥,
𝑠 ≥ 0. (2)

Here, ] is a Lévy density on (0,∞) satisfying the usual
condition ∫∞

0
(1 ∧ 𝑥2)](𝑥)𝑑𝑥 < ∞ and the additional

condition 𝜇1 fl ∫∞
0

𝑥](𝑥)𝑑𝑥 < ∞. Note that the condition𝜇1 < ∞ ensures that the expected aggregate claims are finite
over any finite time interval. Finally, let us suppose that the
processes {𝐵𝑡}𝑡≥0 and {𝑋𝑡}𝑡≥0 are mutually independent.

In insurance risk theory, one object of interest is the ruin
time 𝜏, which is defined by

𝜏 = inf {𝑡 ≥ 0 : 𝑈𝑡 ≤ 0} . (3)

Set 𝜏 = ∞ if 𝑈𝑡 > 0 for all 𝑡 ≥ 0. In order to avoid ruin is a
deterministic event, it is assumed that the following net profit
condition holds true throughout this paper.

Condition 1. The premium rate 𝑐 > 𝜇1.
In this paper, we use the Gerber-Shiu expected dis-

counted penalty function to discuss the ruin problems. This
function is defined by

𝜙 (𝑢) = 𝐸 [𝑒−𝛿𝜏𝑤 (𝑈𝜏) 1(𝜏<∞) | 𝑈0 = 𝑢] , 𝑢 ≥ 0, (4)

where 𝛿 ≥ 0 is a constant interest force, 𝑤 is a nonnegative
measurable penalty function of the deficit at ruin, and 1𝐴 is
an indicator function of an event 𝐴. Note that ruin can be
caused by oscillation or claims. Then we can decompose the
Gerber-Shiu function as follows:

𝜙 (𝑢) = 𝑤 (0) 𝜙𝑑 (𝑢) + 𝜙𝑐 (𝑢) , (5)
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where

𝜙𝑑 (𝑢) = 𝐸 [𝑒−𝛿𝜏1(𝜏<∞,𝑈𝜏=0)
| 𝑈0 = 𝑢] (6)

is the Laplace transform of ruin time when ruin is caused by
oscillation and

𝜙𝑐 (𝑢) = 𝐸 [𝑒−𝛿𝜏𝑤 (𝑈𝜏) 1(𝜏<∞,𝑈𝜏<0)
| 𝑈0 = 𝑢] (7)

is the expected discounted penalty function when ruin is due
to claims.

In insurance risk theory, the Gerber-Shiu function intro-
duced by Gerber and Shiu [1] is a powerful tool for solv-
ing ruin problems. It should be emphasized that most of
the existing literatures mainly pursue explicit formulae of
Gerber-Shiu functions under various models. For example,
Gerber and Shiu [1] studied the classical risk model; Li and
Garrido [2, 3] discussed the Sparre Andersen risk models.
In risk theory, the Lévy process is often used to model
the surplus process of an insurance company, and a large
number of results toGerber-Shiu functionhave beenmade by
researchers. Garrido andMorales [4] used Laplace transform
to investigate the classical Gerber-Shiu function. Biffis and
Morales [5] generalized the Gerber-Shiu function to path-
dependent penalties. Chau et al. [6] used the Fourier-cosine
method to evaluate the Gerber-Shiu function. For more
studies on Gerber-Shiu function, the interested readers are
referred to Yin and Wang [7, 8], Asmussen and Albrecher
[9], Chi [10], Wang et al. [11], Chi and Lin [12], Zhao and Yin
[13, 14], Shen et al. [15], Yu [16–18], Yin and Yuen [19, 20],
Zhao and Yao [21], Zheng et al. [22], Huang et al. [23], Li et
al. [24], Zhang et al. [25], Yu et al. [26], Zeng et al. [27, 28], Li
et al. [29], and Dong et al. [30].

Contributing to Gerber-Shiu function mentioned above,
it is commonly assumed that the probabilistic law of the
surplus process is known, so that some analytic formulae
can be derived. However, from the practical point of view,
the insurance company does not know the probabilistic law,
instead the surplus data and claim sizes data are often known.
Hence, it is of importance to develop some methods for
estimating the Gerber-Shiu type risk measures from the past
data.

Over the past decade, the importance of statistical esti-
mation of Gerber-Shiu function has advanced rapidly. As a
special type of Gerber-Shiu functions, the ruin probability
is estimated by Mnatsakanov et al. [31], Masiello [32], and
Zhang et al. [33] under the classical compound Poisson risk
model. Further, Zhang [34] and Yang et al. [35] estimated the
finite ruin probability by double Fourier transform. For the
general Gerber-Shiu function, Shimizu [36] estimated it by
Laplace inversion in the compound Poisson insurance risk
model. Zhang [37, 38] proposed an estimator by Fourier-sinc
and Fourier-cosine series expansion. Zhang and Su [39, 40]
and Su et al. [41] proposed a more efficient estimator by
Laguerre series expansion method. In addition, the estima-
tion of ruin probability and Gerber-Shiu function in the Lévy
risk model has also attracted the attention of scholars. For
example, Shimizu [42] estimated the Gerber-Shiu function in
a general spectrally negative Lévy process. Zhang and Yang
[43, 44] estimated the ruin probability in a pure jump Lévy

risk model. Shimizu and Zhang [45] estimated the Gerber-
Shiu function in the pure jump Lévy risk model. Moreover,
the study is a useful tool not only for the estimation of
ruin probability by invasive exotic species on habitat and
natural systems; see Wang and Yin [46], Yuen and Yin [47],
Dong and Yin [48], Yin et al. [49], Wang et al. [50], Zhao
et al. [51], Pavone et al. [52], Zhou et al. [53], Costa and
Pavone [54, 55], and Yin [56], but also for explaining the
dynamics of the disappearance of the plants of the past and
changing of biodiversity and wavelet analysis, see Costa et al.
[57], Pulvirenti et al. [58, 59], Lemarié and Meyer [60], and
Daubechies [61].

The remainder of this paper is organized as follows. In
Section 2, we provide some known results on Gerber-Shiu
function, which are useful for constructing the estimator.
In Section 3, we give an estimator by the Laguerre series
expansion method, where both the surplus data and the
aggregate claims data are used. Some consistent properties
of the estimator are investigated in Section 4. Finally, in
Section 5, we provide numerical examples to illustrate the
efficiency of the method.

2. Preliminaries on Gerber-Shiu Functions

2.1. The Laguerre Basis. In this paper, we use 𝐿1(R+) and𝐿2(R+) to denote the spaces of absolutely integrable functions
and square integrable functions on the positive half line,
respectively. For any 𝑝, 𝑞 ∈ 𝐿2(R+), the inner product and
the 𝐿2-norm are defined by

⟨𝑝, 𝑞⟩ = ∫∞
0

𝑝 (𝑥) 𝑞 (𝑥) 𝑑𝑥, 𝑝 = √⟨𝑝, 𝑝⟩ . (8)

For the Laguerre functions, they are defined by

𝜑𝑘 (𝑥) = √2𝐿𝑘 (2𝑥) 𝑒−𝑥, 𝑥 ≥ 0; 𝑘 = 0, 1, . . . , (9)

where {𝐿𝑘} are the Laguerre polynomials given by

𝐿𝑘 (𝑥) = 𝑘∑
𝑗=0

(−1)𝑗 (𝑘𝑗) 𝑥𝑗𝑗! , 𝑥 ≥ 0. (10)

It is known that {𝜑𝑘}𝑘≥0 is an orthonormal basis of 𝐿2(R+)
such that 𝜑𝑘 = 1;

⟨𝜑𝑘, 𝜑𝑗⟩ = 0
for 𝑘 ̸= 𝑗.

(11)

Hence, each 𝑓 ∈ 𝐿2(R+) can be developed on the Laguerre
basis, i.e.,

𝑓 (𝑥) = ∞∑
𝑘=0

𝑎𝑓,𝑘𝜑𝑘 (𝑥) , 𝑥 ≥ 0, (12)

where 𝑎𝑓,𝑘 = ⟨𝑓, 𝜑𝑘⟩, 𝑘 = 0, 1, . . ..
The following properties of Laguerre functions are useful,

which can be found in Abrumowitz and Stegun [62].
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(1) sup𝑥≥0|𝜑𝑘(𝑥)| ≤ √2, ∀𝑘 ≥ 0.
(2) ∫𝑥

0
𝜑𝑘(𝑥 − 𝑦)𝜑𝑗(𝑦)𝑑𝑦 = (1/√2)[𝜑𝑘+𝑗(𝑥) − 𝜑𝑘+𝑗+1(𝑥)].

2.2. Review on Gerber-Shiu Function. In this subsection, we
present some necessary results on the Gerber-Shiu function,
which are useful for constructing the estimator. First, we
consider the root of the following equation (in s):

𝑐𝑠 + 𝜎22 𝑠2 + 𝜓 (𝑠) = 𝛿. (13)

It is known that (13) has a positive root, say 𝜌, and we have𝜌 = 0 as 𝛿 = 0. Set 𝜃 = 2𝑐/𝜎2 + 𝜌.
By Corollary 4.1 in Biffis and Morales [5] we have

𝜙 (𝑢) = [ℎ𝑐 (𝑢) + 𝑤 (0) ℎ𝑑 (𝑢)] ∗ ∞∑
𝑛=0

𝑔∗𝑛 (𝑢) , 𝑢 ≥ 0, (14)

where ∗ denotes the convolution operator, ℎ𝑑(𝑢) = 𝑒−𝜃𝑢, and
𝑔 (𝑥) = 2𝜎2 ∫

𝑥

0
𝑒−𝜃(𝑥−𝑦) ∫∞

𝑦
𝑒−𝜌(𝑧−𝑦)] (𝑧) 𝑑𝑧𝑑𝑦, (15)

ℎ𝑐 (𝑢) = 2𝜎2 ∫
𝑢

0
𝑒−𝜃(𝑢−𝑦) ∫∞

𝑦
𝑒−𝜌(𝑧−𝑦)𝜍 (𝑧) 𝑑𝑧𝑑𝑦, (16)

where 𝜍(𝑧) = ∫∞
𝑧

𝑤(𝑥 − 𝑧)](𝑥)𝑑𝑥, 𝑧 ≥ 0. Furthermore, from
the deduction in Biffis and Morales [5] one easily obtains

𝜙𝑑 (𝑢) = ℎ𝑑 (𝑢) ∗ ∞∑
𝑛=0

𝑔∗𝑛 (𝑢) (17)

and

𝜙𝑐 (𝑢) = ℎ𝑐 (𝑢) ∗ ∞∑
𝑛=0

𝑔∗𝑛 (𝑢) . (18)

It follows from (17) that

𝜙𝑑 (𝑢) = ℎ𝑑 (𝑢) + (ℎ𝑑 (𝑢) ∗ ∞∑
𝑛=1

𝑔∗(𝑛−1) (𝑢)) ∗ 𝑔 (𝑢)
= ℎ𝑑 (𝑢) + 𝑔 ∗ 𝜙𝑑 (𝑢) ,

(19)

i.e., 𝜙𝑑 satisfies the following renewal equation:
𝜙𝑑 (𝑢) = ∫𝑢

0
𝜙𝑑 (𝑢 − 𝑥) 𝑔 (𝑥) 𝑑𝑥 + ℎ𝑑 (𝑢) , 𝑢 ≥ 0. (20)

Similarly, we can obtain

𝜙𝑐 (𝑢) = ∫𝑢
0
𝜙𝑐 (𝑢 − 𝑥) 𝑔 (𝑥) 𝑑𝑥 + ℎ𝑐 (𝑢) , 𝑢 ≥ 0. (21)

It should be emphasized that (20) and (21) are both defective
renewal equations, since 0 < ∫∞

0
𝑔(𝑥)𝑑𝑥 < 1 under

Condition 1.
For purpose of employing the Laguerre series expansion,

we suppose the following condition.

Condition 2. The functions 𝜙𝑑, 𝜙𝑐, 𝑔, ℎ𝑑, ℎ𝑐 are all square
integrable.

Under Condition 2, we have the following Laguerre series
expansion formulae:

𝜙𝑑 (𝑢) = ∞∑
𝑘=0

𝑎𝜙𝑑 ,𝑘𝜑𝑘 (𝑢) ,
𝜙𝑐 (𝑢) = ∞∑

𝑘=0

𝑎𝜙𝑐 ,𝑘𝜑𝑘 (𝑢) ,
(22)

and

𝑔 (𝑥) = ∞∑
𝑘=0

𝑎𝑔,𝑘𝜑𝑘 (𝑥) ,
ℎ𝑑 (𝑢) = ∞∑

𝑘=0

𝑎ℎ𝑑,𝑘𝜑𝑘 (𝑢) ,
ℎ𝑐 (𝑢) = ∞∑

𝑘=0

𝑎ℎ𝑐,𝑘𝜑𝑘 (𝑢) .
(23)

Substituting the above five expressions into (20) and (21)
and using a similar method as in Zhang and Su [39], we can
obtain for 𝑘 = 0, 1, 2, . . .,

𝑎𝜙𝑑 ,𝑘 = 𝑘∑
𝑗=0

2−1/2 [𝑎𝑔,𝑘−𝑗 − 𝑎𝑔,𝑘−𝑗−1] 𝑎𝜙𝑑 ,𝑗 + 𝑎ℎ𝑑 ,𝑘 (24)

and

𝑎𝜙𝑐 ,𝑘 = 𝑘∑
𝑗=0

2−1/2 [𝑎𝑔,𝑘−𝑗 − 𝑎𝑔,𝑘−𝑗−1] 𝑎𝜙𝑐 ,𝑗 + 𝑎ℎ𝑐,𝑘. (25)

The above linear systems can further be rewritten in
matrix form as follows:

𝐴∞
→𝑎 𝜙𝑑 ,∞ = →𝑎 ℎ𝑑,∞,
𝐴∞

→
𝜙𝜙𝑐 ,∞ = →𝑎 ℎ𝑐,∞, (26)

where →𝑎 𝜙𝑑 ,∞ = (𝑎𝜙𝑑 ,0, 𝑎𝜙𝑑 ,1, . . . )𝑇, →𝑎 𝜙𝑐 ,∞ = (𝑎𝜙𝑐,0, 𝑎𝜙𝑐 ,1, . . . )𝑇,→𝑎 ℎ𝑑,∞ = (𝑎ℎ𝑑,0, 𝑎ℎ𝑑 ,1, . . . )𝑇, →𝑎 ℎ𝑐,∞ = (𝑎ℎ𝑐,0, 𝑎ℎ𝑐,1, . . . )𝑇, and the
elements in 𝐴∞ are given by

[𝐴∞]𝑘,𝑗 =
{{{{{{{{{
1 − 2−1/2𝑎𝑔,0, if 𝑘 = 𝑗,
2−1/2 [𝑎𝑔,𝑘−𝑗−1 − 𝑎𝑔,𝑘−𝑗] , if 𝑘 > 𝑗,
0, otherwise.

(27)

Furthermore, put →𝑎 𝜙𝑑,𝑚 = (𝑎𝜙𝑑 ,0, . . . , 𝑎𝜙𝑑 ,𝑚)𝑇, →𝑎 𝜙𝑐,𝑚 = (𝑎𝜙𝑐,0,. . . , 𝑎𝜙𝑐 ,𝑚)𝑇, →𝑎 ℎ𝑑,𝑚 = (𝑎ℎ𝑑 ,0, . . . , 𝑎ℎ𝑑,𝑚)𝑇, →𝑎 ℎ𝑐,𝑚 = (𝑎ℎ𝑐,0, 𝑎ℎ𝑐,1,. . . , 𝑎ℎ𝑐,𝑚)𝑇, and 𝐴𝑚 = ([𝐴∞]𝑖,𝑗)0≤𝑖,𝑗≤𝑚. Then we can truncate
the matrix and vectors in (26) to obtain

𝐴𝑚
→𝑎 𝜙𝑑 ,𝑚 = →𝑎 ℎ𝑑,𝑚,
𝐴𝑚

→𝑎 𝜙𝑐,𝑚 = →𝑎 ℎ𝑐,𝑚. (28)
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Note that the matrix𝐴𝑚 is a lower triangular Toeplitz matrix,
and all the diagonal elements are positive since 1−2−1/2𝑎𝑔,0 >1 − ∫∞

0
𝑔(𝑥)𝑑𝑥 > 0. Hence, 𝐴𝑚 is nonsingular and explicitly

invertible. Solving equations in (28) we get→𝑎 𝜙𝑑 ,𝑚 = 𝐴𝑚−1→𝑎 ℎ𝑑,𝑚,→𝑎 𝜙𝑐,𝑚 = 𝐴𝑚−1→𝑎 ℎ𝑐,𝑚. (29)

Finally, we can approximate the Gerber-Shiu function by

𝜙𝑑 (𝑢) ≈ 𝜙𝑑,𝑚 (𝑢) fl 𝑚∑
𝑘=0

𝑎𝜙𝑑 ,𝑘𝜑𝑘 (𝑢) ,
𝜙𝑐 (𝑢) ≈ 𝜙𝑐,𝑚 (𝑢) fl 𝑚∑

𝑘=0

𝑎𝜙𝑐,𝑘𝜑𝑘 (𝑢) .
(30)

3. Estimating the Gerber-Shiu Function

Suppose that we can observe the surplus process {𝑈𝑡} and the
claims process {𝑋𝑡} at a sequence of discrete time points, so
that the following samples are available:

𝑈
𝑛 fl {𝑈𝑘Δ : 𝑘 = 1, 2, . . . , 𝑛} ,
𝑋
𝑛 fl {𝑋𝑘Δ : 𝑘 = 1, 2, . . . , 𝑛} , (31)

where Δ fl Δ 𝑛 > 0 is a sampling step. Further note that
the initial values 𝑈0 = 𝑢 and 𝑋0 = 0 and the premium rate
are known, but the diffusion volatility parameter 𝜎2 and L ́𝑒vy
density ] are both known. It is convenient to use the following
samples:

𝑍
𝑛 fl {𝑍𝑘Δ = 𝑋𝑘Δ − 𝑋(𝑘−1)Δ : 𝑘 = 1, 2, . . . , 𝑛} ,
𝑊

𝑛 fl {𝑊𝑘Δ = 𝑈𝑘Δ − 𝑈(𝑘−1)Δ − 𝑐Δ
+ (𝑋𝑘Δ − 𝑋(𝑘−1)Δ) : 𝑘 = 1, 2, . . . , 𝑛} .

(32)

In this paper, the observation is based on high frequency
in a long term, which means that the following condition
holds true.

Condition 3. The sampling interval satisfies

lim
𝑛→∞

Δ = 0,
lim
𝑛→∞

𝑛Δ = ∞. (33)

We shall use the notation 𝜇𝑘 fl ∫∞
0

𝑥𝑘](𝑥)𝑑𝑥, 𝑘 ≥ 1,
provided that such moment is finite. That is to say, we shall
use the following condition.

Condition 4 (𝑘). 𝜇𝑘 fl ∫∞
0

𝑥𝑘](𝑥)𝑑𝑥 < ∞, 𝑘 = 1, 2, . . ..
Note that Condition 4(𝑙) implies Condition 4 (𝑘) if 𝑙 ≥𝑘, 𝑘, 𝑙 = 1, 2, . . .. By Proposition 2.2 in Comte and Genon-

Catalot [63] we have

𝐸𝑍𝑘1 = 𝜇𝑘Δ + 𝑜 (Δ) (34)

under Conditions 3 and 4(k).

The following two conditions are also useful for studying
the consistent properties.

Condition 5. The L ́𝑒vy density is continuous on (0,∞), and
for some 𝛼 ∈ (0, 1),

lim
Δ→0

Δ2−𝛼] (Δ) = 0. (35)

Condition 6. For some 𝜅, 𝜅 > 0,
𝑤 (𝑥) ≤ 𝐶 (1 + 𝑥)𝜅 ,
𝑤 (𝑥) ≤ 𝐶 (1 + 𝑥)𝜅 . (36)

Now we study how to estimate the Gerber-Shiu function.
First, we estimate 𝜎2 and ]. For 𝜎2, we can estimate it by

𝜎2 = 1𝑛Δ
𝑛∑
𝑘=1

𝑊2
𝑘Δ, (37)

which is an unbiased estimator since

𝐸𝜎2 = 1Δ𝐸 [𝑊2
Δ] = 1Δ𝐸 [𝜎2𝐵2Δ] = 𝜎2. (38)

Furthermore, it is easily seen that

𝜎2 − 𝜎2 = 𝑂𝑝 ((𝑛Δ)−1/2) . (39)

For the L ́𝑒vy density ], it is known that under Conditions
3 we have (1/𝑛Δ)∑𝑛

𝑘=1 𝛿𝑍𝑘 (𝑑𝑥) converges weakly to the
measure ](𝑥)𝑑𝑥, where 𝛿𝑥 denotes the Dirac measure at 𝑥.
Using this result and noting that 𝜓(𝑠) = ∫∞

0
(𝑒−𝑠𝑥 − 1)](𝑥)𝑑𝑥,

we can estimate the Laplace exponent by

�̂� (𝑠) = 1𝑛Δ
𝑛∑
𝑘=1

[𝑒−𝑠𝑍𝑘 − 1] . (40)

Recalling that 𝜌 is the positive root of equation, then the
estimator of 𝜌, say 𝜌, is defined to be the positive root of the
following estimating equation:

𝑐𝑠 + 𝜎22 𝑠2 + �̂� (𝑠) = 𝛿. (41)

We set 𝜌 = 0 as 𝛿 = 0.
Lemma 7. Suppose that Conditions 1, 2, and 4(2) hold true.
Then for 𝛿 > 0 we have

𝜌 − 𝜌 = 𝑂𝑝 ((𝑛Δ)−1/2 + Δ) . (42)

Proof. This can be proved using the same arguments as in
Shimizu [42].

Let us consider how to estimate 𝑎ℎ𝑑,𝑘, 𝑎ℎ𝑐,𝑘, and 𝑎𝑔,𝑘. First,
for 𝑎ℎ𝑑,𝑘 we have

𝑎ℎ𝑑 ,𝑘 = ∫∞
0

𝑒−𝜃𝑢𝜑𝑘 (𝑢) 𝑑𝑢 = √2 (𝜃 − 1)𝑘(1 + 𝜃)𝑘+1 , (43)



Discrete Dynamics in Nature and Society 5

which yields the following estimator:

𝑎ℎ𝑑 ,𝑘 = √2 (𝜃 − 1)𝑘
(1 + 𝜃)𝑘+1 , (44)

where 𝜃 = 2𝑐/�̂�2 + 𝜌. Next, by changing the order of integrals
we have

𝑎ℎ𝑐,𝑘 = ∫∞
0

ℎ𝑐 (𝑢) 𝜑𝑘 (𝑢) 𝑑𝑢 = 2𝜎2
⋅ ∫∞

0
∫𝑢
0
𝑒−𝜃(𝑢−𝑦) ∫∞

𝑦
𝑒−𝜌(𝑧−𝑦)𝑤 (𝑧) 𝑑𝑧𝑑𝑦𝜑𝑘 (𝑢) 𝑑𝑢

fl
2𝜎2 ∫

∞

0
𝑅𝑘 (𝑥, 𝜌, 𝜃) ] (𝑥) 𝑑𝑥,

(45)

where

𝑅𝑘 (𝑥, 𝜌, 𝜃) = ∫𝑥
0
∫𝑧
0
∫∞
𝑦

𝑒−𝜃(𝑢−𝑦)𝑒−𝜌(𝑧−𝑦)𝜑𝑘 (𝑢)
⋅ 𝑤 (𝑥 − 𝑧) 𝑑𝑢𝑑𝑦𝑑𝑧. (46)

Then we can estimate 𝑎ℎ𝑐,𝑘 by
𝑎ℎ𝑐,𝑘 = 2̂𝜎2 1𝑛Δ

𝑛∑
𝑗=1

𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃) . (47)

Finally, for 𝑎𝑔,𝑘 we have
𝑎𝑔,𝑘 = ∫∞

0
𝑔 (𝑥) 𝜑𝑘 (𝑥) 𝑑𝑥 = 2𝜎2

⋅ ∫∞
0

∫𝑥
0
𝑒−𝜃(𝑥−𝑦) ∫∞

𝑦
𝑒−𝜌(𝑥−𝑦)] (𝑧) 𝑑𝑧𝑑𝑦𝜑𝑘 (𝑥) 𝑑𝑥

fl
2𝜎2 ∫

∞

0
𝑄𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧,

(48)

where

𝑄𝑘 (𝑧, 𝜌, 𝜃) = ∫𝑧
0
∫∞
𝑦

𝑒−𝜃(𝑥−𝑦)𝑒−𝜌(𝑧−𝑦)𝜑𝑘 (𝑥) 𝑑𝑥𝑑𝑦. (49)

Then we can estimate 𝑎𝑔,𝑘 by
𝑎𝑔,𝑘 = 2̂𝜎2 1𝑛Δ

𝑛∑
𝑗=1

𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃) . (50)

Note that 𝑄𝑘(𝑧, 𝜌, 𝜃) can be explicitly calculated as fol-
lows:

𝑄𝑘 (𝑧, 𝜌, 𝜃) = √2 𝑘∑
𝑗=0

(−2)𝑗

⋅ (𝑘𝑗)∫𝑧
0
∫∞
𝑦

𝑒−𝜃(𝑥−𝑦)𝑒−𝜌(𝑧−𝑦) 𝑥𝑗𝑗! 𝑒−𝑥𝑑𝑥𝑑𝑦
= √2 𝑘∑

𝑗=0

(−2)𝑗 (𝑘𝑗) 𝑒−𝜌𝑧 𝑗∑
𝑖=0

1(1 + 𝜃)𝑗+1−𝑖 { 1(1 − 𝜌)𝑖+1
− 𝑖∑
𝑙=0

1(1 − 𝜌)𝑖+1−𝑙 𝑧
𝑙

𝑙! 𝑒−(1−𝜌)𝑧} .

(51)

As for the function 𝑅𝑘(𝑥, 𝜌, 𝜃), it can also be explicitly
calculated for some special cases of penalty function. For
example, if 𝑤 ≡ 1, we have

𝑅𝑘 (𝑥, 𝜌, 𝜃) = √2 𝑘∑
𝑗=0

𝑗∑
𝑖=0

(𝑘𝑗) (−2)𝑗(1 + 𝜃)𝑗+1−𝑖 1(1 − 𝜌)𝑖+1
⋅ { 1𝜌 (1 − 𝑒−𝜌𝑥) − 𝑖∑

𝑙=0

(1 − 𝜌)𝑙(1 − 𝑙∑
𝑟=0

𝑥𝑟𝑟! 𝑒−𝑥)} .
(52)

For the vectors →𝑎 ℎ𝑑 ,𝑚, →𝑎 ℎ𝑐,𝑚, and →𝑎 𝑔,𝑚, we estimate them

by →𝑎 ℎ𝑑,𝑚 = (𝑎ℎ𝑑,0, 𝑎ℎ𝑑 ,1, . . . , 𝑎ℎ𝑑 ,𝑚)𝑇, →𝑎 ℎ𝑐,𝑚 = (𝑎ℎ𝑐,0, 𝑎ℎ𝑐,1, . . . ,𝑎ℎ𝑐,𝑚)𝑇, and →𝑎 𝑔,𝑚 = (𝑎𝑔,0, 𝑎𝑔,1, . . . , 𝑎𝑔,𝑚)𝑇, respectively. As for
the matrix 𝐴𝑚, we estimate it by �̂�𝑚, where the elements 𝑎𝑔,𝑘
in 𝐴𝑚 are replaced by 𝑎𝑔,𝑘. Finally, we estimate the Gerber-
Shiu functions by

𝜙𝑑,𝑚 (𝑢) = 𝑚∑
𝑘=0

𝑎𝜙𝑑,𝑘𝜑𝑘 (𝑢) ,
𝜙𝑐,𝑚 (𝑢) = 𝑚∑

𝑘=0

𝑎𝜙𝑐,𝑘𝜑𝑘 (𝑢) ,
(53)

where

→𝑎 𝜙𝑑,𝑚 fl (𝑎𝜙𝑑,0 , 𝑎𝜙𝑑,1 , . . . , 𝑎𝜙𝑑,𝑚) = �̂�−1𝑚 →𝑎 ℎ𝑑,𝑚 ,→𝑎 𝜙𝑐,𝑚 fl (𝑎𝜙𝑐,0 , 𝑎𝜙𝑐,1 , . . . , 𝑎𝜙𝑐,𝑚) = �̂�−1𝑚 →𝑎 ℎ𝑐,𝑚 .
(54)

4. Consistent Properties

In this section, we investigate the asymptotic properties of the
proposed estimators as𝑚, 𝑛 → ∞. In the sequel, we denote
by 𝐶 a generic positive constant that may vary at different
steps. Our goal is to study the errors of ‖𝜙𝑑,𝑚 − 𝜙𝑑‖ and‖𝜙𝑐,𝑚 − 𝜙𝑐‖. By Pythagoras principle, we have

𝜙𝑑,𝑚 − 𝜙𝑑2 = 𝜙𝑑,𝑚 − 𝜙𝑑,𝑚2 + 𝜙𝑑,𝑚 − 𝜙𝑑2 (55)

and 𝜙𝑐,𝑚 − 𝜙𝑐2 = 𝜙𝑐,𝑚 − 𝜙𝑐,𝑚2 + 𝜙𝑐,𝑚 − 𝜙𝑐2 . (56)

Note that ‖𝜙𝑑,𝑚 − 𝜙𝑑,𝑚‖ and ‖𝜙𝑐,𝑚 − 𝜙𝑐,𝑚‖ are statistical errors
due to estimating the Laguerre coefficients and ‖𝜙𝑑,𝑚 − 𝜙𝑑‖
and ‖𝜙𝑐,𝑚 − 𝜙𝑐‖ are biases due to series truncation.

First, we consider the biases. To this end, we introduce the
Sobolev-Laguerre space (Bongioanni andTorrea [64]), which
is defined by

𝑊(R+, 𝑟, 𝐵)
= {𝑓 : R+ → R, 𝑓 ∈ 𝐿2 (R+) , ∞∑

𝑘=0

𝑘𝑟𝑎2𝑓,𝑘 ≤ 𝐵} , (57)



6 Discrete Dynamics in Nature and Society

where 0 < 𝑟, 𝐵 < ∞. It follows from Zhang and Su [39] that,
under conditions 𝜙𝑑, 𝜙𝑐 ∈ 𝑊(R+, 𝑟,B), we have

𝜙𝑑,𝑚 − 𝜙𝑑2 = 𝑂 (𝑚−𝑟) ,
𝜙𝑐,𝑚 − 𝜙𝑐2 = 𝑂 (𝑚−𝑟) . (58)

Next, we discuss the statistical errors. For a vector
→
𝑏 =(𝑏1, . . . , 𝑏𝑛)𝑇, we denote its 2-norm by ‖→𝑏 ‖2 = √∑𝑛

𝑖=1 |𝑏𝑖|2. For
a square matrix 𝐵 = (𝑏𝑖𝑗)1≤𝑖,𝑗≤𝑛, its spectral norm is defined

by ‖𝐵‖2 = √𝜆max(𝐵𝑇𝐵), where 𝜆max(𝐵𝑇𝐵) is the largest
eigenvalue of 𝐵𝑇𝐵. Furthermore, we denote by

‖𝐵‖𝐹 = √tr (𝐵𝑇𝐵) = √ 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑏2𝑖𝑗 (59)

the Frobenius norm. Obviously, we have ‖𝐵‖2 ≤ ‖𝐵‖𝐹, and for
any two square matrices 𝐵1 and 𝐵2 with the same dimension,‖𝐵1𝐵2‖2 ≤ ‖𝐵1‖2 ⋅ ‖𝐵2‖2.

Now using the same arguments as in deriving (61) in
Zhang and Su [39], we have

𝜙𝑑,𝑚 − 𝜙𝑑,𝑚2 ≤ 3 𝐴−1𝑚 22 ⋅ →𝑎 ℎ𝑑,𝑚 − →𝑎 ℎ𝑑,𝑚22
+ 3 𝐴−1𝑚 − �̂�−1𝑚 22 ⋅ →𝑎 ℎ𝑑,𝑚 − →𝑎 ℎ𝑑,𝑚22
+ 3 𝐴−1𝑚 − �̂�−1𝑚 22 ⋅ →𝑎 ℎ𝑑,𝑚22

(60)

and

𝜙𝑐,𝑚 − 𝜙𝑐,𝑚2 ≤ 3 𝐴−1𝑚 22 ⋅ →𝑎 ℎ𝑐,𝑚 − →𝑎 ℎ𝑐,𝑚22
+ 3 𝐴−1𝑚 − �̂�−1𝑚 22 ⋅ →𝑎 ℎ𝑐,𝑚 − →𝑎 ℎ𝑐,𝑚22
+ 3 𝐴−1𝑚 − �̂�−1𝑚 22 ⋅ →𝑎 ℎ𝑐,𝑚22 .

(61)

To derive upper bounds for the right hand sides of (60)
and (61), we still need some lemmas.

Lemma 8. Suppose that Condition 1 holds true. Then for all𝑚 ≥ 1, we have
𝐴−1𝑚 2 ≤ 𝑐 + (𝜎2/2) 𝜌𝑐 + (𝜎2/2) 𝜌 − 𝜇1 . (62)

Proof. Note that the infinite dimensional lower triangular
Toeplitz matrix 𝐴 is generated by the sequence {𝑏𝑘}𝑘≥0, where

𝑏0 = 1 − 1√2𝑎𝑔,0,
𝑏𝑘 = 1√2 (𝑎𝑔,𝑘−1 − 𝑎𝑔,𝑘) , 𝑘 = 1, 2, . . . . (63)

Furthermore, by LemmaC.1 inComte et al. [65] we know that{𝑏𝑘}𝑘≥0 are Fourier coefficients of the function

𝑏 (𝑒𝑖𝑠) = ∞∑
𝑘=0

𝑏𝑘𝑒𝑖𝑠𝑘 = 1 − 𝑔(1 + 𝑒𝑖𝑠1 − 𝑒𝑖𝑠) , 𝑠 ∈ R. (64)

For the function 𝑏, we have
inf
𝑧∈𝐶

|𝑏 (𝑧)| = inf
𝑧∈C

1 − 𝑔 (1 + 𝑧1 − 𝑧)
≥ 1 − sup

𝑧∈C

𝑔 (1 + 𝑧1 − 𝑧) ≥ 1 − ∫∞
0

𝑔 (𝑥) 𝑑𝑥
= 1 − 2𝜎2 ∫

∞

0
∫𝑥
0
𝑒−𝜃(𝑥−𝑦) ∫∞

𝑦
𝑒−𝜌(𝑧−𝑦)] (𝑧) 𝑑𝑧𝑑𝑦𝑑𝑥

≥ 1 − 2𝜎2 ∫
∞

0
∫𝑥
0
𝑒−𝜃(𝑥−𝑦) ∫∞

𝑦
] (𝑧) 𝑑𝑧𝑑𝑦𝑑𝑥

= 1 − 2𝜎2 (∫
∞

0
𝑒−𝜃𝑥𝑑𝑥)(∫∞

0
∫∞
𝑥

] (𝑧) 𝑑𝑧𝑑𝑥)
= 1 − 2𝜎2 1𝜃 ⋅ 𝜇1 = 1 − 𝜇1𝑐 + (𝜎2/2) 𝜌 > 0,

(65)

whereC = {𝑧 ∈ C : |𝑧| = 1} is the complex unit circle. Finally,
by Lemma A.1 in Zhang and Su [39] we obtain

𝐴−1𝑚 2 ≤ 21 − 𝜇1/ (𝑐 + (𝜎2/2) 𝜌)
= 𝑐 + (𝜎2/2) 𝜌𝑐 + (𝜎2/2) 𝜌 − 𝜇1 .

(66)

This completes the proof.

Lemma 9. Under Condition 2, for each𝑚 ≥ 1 we have
→𝑎 ℎ𝑑 ,𝑚22 ≤ ℎ𝑑2 < ∞,
→𝑎 ℎ𝑐,𝑚2 ≤ ℎ𝑐2 < ∞. (67)

Proof. The above results hold true since

→𝑎 ℎ𝑑 ,𝑚22 = 𝑚∑
𝑘=0

𝑎2ℎ𝑑 ,𝑘 ≤ ∞∑
𝑘=0

𝑎2ℎ𝑑,𝑘 = ℎ𝑑2 < ∞ (68)

and

→𝑎 ℎ𝑐,𝑚22 = 𝑚∑
𝑘=0

𝑎2ℎ𝑐 ,𝑘 ≤ ∞∑
𝑘=0

𝑎2ℎ𝑐,𝑘 = ℎ𝑐2 < ∞. (69)

This completes the proof.

Lemma 10. Suppose that Conditions 1, 3, and 4(2) hold true.
Then for each𝑚 ≥ 1, we have

→𝑎 ℎ𝑑 ,𝑚 − →𝑎 ℎ𝑑 ,𝑚22 = 𝑂𝑝 ((𝑛Δ)−1 + Δ2) . (70)
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Proof. First, we have

→𝑎 ℎ𝑑,𝑚 − →𝑎 ℎ𝑑,𝑚22 =
𝑚∑
𝑘=0

(𝑎ℎ𝑑 ,𝑘 − 𝑎ℎ𝑑,𝑘)2

= 𝑚∑
𝑘=0

(∫∞
0

(𝑒−𝜃𝑢 − 𝑒−𝜃𝑢)𝜓𝑘 (𝑢) 𝑑𝑢)2

≤ ∞∑
𝑘=0

(∫∞
0

(𝑒−𝜃𝑢 − 𝑒−𝜃𝑢)𝜓𝑘 (𝑢) 𝑑𝑢)2

= ∫∞
0

(𝑒−𝜃𝑢 − 𝑒−𝜃𝑢)2 𝑑𝑢.

(71)

Using the mean value theorem we obtain 𝑒−𝜃𝑢 − 𝑒−𝜃𝑢 = −(𝜃 −𝜃)𝑢𝑒−𝜃∗𝑢, where 𝜃∗ is a random number between 𝜃 and 𝜃.
Then we have→𝑎 ℎ𝑑,𝑚 − →𝑎 ℎ𝑑,𝑚22 ≤ (𝜃 − 𝜃)2 ∫∞

0
𝑢2𝑒−𝑧𝜃∗𝑢𝑑𝑢

= (𝜃 − 𝜃)2𝜓 (𝜃∗)3 .
(72)

Next, since 𝜎2 − 𝜎2 = 𝑂𝑝((𝑛Δ)−1/2) and Lemma 7, then we
have

𝜃 − 𝜃 = 2𝑐𝜎2 + 𝜌 − ( 2𝑐𝜎2 + 𝜌)
= 2𝑐 ( 1̂𝜎2 − 1𝜎2) + (𝜌 − 𝜌)
= 𝑂𝑝 ((𝑛Δ)−1/2 + Δ)

(73)

and 𝜃∗ converges to 𝜃 in probability. Hence, (72) leads to (70).
Lemma 11. Suppose that Conditions 1, 3, 4(2𝜅 + 4), 4(𝜅 + 2),
5, and 6 hold true. Then we have→𝑎 ℎ𝑐,𝑚 − →𝑎 ℎ𝑐,𝑚22 = 𝑂𝑝 (𝑚 ((𝑛Δ)−1 + Δ2))

+ 𝑜 (𝑚Δ2𝛼) . (74)

Proof. First, we have

→𝑎 ℎ𝑐,𝑚 − →𝑎 ℎ𝑐,𝑚22 =
𝑚∑
𝑘=0

(𝑎ℎ𝑐,𝑘 − 𝑎ℎ𝑐,𝑘)2

= 𝑚∑
𝑘=0

( 2̂𝜎2 1𝑛Δ
𝑛∑
𝑗=1

𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃)
− 2̂𝜎2 ∫

∞

0
𝑅𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧

+ ( 2̂𝜎2 − 2𝜎2)∫
∞

0
𝑅𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧)

2 ≤ 8̂𝜎4

⋅ 𝑚∑
𝑘=0

( 1𝑛Δ
𝑛∑
𝑗=1

𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃)
− ∫∞

0
𝑅𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧)

2 + 8( 1̂𝜎2 − 1𝜎2)
2

⋅ 𝑚∑
𝑘=0

(∫∞
0

𝑅𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧)2 = 8̂𝜎4
⋅ 𝑚∑
𝑘=0

( 1𝑛Δ
𝑛∑
𝑗=1

𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃)
− ∫∞

0
𝑅𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧)

2 + 2( 1̂𝜎2 − 1𝜎2)
2

⋅ 𝜎4 𝑚∑
𝑘=0

𝑎2ℎ𝑐,𝑘.
(75)

Since 𝜎2 − 𝜎2 = 𝑂𝑝((𝑛Δ)−1/2) and ∑𝑚
𝑘=0 𝑎2ℎ𝑐,𝑘 ≤ ∑∞

𝑘=0 𝑎2ℎ𝑐,𝑘 =‖ℎ𝑐‖2 < ∞, we have

2 ( 1̂𝜎2 − 1𝜎2 )
2 𝜎4 ⋅ 𝑚∑

𝑘=0

𝑎2ℎ𝑐,𝑘 = 𝑂𝑝 ((𝑛Δ)−1) . (76)

Next, we can write

1𝑛Δ
𝑛∑
𝑗=1

𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃) − ∫∞
0

𝑅𝑘 (𝑧, 𝜌, 𝜃) V (𝑧) 𝑑𝑧
= I𝑘,1 + I𝑘,2 + I𝑘,3 + I𝑘,4,

(77)

where

I𝑘,1 = 1𝑛Δ
𝑛∑
𝑗=1

[𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃) − 𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃)] ,
I𝑘,2 = 1𝑛Δ

𝑛∑
𝑗=1

[𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃) − 𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃)] ,
I𝑘,3 = 1𝑛Δ

𝑛∑
𝑗=1

𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃) − 1Δ𝐸 [𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃)] ,
I𝑘,4 = 1Δ𝐸 [𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃)] − ∫∞

0
𝑅𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧.

(78)

Then using Jensen inequality we have

𝑚∑
𝑘=0

( 1𝑛Δ
𝑛∑
𝑗=1

𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃) − ∫∞
0

𝑅𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧)
2

= 𝑚∑
𝑘=0

(I𝑘,1 + I𝑘,2 + I𝑘,3 + I𝑘,4)2
≤ 4 𝑚∑

𝑘=0

[I2𝑘,1 + I2𝑘,2 + I2𝑘,3 + I2𝑘,4] .
(79)
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For I𝑘,1, using mean value theory we obtain

I𝑘,1 = 1𝑛Δ
𝑛∑
𝑗=1

∫𝑍𝑗
0

∫𝑧
0
∫∞
𝑦

𝑒−𝜃(𝑢−𝑦) [𝑒−𝜌(𝑧−𝑦) − 𝑒−𝜌(𝑧−𝑦)] 𝜑𝑘 (𝑢)𝑤 (𝑍𝑗 − 𝑧) 𝑑𝑢𝑑𝑦𝑑𝑧
= − 1𝑛Δ

𝑛∑
𝑗=1

∫𝑍𝑗
0

∫𝑧
0
∫∞
𝑦

𝑒−𝜃(𝑢−𝑦) (𝜌 − 𝜌) (𝑧 − 𝑦) 𝑒−𝜌∗(𝑧−𝑦)𝜑𝑘 (𝑢)𝑤 (𝑍𝑗 − 𝑧) 𝑑𝑢𝑑𝑦𝑑𝑧,
(80)

where 𝜌∗ is a random number between 𝜌 and 𝜌. Then using
the upper bound sup𝑥≥0|𝜑𝑘(𝑥)| ≤ √2 we obtain
sup
𝑘

I𝑘,1 ≤ √2 𝜌 − 𝜌 1𝑛Δ
⋅ 𝑛∑
𝑗=1

∫𝑍𝑗
0

∫𝑧
0
∫∞
𝑦

𝑒−𝜃(𝑢−𝑦) (𝑧 − 𝑦)𝑤 (𝑍𝑗 − 𝑧) 𝑑𝑢𝑑𝑦𝑑𝑧
≤ 𝐶 ⋅ 𝜌 − 𝜌
⋅ 1𝑛Δ

𝑛∑
𝑗=1

∫𝑍𝑗
0

∫𝑧
0
∫∞
𝑦

𝑒−𝜃(𝑢−𝑦) (𝑧 − 𝑦) (1 + 𝑍𝑗 − 𝑧)𝜅 𝑑𝑢𝑑𝑦𝑑𝑧
≤ 𝐶 ⋅ 𝜌 − 𝜌 ⋅ 1̂𝜃
⋅ 1𝑛Δ

𝑛∑
𝑗=1

∫𝑍𝑗
0

∫𝑧
0
(𝑧

− 𝑦) (1 + 𝑍𝑗 − 𝑧)𝜅 𝑑𝑦𝑑𝑧
≤ 𝐶 ⋅ 𝜌 − 𝜌 ⋅ 1̂𝜃 ⋅ 1𝑛Δ

𝑛∑
𝑗=1

(1 + 𝑍𝑗)𝜅 𝑍3𝑗 .

(81)

Since �̂�2 → 𝜎2 and 𝜌 → 𝜌 in probability, we have𝜃 → 𝜃 > 0 in probability, leading to 𝜃 = 𝑂𝑝(1). Using
Markov inequality we can obtain (1/𝑛Δ)∑𝑛

𝑗=1(1 + 𝑍𝑗)𝜅𝑍3𝑗 =𝑂𝑝(1) under Condition 4(𝜅 + 3). Hence, by Lemma 7 we
obtain

sup
𝑘

I𝑘,1 = 𝑂𝑝 ((𝑛Δ)−1/2 + Δ) ⋅ 𝑂𝑝 (1) ⋅ 𝑂𝑝 (1)
= 𝑂𝑝 ((𝑛Δ)−1/2 + Δ) , (82)

which yields

𝑚∑
𝑘=0

I2𝑘,1 = 𝑂𝑝 (𝑚 ((𝑛Δ)−1 + Δ2)) . (83)

For I𝑘,2, using mean value theory we have

I𝑘,2 = 1𝑛Δ
𝑛∑
𝑗=1

[𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃) − 𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃)] = 1𝑛Δ
𝑛∑
𝑗=1

∫𝑍𝑗
0

∫𝑧
0
∫∞
𝑦

[𝑒−𝜃(𝑢−𝑦) − 𝑒−𝜃(𝑢−𝑦)] 𝑒−𝜌(𝑧−𝑦)𝜑𝑘 (𝑢)𝑤 (𝑍𝑗 − 𝑧) 𝑑𝑢𝑑𝑦𝑑𝑧
= − 1𝑛Δ

𝑛∑
𝑗=1

∫𝑍𝑗
0

∫𝑧
0
∫∞
𝑦

(𝜃 − 𝜃) (𝑢 − 𝑦) 𝑒−𝜃∗(𝑢−𝑦)𝑒−𝜌(𝑧−𝑦)𝜑𝑘 (𝑢)𝑤 (𝑍𝑗 − 𝑧) 𝑑𝑢𝑑𝑦𝑑𝑧,
(84)

where 𝜃∗ is a random number between 𝜃 and 𝜃.Thenwe have

sup
𝑘

I𝑘,2 ≤ √2 𝜃 − 𝜃
⋅ 1𝑛Δ

𝑛∑
𝑗=1

∫𝑍𝑗
0

∫𝑧
0
∫∞
𝑦

(𝑢 − 𝑦) 𝑒−𝜃∗(𝑢−𝑦)𝑤(𝑍𝑗 − 𝑧) 𝑑𝑢𝑑𝑦𝑑𝑧
= √2 𝜃 − 𝜃 ⋅ 1(𝜃∗)2 1𝑛Δ

𝑛∑
𝑗=1

∫𝑍𝑗
0

∫𝑧
0
𝑤(𝑍𝑗 − 𝑧) 𝑑𝑦𝑑𝑧

≤ 𝐶 ⋅ 𝜃 − 𝜃 ⋅ 1(𝜃∗)2 1𝑛Δ
𝑛∑
𝑗=1

∫𝑍𝑗
0

∫𝑧
0
(1 + 𝑍𝑗 − 𝑧)𝜅 𝑑𝑦𝑑𝑧

≤ 𝐶 ⋅ 𝜃 − 𝜃 ⋅ 1(𝜃∗)2 1𝑛Δ
𝑛∑
𝑗=1

(1 + 𝑍𝑗)𝜅 𝑍2𝑗 ,
(85)

which together with (74) and Condition 4(𝜅 + 2) gives
sup𝑘|I𝑘,2| = 𝑂𝑝((𝑛Δ)−1/2 + Δ).Then we obtain

𝑚∑
𝑘=0

I2𝑘,2 = 𝑂𝑝 (𝑚 ((𝑛Δ)−1 + Δ2)) . (86)

For I𝑘,3 we have

𝐸{ 𝑚∑
𝑘=0

I2𝑘,3} = 𝑚∑
𝑘=0

𝐸 [I2𝑘,3] = 𝑚∑
𝑘=0

var 𝑡 (I𝑘,3)
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= 𝑚∑
𝑘=0

1𝑛Δ2 var (𝑅𝑘 (𝑍1, 𝜌, 𝜃))
≤ 1𝑛Δ2

𝑚∑
𝑘=0

𝐸 [(𝑅𝑘 (𝑍1, 𝜌, 𝜃))2] .
(87)

Because

𝑅𝑘 (𝑍1, 𝜌, 𝜃) ≤ ∫𝑍1
0

∫𝑧
0
∫∞
𝑦

𝑒−𝜃(𝑢−𝑦)𝑒−𝜌(𝑧−𝑦) 𝜑𝑘 (𝑢)
⋅ 𝑤 (𝑍𝑗 − 𝑧) 𝑑𝑢𝑑𝑦𝑑𝑧 ≤ √2𝜃 ∫𝑍1

0
∫𝑧
0
𝑤(𝑍𝑗

− 𝑧) 𝑑𝑦𝑑𝑧 ≤ 𝐶 (1 + 𝑍1)𝜅 𝑍21,
(88)

we have

𝐸{ 𝑚∑
𝑘=0

I2𝑘,3} ≤ 𝐶 ⋅ 1𝑛Δ2
𝑚∑
𝑘=0

𝐸 [(1 + 𝑍1)2𝜅 ⋅ 𝑍41]
= 𝐶𝑚 (𝑛Δ)−1

(89)

due to Condition 4(2𝜅 + 4). Then Markov inequality gives
𝑚∑
𝑘=0

I2𝑘,3 = 𝑂𝑝 (𝑚 (𝑛Δ)−1) . (90)

For I𝑘,4, note that

sup
𝑘≥0

𝑅𝑘 (𝑥, 𝜌, 𝜃) ≤ 𝐶 ⋅ (1 + 𝑥)𝜅 𝑥2 (91)

and

sup
𝑘≥0

 𝜕𝜕𝑥𝑅𝑘 (𝑥, 𝜌, 𝜃)


= sup
𝑘≥0

∫
𝑥

0
∫∞
𝑦

𝑒−𝜃(𝑢−𝑦)𝑒−𝜌(𝑧−𝑦)𝜑𝑘 (𝑢)
⋅ 𝑤 (0) 𝑑𝑢𝑑𝑦 + ∫𝑥

0
∫𝑧
0
∫∞
𝑦

𝑒−𝜃(𝑢−𝑦)𝑒−𝜌(𝑧−𝑦)𝜑𝑘 (𝑢)
⋅ 𝑤 (𝑥 − 𝑧) 𝑑𝑢𝑑𝑦𝑑𝑧 ≤ 𝐶𝑥
+ 𝐶∫𝑥

0
∫𝑧
0
∫∞
𝑦

𝑒−𝜃(𝑢−𝑦) 𝑤 (𝑥 − 𝑧) 𝑑𝑢𝑑𝑦𝑑𝑧
≤ 𝐶𝑥 + 𝐶∫𝑥

0
∫𝑧
0
(1 + 𝑥 − 𝑧)𝜅 𝑑𝑦𝑑𝑧 ≤ 𝐶𝑥

+ 𝐶 (1 + 𝑥)𝜅 𝑥2.

(92)

Then by Lemma B.1 in Shimizu and Zhang [45] we have
sup𝑘≥0|I𝑘,4| = 𝑜(Δ𝛼), which yields

𝑚∑
𝑘=0

I2𝑘,4 = 𝑜 (𝑚Δ2𝛼) . (93)

By (79), (83), (86), (90), and (93) we have

𝑚∑
𝑘=0

( 1𝑛Δ
𝑛∑
𝑗=1

𝑅𝑘 (𝑍𝑗, 𝜌, 𝜃) − ∫∞
0

𝑅𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧)
2

= 𝑂𝑝 (𝑚 ((𝑛Δ)−1 + Δ2) + 𝑜 (𝑚Δ2𝛼)) ,
(94)

which together with (75) and (76) gives (74).

Lemma 12. Suppose that Conditions 1, 3, 4(2), and 5 hold
true. Then we have

𝐴𝑚 − �̂�𝑚2𝐹 = 𝑂𝑝 (𝑚2 ((𝑛Δ)−1 + Δ2)) + 𝑜 (𝑚2Δ2𝛼) . (95)

Furthermore, if𝑚2 = 𝑜((𝑛Δ) + Δ−2𝛼), then we have

𝐴−1𝑚 − �̂�−1𝑚 2 = 𝑂𝑝 (𝑚2 ((𝑛Δ)−1 + Δ2))
+ 𝑜 (𝑚2Δ2𝛼) . (96)

Proof. By the definitions of 𝐴𝑚 and �̂�𝑚 we have

𝐴𝑚 − �̂�𝑚2𝐹 = 𝑚∑
𝑘=0

𝑘∑
𝑙=0

2−1 ([𝑎𝑔,𝑘−𝑙 − 𝑎𝑔,𝑘−𝑙]2

+ [𝑎𝑔,𝑘−𝑙−1 − 𝑎𝑔,𝑘−𝑙−1]2) ≤ 𝑚∑
𝑘=0

𝑘∑
𝑙=0

([𝑎𝑔,𝑘−𝑙 − 𝑎𝑔,𝑘−𝑙]2

+ [𝑎𝑔,𝑘−𝑙−1 − 𝑎𝑔,𝑘−𝑙−1]2) ≤ 2 𝑚∑
𝑘=0

𝑘∑
𝑙=0

[𝑎𝑔,𝑘−𝑙 − 𝑎𝑔,𝑘−𝑙]2

≤ 2 (𝑚 + 1) 𝑚∑
𝑘=0

[𝑎𝑔,𝑘 − 𝑎𝑔,𝑘]2 .

(97)

For each 𝑘, we have
𝑎𝑔,𝑘 − 𝑎𝑔,𝑘 = 2̂𝜎2 1𝑛Δ

𝑛∑
𝑗=1

𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃) − 2𝜎2
⋅ ∫∞

0
𝑄𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧

= 2̂𝜎2 {{{
1𝑛Δ

𝑛∑
𝑗=1

𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃)

− ∫∞
0

𝑄𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧}}} + ( 1̂𝜎2 − 1𝜎2)𝜎2𝑎𝑔,𝑘.

(98)
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Then we obtain

𝐴𝑚 − �̂�𝑚2𝐹 ≤ 2 (𝑚 + 1)
⋅ 𝑚∑
𝑘=0

( 2̂𝜎2 {{{
1𝑛Δ

𝑛∑
𝑗=1

𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃)

− ∫∞
0

𝑄𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧}}} + ( 1̂𝜎2 − 1𝜎2 )

⋅ 𝜎2𝑎𝑔,𝑘)
2

≤ 16̂𝜎4 (𝑚 + 1) 𝑚∑
𝑘=0

( 1𝑛Δ
𝑛∑
𝑗=1

𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃)

− ∫∞
0

𝑄𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧)
2 + 2( 1̂𝜎2 − 1𝜎2)

2

⋅ 𝜎4 (𝑚 + 1) 𝑚∑
𝑘=0

𝑎2𝑔,𝑘.

(99)

Note that

( 1̂𝜎2 − 1𝜎2 )
2 𝜎4 (𝑚 + 1) 𝑚∑

𝑘=0

𝑎2𝑔,𝑘
≤ ( 1̂𝜎2 − 1𝜎2)

2 ⋅ 𝜎4 (𝑚 + 1) ∞∑
𝑘=0

𝑎2𝑔,𝑘
= ( 1̂𝜎2 − 1𝜎2)

2 𝜎4 (𝑚 + 1) 𝑔2 = 𝑂𝑝 (𝑚 (𝑛Δ)−1)
(100)

due to �̂�2 − 𝜎2 = 𝑂𝑝((𝑛Δ)−1/2).
For each 𝑘, we can write

1𝑛Δ
𝑛∑
𝑗=1

𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃) − ∫∞
0

𝑄𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧
= II𝑘,1 + II𝑘,2 + II𝑘,3 + II𝑘,4,

(101)

where

II𝑘,1 = 1𝑛Δ
𝑛∑
𝑗=1

[𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃) − 𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃)] ,
II𝑘,2 = 1𝑛Δ

𝑛∑
𝑗=1

[𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃) − 𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃)] ,
II𝑘,3 = 1𝑛Δ

𝑛∑
𝑗=1

𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃) − 1Δ𝐸 [𝑄𝑘 (𝑍1, 𝜌, 𝜃)] ,
II𝑘,4 = 1Δ𝐸 [𝑄𝑘 (𝑍1, 𝜌, 𝜃)] − ∫∞

0
𝑄𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧.

(102)

Then using Jensen inequality, we get

𝑚∑
𝑘=0

( 1𝑛Δ
𝑛∑
𝑗=1

𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃)
− ∫∞

0
𝑄𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧)

2 = 𝑚∑
𝑘=0

(II𝑘,1 + II𝑘,2

+ II𝑘,3 + II𝑘,4)2 ≤ 4 𝑚∑
𝑘=0

[II2𝑘,1 + II2𝑘,2 + II2𝑘,3 + II2𝑘,4] .
(103)

Using the similar method as in the proof of Lemma 12, we can
obtain

𝑚∑
𝑘=0

II2𝑘,𝑙 = 𝑂𝑝 (𝑚 ((𝑛Δ)−1 + Δ2)) , 𝑙 = 1, 2, 3, (104)

and ∑𝑚
𝑘=0 II

2
𝑘,4 = 𝑜(𝑚(Δ2𝛼)).Hence, we have

16̂𝜎4 (𝑚 + 1) 𝑚∑
𝑘=0

( 1𝑛Δ
𝑛∑
𝑗=1

𝑄𝑘 (𝑍𝑗, 𝜌, 𝜃)
− ∫∞

0
𝑄𝑘 (𝑧, 𝜌, 𝜃) ] (𝑧) 𝑑𝑧)

2 = 𝑂𝑝 (𝑚2 ((𝑛Δ)−1
+ Δ2)) + 𝑜 (𝑚2Δ2𝛼) .

(105)

Finally, by (99), (100), and (105) we obtain (95).
Now we use Theorem B.1 in Zhang and Su [39] to prove

this result. First, note that �̂�𝑚 = 𝐴𝑚 + �̂�𝑚 − 𝐴𝑚 and 𝐴𝑚 is
nonsingular. By Lemma 8 and formula (95) we have

𝐴−1𝑚 (�̂�𝑚 − 𝐴𝑚)2 ≤ 𝐴−1𝑚 2 ⋅ �̂�𝑚 −𝐴𝑚2
≤ 𝐶 ⋅ �̂�𝑚 −𝐴𝑚𝐹 = 𝑜𝑝 (1) (106)

under condition 𝑚2 = 𝑜((𝑛Δ) + Δ−2𝛼). Hence, by Lemma B.1
in Zhang and Su [39] we obtain

𝐴−1𝑚 − �̂�−1𝑚 2 ≤
𝐴𝑚 − �̂�𝑚2 ⋅ 𝐴−1𝑚 221 − 𝐴−1𝑚 (�̂�𝑚 −𝐴𝑚)2

≤ 𝐶 𝐴𝑚 − �̂�𝑚𝐹1 − 𝐴−1𝑚 (�̂�𝑚 −𝐴𝑚)2
= 𝑂𝑝 (𝑚 ((𝑛Δ)−1/2 + Δ)) + 𝑜 (𝑚Δ𝛼) .

(107)

This completes the proof.

The main results of this section are given below.
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Theorem 13. Suppose that Conditions 1, 2, 3,
4(2𝜅 + 4), 4(𝜅 + 2), 5, 6, and 𝑚2 = 𝑜((𝑛Δ) + Δ−2𝛼) hold
true. Then we have𝜙𝑑,𝑚 − 𝜙𝑑,𝑚2 = 𝑂𝑝 (𝑚2 ((𝑛Δ)−1 + Δ2))

+ 𝑜 (𝑚2Δ2𝛼) ,
𝜙𝑐,𝑚 − 𝜙𝑐,𝑚2 = 𝑂𝑝 (𝑚2 ((𝑛Δ)−1 + Δ2))

+ 𝑜 (𝑚2Δ2𝛼) .
(108)

Furthermore, if 𝜙𝑑, 𝜙𝑐 ∈ 𝑊(R+, 𝑟, 𝐵), then we have

𝜙𝑑,𝑚 − 𝜙𝑑2 = 𝑂 (𝑚−𝑟) + 𝑂𝑝 (𝑚2 ((𝑛Δ)−1 + Δ2))
+ 𝑜 (𝑚2Δ2𝛼) ,

𝜙𝑐,𝑚 − 𝜙𝑐2 = 𝑂 (𝑚−𝑟) + 𝑂𝑝 (𝑚2 ((𝑛Δ)−1 + Δ2))
+ 𝑜 (𝑚2Δ2𝛼) .

(109)

Proof. The above results follow from formulae (58), (60), and
(61) and Lemmas 9–12.

5. Simulation Studies

In this section, we present some numerical examples to show
the effectiveness of our estimator when the sample size is
finite. We suppose that the risk model is a compound Poisson
process perturbed by a diffusion, where we set the premium
rate 𝑐 = 15 and diffusion volatility parameter 𝜎2 = 6 and the
intensity of Poisson claim number process is 10. In addition,
we assume that the claim size distribution is an exponential
distribution with mean 1 and the Erlang(2,2) distribution.
Then the Lévy densities are given by

] (𝑑𝑥) = 10𝑒−𝑥𝑑𝑥, 𝑥 > 0, (110)

and

] (𝑑𝑥) = 40𝑥𝑒−2𝑥𝑑𝑥, 𝑥 > 0, (111)

respectively.
We shall estimate the ruin probability and the Laplace

transform of ruin time, where the penalty function 𝑤 ≡1. For ruin probability, the discount factor 𝛿 = 0. For
Laplace transform of ruin time, the discount factor 𝛿 =0.01. The reference values of the Gerber-Shiu function can
be explicit obtained by Laplace inversion transform. For ruin
probability, when the claim amount obeys the exponential
distribution, we obtain

𝜙𝑑 (𝑢) = 0.8693 ∗ 𝑒−5.7080∗𝑢 + 0.1307 ∗ 𝑒−0.2920∗𝑢,
𝑢 ≥ 0,

𝜙𝑐 (𝑢) = −0.6155 ∗ 𝑒−5.7080∗𝑢 + 0.6155 ∗ 𝑒−0.2920∗𝑢,
𝑢 ≥ 0;

(112)

when the claim amount obeys the Erlang(2,2) distributed, we
obtain

𝜙𝑑 (𝑢) = 1.0531 ∗ 𝑒−5.4039∗𝑢 − 0.2370 ∗ 𝑒−3.2120∗𝑢
+ 0.1839 ∗ 𝑒−0.3841∗𝑢, 𝑢 ≥ 0,

𝜙𝑐 (𝑢) = −0.7283 ∗ 𝑒−5.4039∗𝑢 + 0.1140 ∗ 𝑒−3.2120∗𝑢
+ 0.6142 ∗ 𝑒−0.3841∗𝑢, 𝑢 ≥ 0.

(113)

For the Laplace transform of ruin time, when the claim
amount obeys the exponential distribution, we obtain

𝜙𝑑 (𝑢) = 0.8695 ∗ 𝑒−5.7085∗𝑢 + 0.1305 ∗ 𝑒−0.2935∗𝑢,
𝑢 ≥ 0,

𝜙𝑐 (𝑢) = −0.6143 ∗ 𝑒−5.7085∗𝑢 + 0.6144 ∗ 𝑒−0.2935∗𝑢,
𝑢 ≥ 0;

(114)

when the claim amount obeys the Erlang(2,2) distributed, we
obtain

𝜙𝑑 (𝑢) = 1.0532 ∗ 𝑒−5.4045∗𝑢 − 0.2370 ∗ 𝑒−3.2118∗𝑢
+ 0.1837 ∗ 𝑒−0.3857∗𝑢, 𝑢 ≥ 0,

𝜙𝑐 (𝑢) = −0.7271 ∗ 𝑒−5.4045∗𝑢 + 0.1135 ∗ 𝑒−3.2118∗𝑢
+ 0.6136 ∗ 𝑒−0.3857∗𝑢, 𝑢 ≥ 0.

(115)

In the sequel, we shall set (𝑛, Δ) = (1000, 0.02), (2500,0.01), (5000, 0.01), where 𝑛Δ = 20, 25, 50. The truncate
parameter is set to be 𝑚 = 9. First, let us consider the
case where the claim amount is exponentially distributed. For(𝑛, Δ) = (2500, 0.01), in Figures 1 and 2we plot 30 consecutive
estimates on the same picture together with the true Gerber-
Shiu functions to show variability bands and illustrate the
stability of the procedures. We find that the estimates in the
beamare very close to each other and close to the trueGerber-
Shiu functions.

To measure the performance of the estimate, we compute
the integrated mean-square error (IMSE) based on 300
experiments, which are computed by

1300
300∑
𝑗=1

∫30
0

(𝜙𝑑 (𝑢) − 𝜙𝑑,𝑗 (𝑢))2 𝑑𝑢,
1300

300∑
𝑗=1

∫30
0

(𝜙𝑐 (𝑢) − 𝜙𝑐,𝑗 (𝑢))2 𝑑𝑢,
(116)

where 𝜙𝑑,𝑗 and 𝜙𝑐,𝑗 denote the 𝑗-th estimated function. Note
that the above integrals are computed on a finite domain[0, 30], because both the reference value and the estimator
are very close to zero as 𝑢 increases. We give some values
of IMSEs in Table 1, where we can easily see that the IMSEs
decrease as 𝑛Δ increases for each Gerber-Shiu functions.
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Figure 1: Estimating the ruin probability for exponential claim sizes, true curve (red curve) and 30 estimated curves (green curves).
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Figure 2: Estimating the Laplace transform of ruin time for exponential claim sizes, true curve (red curve) and 30 estimated curves (green
curves).

Table 1: IMSEs × 100.

(𝑛, Δ) Ruin probability Laplace transform of
ruin time𝜙𝑑(𝑢) 𝜙𝑐(𝑢) 𝜙𝑑(𝑢) 𝜙𝑐(𝑢)

Exponential
(1000,0.02) 0.57 6.24 0.20 6.14
(2500,0.01) 0.09 2.88 0.05 1.27
(5000,0.01) 0.08 0.28 0.03 0.18

Erlang(2,2)
(1000,0.02) 0.22 1.03 0.36 2.68
(2500,0.01) 0.06 0.26 0.16 1.79
(5000,0.01) 0.04 0.18 0.07 0.02
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Lévy risk model under Erlangized barrier strategy,” Journal of
Computational and Applied Mathematics, vol. 351, pp. 101–116,
2019.

[31] R. Mnatsakanov, L. L. Ruymgaart, and F. H. Ruymgaart, “Non-
parametric estimation of ruin probabilities given a random
sample of claims,”Mathematical Methods of Statistics, vol. 17, no.
1, pp. 35–43, 2008.

[32] E. Masiello, “On semiparametric estimation of ruin probabili-
ties in the classical risk model,” Scandinavian Actuarial Journal,
vol. 2014, no. 4, pp. 283–308, 2014.

[33] Z. M. Zhang, H. L. Yang, and H. Yang, “On a nonparametric
estimator for ruin probability in the classical risk model,”
Scandinavian Actuarial Journal, vol. 2014, no. 4, pp. 309–338,
2014.

[34] Z. M. Zhang, “Nonparametric estimation of the finite time ruin
probability in the classical risk model,” Scandinavian Actuarial
Journal, vol. 2017, no. 5, pp. 452–469, 2017.

[35] Y. Yang, W. Su, and Z. M. Zhang, “Estimating the discounted
density of the deficit at ruin by Fourier cosine series expansion,”
Statistics & Probability Letters, vol. 146, pp. 147–155, 2019.

[36] Y. Shimizu, “Non-parametric estimation of the Gerber-Shiu
function for the Wiener-Poisson risk model,” Scandinavian
Actuarial Journal, no. 1, pp. 56–69, 2012.

[37] Z. M. Zhang, “Approximating the density of the time to ruin via
Fourier-cosine series expansion,” ASTIN Bulletin, vol. 47, no. 1,
pp. 169–198, 2017.

[38] Z. M. Zhang, “Estimating the gerber-shiu function by Fourier-
Sinc series expansion,” Scandinavian Actuarial Journal, vol.
2017, no. 10, pp. 898–919, 2017.

[39] Z. M. Zhang andW. Su, “A new efficient method for estimating
the Gerber-Shiu function in the classical risk model,” Scandina-
vian Actuarial Journal, vol. 2018, no. 5, pp. 426–449, 2018.

[40] Z. M. Zhang and W. Su, “Estimating the Gerber-Shiu function
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