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We consider a class of stochastic nonlinear Markovian jump systems (MJSs) with partly unknown transition rate and time-varying
delays. The system under consideration is subject to the mode uncertainties and nonlinear term and disturbance term which are
unknown. The main mission is to design the observer-based sliding mode controller for such a complex system. An observer is
first constructed, and then we design an integral sliding mode surface such that theMJSs satisfy the reaching condition.The sliding
mode control law ensures the stochastic stability of the closed-loop system. Finally, an example is given to illustrate the proposed
results.

1. Introduction

The sliding mode control (SMC) has attractive features to
keep systems insensitive to the parameter uncertainties and
external disturbances on the sliding mode plane [1]. Many
practical dynamics, for example, manufacturing systems,
chemical process systems, computer controlled systems and
communication systems, solar receiver control, and power
systems, experience abrupt random changes in their struc-
ture. These changes are usually caused by random failure or
repairs of the components, changing in subsystems intercon-
nections, sudden environmental changes, and so forth. Such
systems can be modeled as hybrid systems. One special class
of hybrid systems is namedMarkovian jump systems (MJSs),
whose system mode is governed by a Markov process.

On the other hand, stability is one of the best topics in
dynamic systems and a large number of results have appeared
in the literature (e.g., see [2–28] and references therein). For
MJSs, considerable attention has been recently paid to the
problems of stability and stabilization [29–33], 𝐻∞ control
and filtering [34–36], optimal tracking problem [37], etc.
The robust stability and stabilization of uncertain stochastic
systems with time-varying delays are investigated by using
the linear matrix inequality approach (LMI) [38]. Huang

and Mao [39] investigated the stabilization of stochastic
linear systems by delayed state feedback controller. In [40],
the method of Lyapunov functional is employed to study
p-moment stability of nonlinear stochastic systems with
impulsive and Markovian switching.

The SMC for stochastic systems has received an increas-
ing attention. For example, see [41–51]. K. Chang and W.
Chang [52] developd a SMC method to guarantee the robust
state covariance assignment for perturbed stochastic multi-
variable systems via variable structure control. In [53], robust
observer design for It𝑜’s stochastic time-delay systems was
studied via slidingmode control and the sufficient conditions
for the asymptotic stability (in probability) of the sliding
motion were derived. Niu [54] dealed with the connection
among the designed sliding surface corresponding to every
mode for MJSs. However, there has been few results reported
on the SMC of stochastic systems with Markovian switching.
The existence of uncertainties, time-varying delays, Marko-
vian switching with partly unknown transition probability
will make the problem more complex and challenging.

Motivated by the above discussion, in this paper we
investigate the problem of SMC problem for a class of
stochastic nonlinear Markovian jump systems (MJSs) with
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partly unknown transition probabilities and time-varying
delay. Firstly, an appropriate integral sliding mode surface
is constructed. Secondly, the observer-based sliding mode
controller is designed to guarantee the stochastic stability
of the closed-loop system. Finally, a numerical example is
provided to show the effectiveness of the proposed scheme.

The organization of this paper is given as follows. The
system description and some preliminaries are given in
Section 2. Section 3 presents the design of an integral
sliding mode surface function and designs a sliding mode
controller. Section 4 provides a numerical example to certify
the feasibility of thementionedmethod, andwe conclude this
paper in Section 5.

Notations. (Ω,F, 𝑃) is a probability space, where Ω denotes
the sample space,F represents the 𝜎 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 of subsets of
the sample space and𝑃 denotes the probabilitymeasure.𝑋𝑖 >0means that 𝑋𝑖 is symmetric positive definite. 𝐼 denotes the
identity matrix. ‖ ⋅ ‖ refers to the Euclidean norm of a vector.

2. Preliminaries

In this section, we consider a class of stochastic nonlinear
Markovian jump systems (MJSs) with partly unknown tran-
sition rates and time-varying delays on a complete probability
space (Ω,F, 𝑃):

𝑑𝑥 (𝑡) = [(𝐴 (𝛾𝑡) + △𝐴 (𝛾𝑡)) 𝑥 (𝑡)
+ (𝐴1 (𝛾𝑡) + △𝐴1 (𝛾𝑡)) 𝑥 (𝑡 − 𝜏 (𝑡))
+ 𝐵 (𝛾𝑡) (𝑢 (𝑡) + 𝑓 (𝑥 (𝑡) , 𝑡) + 𝑑 (𝑡))] 𝑑𝑡 + 𝐶 (𝛾𝑡)
⋅ 𝑥 (𝑡) 𝑑𝜔 (𝑡) ,

𝑦 (𝑡) = 𝐷 (𝛾𝑡) 𝑥 (𝑡) ,
𝑥 (𝑡) = 𝜑 (𝑡) , 𝑡 ∈ [−𝜏, 0] ,

(1)

where 𝑥(𝑡) ∈ R𝑛 represents the state vector, 𝑢(𝑡) ∈ R𝑚

represents control input, 𝑓(𝑥(𝑡), 𝑡) ∈ R𝑚 is the nonlinear
function, and 𝑑(𝑡) ∈ R𝑚 is the system disturbance. 𝑦(𝑡) ∈ R𝑝

denotes the measured output. 𝐴(𝛾𝑡) ∈ R𝑛×𝑛, 𝐴1(𝛾𝑡) ∈ R𝑛×𝑛,𝐵(𝛾𝑡) ∈ R𝑛×𝑚, 𝐶(𝛾𝑡) ∈ R𝑛×𝑛, and 𝐷(𝛾𝑡) ∈ R𝑝×𝑛 are the
constant matrices and△𝐴(𝛾𝑡) ∈ R𝑛×𝑛 △ 𝐴1𝛾𝑡(𝑡) ∈ R𝑛×𝑛 are
the system uncertainties. 𝜔(𝑡) is a standard Brownian motion
defined on the complete probability spare (Ω,F, 𝑃). 𝜏(𝑡) is
time-varying delay and supposed to satisfy

0 ≤ 𝜏 (𝑡) ≤ 𝜏 < ∞, (2)

where 𝜏 is known real constant scalar and𝜑(𝑡) is a continuous
vector-valued initial function. {𝛾𝑡, 𝑡 ≥ 0} represent the
system mode, which take values in a given state space 𝑆 ={1, 2, . . . , 𝑁}. Let Π = (𝜋𝑖𝑗)𝑁×𝑁 (𝑖, 𝑗 = 1, 2, . . . , 𝑁)
represent the transition rate matrix. The mode transition
probabilities can be denoted as follows:

𝑃𝑟 (𝛾𝑡+△𝑡 = 𝑗 | 𝛾𝑡 = 𝑖) = {{{
𝜋𝑖𝑗 △ 𝑡 + ∘ (△𝑡) , 𝑖 ̸= 𝑗,
1 + 𝜋𝑖𝑖 △ 𝑡 + ∘ (△𝑡) , 𝑖 = 𝑗, (3)

where △𝑡 > 0 and lim△𝑡→0 ∘ (△𝑡)/ △ 𝑡 = 0, 𝜋𝑖𝑗 satisfies𝜋𝑖𝑗 > 0 with 𝑖 ̸= 𝑗, and 𝜋𝑖𝑖 = −∑𝑁𝑗=1,𝑗 ̸=𝑖 𝜋𝑖𝑗 for each mode 𝑖. In
addition, we assume that the probabilities of the Markovain
jump system are partly unknown; for example, if there are
four operation modes in system (1), the matrix of transition
rates may be described as

Π = [[[[[[

? 𝜋12 ? ?? 𝜋22 ? ?𝜋31 ? ? 𝜋34? ? ? 𝜋44
]]]]]]
, (4)

where “?” denotes the unknown elements. We represent 𝑆 =𝑆𝑖𝑘 ∪ 𝑆𝑖𝑢𝑘 with 𝑆𝑖𝑘 = {𝑗 : 𝜋𝑖𝑗 𝑖𝑠 𝑘𝑛𝑜𝑤𝑛} and 𝑆𝑖𝑢𝑘 = {𝑗 :𝜋𝑖𝑗 𝑖𝑠 𝑢𝑛𝑘𝑛𝑜𝑤𝑛]. We denote 𝜋𝑖𝑘 ≜ ∑𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗. We can rewrite
MJSs for notational convenience when the system mode is 𝑖:

𝑑𝑥 (𝑡) = [(𝐴 𝑖 (𝑡) + △ (𝐴 𝑖 (𝑡))) 𝑥 (𝑡)
+ (𝐴1𝑖 (𝑡) + △ (𝐴1𝑖 (𝑡))) 𝑥 (𝑡 − 𝜏 (𝑡))
+ 𝐵𝑖 (𝑢 (𝑡) + 𝑓 (𝑥, 𝑡) + 𝑑 (𝑡))] 𝑑𝑡 + 𝐶𝑖𝑥 (𝑡) 𝑑𝜔 (𝑡) ,

𝑦 (𝑡) = 𝐷𝑖𝑥 (𝑡) ,
𝑥 (𝑡) = 𝜑 (𝑡) , 𝑡 ∈ [−𝜏, 0] ,

(5)

where 𝐴(𝛾𝑡) = 𝐴 𝑖, 𝐵(𝛾𝑡) = 𝐵𝑖, 𝐶(𝛾𝑡) = 𝐶𝑖 𝑎𝑛𝑑 𝐷(𝛾𝑡) = 𝐷𝑖,△𝐴𝛾𝑡 = △𝐴 𝑖, and△𝐴1(𝛾𝑡) = △𝐴1𝑖.
Throughout this paper, we assume that the following

conditions are satisfied.

Assumption 1. △𝐴 𝑖 and△𝐴1𝑖 satisfy the following form:

△𝐴 𝑖 = 𝐺𝑖𝐹 (𝑖, 𝑡) 𝐸𝑖,
△𝐴1𝑖 = 𝐺1𝑖𝐹1 (𝑖, 𝑡) 𝐸1𝑖, (6)

where 𝐷𝑖, 𝐸𝑖, 𝐷1𝑖, and 𝐸1𝑖 are the constant matrices with
appropriate dimensions and 𝐹(𝑖, 𝑡), 𝐹1(𝑖, 𝑡) are unknown
time-varying matrix function satisfying

𝐹𝑇 (𝑖, 𝑡) 𝐹 (𝑖, 𝑡) ≤ 𝐼,
𝐹𝑇1 (𝑖, 𝑡) 𝐹1 (𝑖, 𝑡) ≤ 𝐼,𝑖 ∈ 𝑆.

(7)

Assumption 2. The external disturbance vector 𝑑(𝑡) is an
unknown function which satisfies

‖𝑑 (𝑡)‖ ≤ 𝑑, (8)

where 𝑑 is an unknown scalar.

Assumption 3. 𝐵𝑖 has full column rank and the pair (𝐴 𝑖, 𝐵𝑖) is
controllable.

Assumption 4. The nonlinear function 𝑓(𝑥, 𝑡) satisfies𝑓 (𝑥, 𝑡) ≤ 𝜌𝑖 ‖𝑥 (𝑡)‖ , 𝑖 ∈ 𝑆, (9)

where 𝜌𝑖 > 0 is a constant scalar.
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Obviously, under Assumptions 1–4, it follows from [55]
that there exists a unique global solution 𝑥(𝑡) for any initial
data 𝜑(𝑡), 𝑡 ∈ [−𝜏, 0].

For any given 𝑉(𝑥, 𝑒, 𝑖) ∈ C21(R𝑛 ×R𝑛 × 𝑆;R𝑛), we define
an operatorL𝑉 from R𝑛 ×R𝑛 × 𝑆 to R by

L𝑉 (𝑥, 𝑒, 𝑖) = 𝑉𝑥 (𝑥, 𝑒, 𝑖) + 𝑉𝑒 (𝑥, 𝑒, 𝑖)
⋅ [(𝐴 (𝛾𝑡) + △𝐴 (𝛾𝑡)) 𝑥 (𝑡)
+ (𝐴1 (𝛾𝑡) + △𝐴1 (𝛾𝑡)) 𝑥 (𝑡 − 𝜏 (𝑡))
+ 𝐵 (𝛾𝑡) (𝑢 (𝑡) + 𝑓 (𝑥 (𝑡) , 𝑡) + 𝑑 (𝑡))] + 12
⋅ 𝑡𝑟 [𝐶𝑇 (𝛾𝑡) 𝑥𝑇 (𝑡) 𝑥 (𝑡) 𝐶 (𝛾𝑡)] + 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑉 (𝑥, 𝑒, 𝑖) .

(10)

Next, we will gave a lemma.

Lemma 5 (see [43]). For any positive constant 𝜀,𝑋 ∈ R𝑛, and𝑌 ∈ R𝑛, the following inequality holds:

𝑋𝑇𝑌 + 𝑌𝑇𝑋 ≤ 𝜀𝑌𝑇𝑌 + 1𝜀𝑋𝑇𝑋. (11)

Finally, we give the definition of stochastic stability to end
this section.

Definition 6 (see [56]). The stochastic system (1) is said to be
stochastically stable when 𝑢(𝑡) = 0, if the condition satisfies

𝐸{∫∞
0
‖𝑥 (𝑡)‖2 𝑑𝑡 | 𝑥0, 𝑟0} < +∞, (12)

where 𝑥0 ∈ R𝑛 and 𝑟0 is the initial mode.

3. Main Results

We first design a state observer to estimate unmeasured state
components. Then we construct an integral sliding mode
surface which is based on the state observer as the first step
of SMC design.The state observer we synthesize is as follows:

𝑑𝑥 (𝑡) = [𝐴 𝑖𝑥 (𝑡) + 𝐴1𝑖𝑥 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑖𝑢 (𝑡) + 𝐵𝑖𝑢𝑒 (𝑡)
+ 𝐿 𝑖 (𝑦 − 𝐷𝑖𝑥 (𝑡))] 𝑑𝑡 + 𝐶𝑖𝑥 (𝑡) 𝑑𝜔 (𝑡) , (13)

where 𝑥(𝑡) ∈ R𝑛 represents the estimation of 𝑥(𝑡), 𝐿 𝑖 ∈ R𝑛×𝑝,∀𝑖 ∈ 𝑆 is the observer gain matrix, and 𝑢𝑒(𝑡) is chosen to
reduce the effect of unknown nonlinear function 𝑓(𝑡) and
unknown external disturbance 𝑑(𝑡).
Remark 7. We can notice that the state observer not only
contains state observation𝐴 𝑖𝑥(𝑡)without time delays but also
contains state observation𝐴1𝑖𝑥(𝑡−𝜏(𝑡))with time delays; this
can be a simplification of the controller.

The solution 𝑥(𝑡) of the state observer can be expressed as
follows:

𝑥 (𝑡) = 𝜑 (0) + ∫𝑡
0
[𝐴 𝑖𝑥 (𝑠) + 𝐴1𝑖𝑥 (𝑠 − 𝜏 (𝑠)) + 𝐵𝑖𝑢 (𝑠)

+ 𝐵𝑖𝑢𝑒 (𝑠) + 𝐿 𝑖 (𝑦 − 𝐷𝑖𝑥 (𝑠))] 𝑑𝑠
+ ∫𝑡
0
𝐶𝑖𝑥 (𝑠) 𝑑𝜔 (𝑠) .

(14)

Let 𝑒(𝑡) be the estimation error:

𝑒 (𝑡) = 𝑥 (𝑡) − 𝑥 (𝑡) , (15)

and then we can obtain the following estimated dynamic:

𝑑𝑒 (𝑡) = [(𝐴 𝑖 + △𝐴 𝑖) 𝑒 (𝑡) + (𝐴1𝑖 + △𝐴1𝑖) 𝑒 (𝑡 − 𝜏 (𝑡))
+ △𝐴 𝑖𝑥 (𝑡) + △𝐴1𝑖𝑥 (𝑡 − 𝜏 (𝑡))
+ 𝐵𝑖 (𝑓 (𝑥, 𝑡) + 𝑑 (𝑡) − 𝑢𝑒 (𝑡)) − 𝐿 𝑖𝐷𝑖𝑒 (𝑡)] 𝑑𝑡
+ 𝐶𝑖𝑒 (𝑡) 𝑑𝜔 (𝑡) .

(16)

Obviously, it follows from (16) that 𝑑𝑒(𝑡) depends on 𝑥(𝑡).
The integral sliding mode surface is constructed as follows:

𝑠 (𝑥 (𝑡) , 𝑖) = 𝐵𝑇𝑖 𝑋𝑖𝑥 (𝑡) − ∫𝑡
0
𝐵𝑇𝑖 𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) 𝑥 (𝑙) 𝑑𝑙,

∀𝑖 ∈ 𝑆, (17)

where 𝐾𝑖 satisfies that 𝐴 𝑖 + 𝐵𝑖𝐾𝑖 is Hurwitz and 𝑋𝑖 ∈ R𝑛×𝑛

is a constant matrix such that 𝐵𝑇𝑖 𝑋𝑖𝐵𝑖 is nonsingular and𝐵𝑇𝑖 𝑋𝑖𝐶𝑖 = 0. Combining (14) and (17), we have

𝑠 (𝑥 (𝑡) , 𝑖) = 𝐵𝑇𝑖 𝑋𝑖𝜑 (0) + ∫𝑡
0
𝐵𝑇𝑖 𝑋𝑖 [𝐴 𝑖𝑥 (𝑠)

+ 𝐴1𝑖𝑥 (𝑠 − 𝜏 (𝑠)) + 𝐵𝑖𝑢 (𝑠) + 𝐵𝑖𝑢𝑒 (𝑠)
+ 𝐿 𝑖 (𝑦 (𝑡) − 𝐷𝑖𝑥 (𝑠))] 𝑑𝑠 − ∫𝑡

0
𝐵𝑇𝑖 𝑋𝑖 (𝐴 𝑖

+ 𝐵𝑖𝐾𝑖) 𝑥 (𝑠) 𝑑𝑠.
(18)

According to SMC theory, when the system trajectory
reaches the sliding surface, it follows that 𝑠(𝑥(𝑡), 𝑖) = 0 anḋ𝑠(𝑥(𝑡), 𝑖) = 0.
Remark 8. The linear term𝐵𝑇𝑖 𝑋𝑖𝑥(𝑡) is continuous in the inte-
gral sliding mode surface (17), the integral term ∫𝑡

0
𝐵𝑇𝑖 𝑋𝑖(𝐴 𝑖+𝐵𝑖𝐾𝑖)𝑥(𝑡) is continuous, and then the integral sliding mode

surface (17) is continuous when the MJS states switch.

Remark 9. It follows from (17) that the integral sliding mode
surface 𝑠(𝑥(𝑡), 𝑖) depends on a specific set of matrices 𝑋𝑖,𝑖 ∈ 𝑆, which means that switching effect from one state
to another of the Markovian jump system is reflected on𝑠(𝑥(𝑡), 𝑖) by the matrix 𝑋𝑖. Thus, in the sliding mode control
system accompanied byMarkovian jump systems, the sliding
mode surfaces establish contact with each other through𝑋𝑖.
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By (18), we have

̇𝑠𝑖 (𝑡) = 𝐵𝑇𝑖 𝑋𝑖 [𝐴 𝑖𝑥 (𝑡) + 𝐴1𝑖𝑥 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑖𝑢 (𝑡)
+ 𝐵𝑖𝑢𝑒 (𝑡) + 𝐿 𝑖 (𝑦 − 𝐷𝑖𝑥 (𝑡))] − 𝐵𝑇𝑖 𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)
⋅ 𝑥 (𝑡) = 𝐵𝑇𝑖 𝑋𝑖 [𝐴1𝑖𝑥 (𝑡 − 𝜏 (𝑡)) + 𝐵𝑖𝑢 (𝑡) + 𝐵𝑖𝑢𝑒 (𝑡)
+ 𝐿 𝑖𝐷𝑖𝑒 (𝑡) − 𝐵𝑖𝐾𝑖𝑥 (𝑡)] .

(19)

Based on the state observer 𝑥(𝑡), we design a new sliding
mode control (SMC) law as follows:

𝑢𝑖 (𝑡) = − 𝑠 (𝑡)‖𝑠 (𝑡)‖ [𝑢𝑒 (𝑡) + 𝐾𝑖𝑥 (𝑡)
+ (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐴1𝑖𝑥 (𝑡 − 𝜏 (𝑡))
+ (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐿 𝑖𝐷𝑖𝑒 (𝑡) + 𝛽] ,

(20)

where 𝛽 > 0.
The control term 𝑢𝑒(𝑡) is designed as

𝑢𝑒 (𝑡) = (𝜌𝑖 ‖𝑥 (𝑡)‖ + 𝑑 + 𝛾1) sgn (𝐵𝑇𝑖 𝑋𝑖𝑒 (𝑡)) , (21)

where 𝛾1 > 0.
Theorem 10. Assume that Assumptions 1–4 hold and the
integral sliding mode controller is given by (18). Then, the
reachabilty of the sliding mode surface 𝑠(𝑥(𝑡), 𝑖) = 0 can be
satisfied under the action of the SMC law (20).

Proof. Taking

𝑉𝑎 (𝑥 (𝑡)) = 12𝑠𝑇 (𝑥 (𝑡) , 𝑖) (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝑠 (𝑥 (𝑡) , 𝑖) , (22)

then it follows from (2.14) that

L𝑉𝑎 (𝑥 (𝑡)) = 𝑠𝑇 (𝑥 (𝑡) , 𝑖) (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 ̇𝑠 (𝑥 (𝑡) , 𝑖)
= 𝑠𝑇 (𝑥 (𝑡) , 𝑖) (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖 [𝐴1𝑖𝑥 (𝑡 − 𝜏 (𝑡))
+ 𝐵𝑖𝑢 (𝑡) + 𝐵𝑖𝑢𝑒 (𝑡) + 𝐿 𝑖𝐷𝑖𝑒 (𝑡) − 𝐵𝑖𝐾𝑖𝑥 (𝑡)]
= 𝑠𝑇 (𝑥 (𝑡) , 𝑖) 𝑢 (𝑡) + 𝑠𝑇 (𝑥 (𝑡) , 𝑖) [𝑢𝑒 (𝑡) − 𝐾𝑖𝑥 (𝑡)
+ (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐴1𝑖𝑥 (𝑡 − 𝜏 (𝑡))
+ (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐿 𝑖𝐷𝑖𝑒 (𝑡)] ≤ 𝑠𝑇 (𝑥 (𝑡) , 𝑖) 𝑢 (𝑡)
+ ‖𝑠 (𝑥 (𝑡) , 𝑖)‖ [𝑢𝑒 (𝑡) + 𝐾𝑖𝑥 (𝑡)
+ (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐴1𝑖𝑥 (𝑡 − 𝜏 (𝑡))
+ (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐿 𝑖𝐷𝑖𝑒 (𝑡)] .

(23)

Substituting 𝑢(𝑡) intoL𝑉𝑎(𝑥(𝑡)), we get
L𝑉𝑎 (𝑥 (𝑡)) ≤ −𝛽 ‖𝑠 (𝑥 (𝑡) , 𝑖)‖ < 0. (24)

Thus, the reachabilty of the sliding mode surface 𝑠(𝑥, 𝑖) = 0
can be satisfied.

The equivalent control law in the sliding mode can be
obtained by solving ̇𝑠(𝑡) = 0 as

𝑢𝑒𝑞 = 𝐾𝑖𝑥 (𝑡) − 𝑢𝑒 (𝑡)
− (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐴1𝑖𝑥 (𝑡 − 𝜏 (𝑡))
− (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐿 𝑖𝐷𝑖𝑒 (𝑡) .

(25)

Substituting 𝑢𝑒𝑞(𝑡) into 𝑑𝑥(𝑡), then the state observer can be
written as

𝑑𝑥 (𝑡) = {[𝐴 𝑖 + 𝐵𝑖𝐾𝑖] 𝑥 (𝑡)
+ [𝐴1𝑖 − 𝐵𝑖 (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐴1𝑖] 𝑥 (𝑡 − 𝜏 (𝑡))
+ [𝐼 − 𝐵𝑖 (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖] 𝐿 𝑖𝐷𝑖𝑒 (𝑡)} 𝑑𝑡
+ 𝐶𝑖𝑒 (𝑡) 𝑑𝜔 (𝑡) .

(26)

The stability of system (1) can be determined by analyzing the
stability of the closed-loop system which consists of (16) and
(26).

The following theorem gives sufficient conditions for the
stability of the closed-loop system, which is expressed in
terms of linear matrix inequalities (LMIs).

Theorem 11. Considering system (16) and (26) with Assump-
tions 1–4, the sliding mode surface function is given by (18).
If there exist positive definite symmetric matrix 𝑋𝑖 ∈ R𝑛×𝑛,
matrices𝐻1 > 0 and𝐻2 > 0, matrix𝑃𝑖, matrix𝑄𝑖, and positive
scalars 𝜀1𝑖, 𝜀2𝑖, 𝜀3𝑖, and 𝜀4𝑖 satisfy the following LMIs and the
inequalities:

[Ξ1 (𝑖) Ξ2 (𝑖)∗ Ξ3 (𝑖)] < 0, ∀𝑖 ∈ 𝑆𝑖𝑘, (27)

[△1 (𝑖) △2 (𝑖)∗ △3 (𝑡)] < 0, ∀𝑖 ∈ 𝑆𝑖𝑢𝑘, (28)

𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑖 ≤ 𝐻1,
𝑁∑
𝑗=1

𝜋𝑖𝑗𝑄𝑖 ≤ 𝐻2,
(29)

𝐴𝑇1𝑖𝐴1𝑖 + 𝜀2𝑖𝐸𝑇1𝑖𝐸1𝑖 − 𝑃𝑖 < 0, ∀𝑖 ∈ 𝑆, (30)

𝜀4𝑖𝐸𝑇1𝑖𝐸1𝑖 + 𝜓𝑇2 𝜓2 − 𝑄𝑖 < 0, ∀𝑖 ∈ 𝑆, (31)

𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖 + 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖 + 𝑋𝑖𝑋𝑖
+ 12𝜆max (𝐶𝑇𝐶) + 𝑃𝑖 + 𝑋𝑗 ≤ 0, ∀𝑗 ∈ 𝑆𝑖𝑢𝑘, 𝑗 ̸= 𝑖, (32)
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𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖 + 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖 + 𝑋𝑖𝑋𝑖
+ 12𝜆max (𝐶𝑇𝐶) + 𝑃𝑖 + 𝑋𝑖 ≥ 0, ∀𝑗 ∈ 𝑆𝑖𝑢𝑘, 𝑗 = 𝑖, (33)

𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖 + 12𝜆max (𝐶𝑇𝐶)
+ 𝑄𝑖 + 𝑋𝑖𝑋𝑖 + 𝑋𝑗 ≤ 0, ∀𝑗 ∈ 𝑆𝑖𝑢𝑘, 𝑗 ̸= 𝑖, (34)

𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖 + 12𝜆max (𝐶𝑇𝐶)
+ 𝑄𝑖 + 𝑋𝑖𝑋𝑖 + 𝑋𝑖 ≥ 0, ∀𝑗 ∈ 𝑆𝑖𝑢𝑘, 𝑗 = 𝑖, (35)

where

Ξ1 (𝑖) = [[[
Ξ11 0 𝜓𝑇1𝑋𝑖∗ Ξ22 0∗ ∗ −𝐼

]]]
, (36)

Ξ2 (𝑖) = [[[
0 0 0 0 0𝐿 𝑖𝐷𝑖 𝐷𝑇𝑖 𝑋𝑖 𝐷𝑇1𝑖𝑋𝑖 𝐷𝑇𝑖 𝑋𝑖 𝐷T

1𝑖𝑋𝑖0 0 0 0 0
]]]
, (37)

Ξ3 (𝑖) = diag {−𝐼, −𝜀1𝑖𝐼, −𝜀2𝑖𝐼, −𝜀3𝑖𝐼, −𝜀4𝑖𝐼} , (38)

Ξ11 = (1 + 𝜋𝑖𝑘) [𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖 + 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖
+ 𝑋𝑖𝑋𝑖 + 12𝜆max (𝐶𝑇𝐶) + 𝑃𝑖] + 𝜀1𝑖𝐸𝑇𝑖 𝐸𝑖
+ ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗𝑋𝑗,
(39)

Ξ22 = (1 + 𝜋𝑖𝑘) [𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖
+ 12𝜆max (𝐶𝑇𝐶) + 𝑄𝑖 + 𝑋𝑖𝑋𝑖] + 𝜀3𝑖𝐸𝑇𝑖 𝐸𝑖
+ ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗𝑋𝑗,
(40)

△1 (𝑖) = [[[[
△11 0 𝜓𝑇1𝑋𝑖∗ △22 0∗ ∗ −𝐼

]]]]
, (41)

△2 (𝑖) = [[[[
0 0 0 0 0

𝐿 𝑖𝐷𝑖 𝐷𝑇𝑖 𝑋𝑖 𝐷𝑇1𝑖𝑋𝑖 𝐷𝑇𝑖 𝑋𝑖 𝐷𝑇1𝑖𝑋𝑖0 0 0 0 0
]]]]
, (42)

△3 (𝑖) = diag {−𝐼, −𝜀1𝑖𝐼, −𝜀2𝑖𝐼, −𝜀3𝑖𝐼, −𝜀4𝑖𝐼} , (43)

△11 = (1 + ∑
𝑗∈𝑆𝑖
𝑘
,𝑗 ̸=𝑖

𝜋𝑖𝑗)[𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖
+ 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖 + 𝑋𝑖𝑋𝑖 + 12𝜆max (𝐶𝑇𝐶) + 𝑃𝑖]
+ 𝜀1𝑖𝐸𝑇𝑖 𝐸𝑖 + ∑

𝑗∈𝑆𝑖
𝑘
,𝑗 ̸=𝑖

𝜋𝑖𝑗𝑋𝑗,
(44)

△22 = (1 + ∑
𝑗∈𝑆𝑖
𝑘
,𝑗 ̸=𝑖

𝜋𝑖𝑗)[𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)
+ (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖 + 12𝜆max (𝐶𝑇𝐶) + 𝑄𝑖 + 𝑋𝑖𝑋𝑖]
+ 𝜀3𝑖𝐸𝑇𝑖 𝐸𝑖 + ∑

𝑗∈𝑆𝑖
𝑘
,𝑗 ̸=𝑖

𝜋𝑖𝑗𝑋𝑗,
(45)

𝜓1 = 𝐼 − 𝐵𝑖 (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖, (46)

𝜓2 = 𝐴1𝑖 − 𝐵𝑖 (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐴1𝑖, (47)

and then the overall closed-loop system composed of (16) and
(26) is stochastically stable.

Proof. Take

𝑉 (𝑥, 𝑒, 𝑖) = 𝑒𝑇 (𝑡) 𝑋𝑖𝑒 (𝑡) + 𝑥𝑇 (𝑡) 𝑋𝑖𝑥 (𝑡)
+ ∫𝑡
𝑡−𝜏(𝑡)

𝑒𝑇 (𝑠) 𝑃𝑖𝑒 (𝑠) 𝑑𝑠
+ ∫𝑡
𝑡−𝜏(𝑡)

𝑥𝑇 (𝑠) 𝑄𝑖𝑥 (𝑠) 𝑑𝑠
+ ∫0
−𝜏
∫𝑡
𝑡+𝜃
𝑒𝑇 (𝑠)𝐻1𝑒 (𝑠) 𝑑𝜃 𝑑𝑠

+ ∫0
−𝜏
∫𝑡
𝑡+𝜃
𝑥𝑇 (𝑠)𝐻2𝑥 (𝑠) 𝑑𝜃 𝑑𝑠

(48)

Then,

L𝑉 (𝑥, 𝑒, 𝑖) = 2𝑒𝑇 (𝑡) 𝑋𝑖 [(𝐴 𝑖 + △𝐴 𝑖) 𝑒 (𝑡) + (𝐴1𝑖
+ △𝐴1𝑖) 𝑒 (𝑡 − 𝜏 (𝑡)) + △𝐴 𝑖𝑥 (𝑡) + △𝐴1𝑖𝑥 (𝑡
− 𝜏 (𝑡)) + 𝐵𝑖 (𝑓 (𝑥, 𝑡) + 𝑑 (𝑡) − 𝑢𝑒 (𝑡)) − 𝐿 𝑖𝐷𝑖𝑒 (𝑡)]
+ 12𝑡𝑟𝑎𝑐𝑒 [(𝐶𝑖𝑒 (𝑡))𝑇 (𝐶𝑖𝑒 (𝑡))] + 2𝑥𝑇 (𝑡) 𝑋𝑖 {[𝐴 𝑖
+ 𝐵𝑖𝐾𝑖] 𝑥 (𝑡) + [𝐴1𝑖 − 𝐵𝑖 (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖𝐴1𝑖]
⋅ 𝑥 (𝑡 − 𝜏 (𝑡)) + [𝐼 − 𝐵𝑖 (𝐵𝑇𝑖 𝑋𝑖𝐵𝑖)−1 𝐵𝑇𝑖 𝑋𝑖]
⋅ 𝐿 𝑖𝐷𝑖𝑒 (𝑡)} + 12𝑡𝑟𝑎𝑐𝑒 [(𝐶𝑖𝑥 (𝑡))𝑇 (𝐶𝑖𝑥 (𝑡))]
+ 𝑒𝑇 (𝑡) 𝑃𝑖𝑒 (𝑡) − 𝑒𝑇 (𝑡 − 𝜏 (𝑡)) 𝑃𝑖𝑒 (𝑡 − 𝜏 (𝑡))
+ 𝑥𝑇 (𝑡) 𝑄𝑖𝑥 (𝑡) − 𝑥 (𝑡 − 𝜏 (𝑡)) 𝑄𝑖𝑥 (𝑡 − 𝜏 (𝑡))
+ 𝑥𝑇 (𝑡) 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑋𝑗𝑥 (𝑡) + 𝑒𝑇 (𝑡) 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑋𝑗𝑒 (𝑡)
+ 𝑁∑
𝑗=1

𝜋𝑖𝑗 (∫𝑡
𝑡−𝜏(𝑡)

𝑒𝑇 (𝑠) 𝑃𝑖𝑒 (𝑠) 𝑑𝑠
+ ∫𝑡
𝑡−𝜏(𝑡)

𝑥𝑇 (𝑠) 𝑄𝑖𝑥 (𝑠) 𝑑𝑠) + 𝜏𝑒𝑇 (𝑡)𝐻1𝑒 (𝑡)
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− ∫𝑡
𝑡−𝜏
𝑒𝑇 (𝜃)𝐻1𝑒 (𝜃) 𝑑𝜃 + 𝜏𝑥𝑇 (𝑡)𝐻2𝑥 (𝑡)

− ∫𝑡
𝑡−𝜏
𝑥𝑇 (𝜃)𝐻2𝑥 (𝜃) 𝑑𝜃.

(49)

According to (29),

𝑁∑
𝑗=1

𝜋𝑖𝑗 (∫𝑡
𝑡−𝜏(𝑡)

𝑒𝑇 (𝑠) 𝑃𝑖𝑒 (𝑠) 𝑑𝑠
+ ∫𝑡
𝑡−𝜏(𝑡)

𝑥𝑇 (𝑠) 𝑄𝑖𝑥 (𝑠) 𝑑𝑠) − ∫𝑡
𝑡−𝜏
𝑒𝑇 (𝜃)𝐻1𝑒 (𝜃) 𝑑𝜃

− ∫𝑡
𝑡−𝜏
𝑥𝑇 (𝜃)𝐻2𝑥 (𝜃) 𝑑𝜃 ≤ 0,

(50)

Using Assumption 1 and Lemma 5, we have

2𝑒𝑇 (𝑡) 𝑋𝑖 △𝐴 𝑖𝑒 (𝑡) = 2𝑒𝑇 (𝑡) 𝑋𝑖𝐷𝑖𝐹 (𝑖, 𝑡) 𝐸𝑖𝑒 (𝑡)
≤ 𝜀−11𝑖 𝑒𝑇 (𝑡) 𝑋𝑖𝐷𝑖𝐷𝑇𝑖 𝑋𝑖𝑒 (𝑡) + 𝜀1𝑖𝑒𝑇 (𝑡) 𝐸𝑇𝑖 𝐸𝑖𝑒 (𝑡) , (51)

2𝑒𝑇 (𝑡) 𝑋𝑖 △𝐴1𝑖𝑒 (𝑡 − 𝜏 (𝑡))
= 2𝑒𝑇 (𝑡) 𝑋𝑖𝐷1𝑖𝐹1 (𝑖, 𝑡) 𝐸1𝑖𝑒 (𝑡 − 𝜏 (𝑡))
≤ 𝜀−12𝑖 𝑒𝑇 (𝑡) 𝑋𝑖𝐷1𝑖𝐷𝑇1𝑖𝑋𝑖𝑒 (𝑡)
+ 𝜀2𝑖𝑒𝑇 (𝑡 − 𝜏 (𝑡)) 𝐸𝑇1𝑖𝐸1𝑖𝑒 (𝑡 − 𝜏 (𝑡)) ,

(52)

2𝑒𝑇 (𝑡) 𝑋𝑖 △𝐴 𝑖𝑥 (𝑡) = 2𝑒𝑇 (𝑡) 𝑋𝑖𝐷𝑖𝐹 (𝑖, 𝑡) 𝐸𝑖𝑥 (𝑡)
≤ 𝜀−13𝑖 𝑒𝑇 (𝑡) 𝑋𝑖𝐷𝑖𝐷𝑇𝑖 𝑋𝑖𝑒 (𝑡) + 𝜀3𝑖𝑥𝑇 (𝑡) 𝐸𝑇𝑖 𝐸𝑖𝑥 (𝑡) , (53)

2𝑒𝑇 (𝑡) 𝑋𝑖 △𝐴1𝑖𝑥 (𝑡 − 𝜏 (𝑡))
= 2𝑒𝑇 (𝑡) 𝑋𝑖𝐷1𝑖𝐹1 (𝑖, 𝑡) 𝐸1𝑖𝑥 (𝑡 − 𝜏 (𝑡))
≤ 𝜀−14𝑖 𝑒𝑇 (𝑡) 𝑋𝑖𝐷1𝑖𝐷𝑇1𝑖𝑋𝑖𝑒 (𝑡)
+ 𝜀4𝑖𝑥𝑇 (𝑡 − 𝜏 (𝑡)) 𝐸𝑇1𝑖𝐸1𝑖𝑥 (𝑡 − 𝜏 (𝑡)) ,

(54)

2𝑑𝑇 (𝑡) 𝑋𝑖𝐵𝑖 (𝑓 (𝑥, 𝑡) + 𝑑 (𝑡) − 𝑢𝑒 (𝑡))
≤ −2𝛾1 𝐵𝑇𝑖 𝑋i𝑒 (𝑡) < 0, (55)

2𝑒𝑇 (𝑡) 𝑋𝑖𝐴1𝑖𝑒 (𝑡 − 𝜏 (𝑡))
≤ 𝑒𝑇 (𝑡) 𝑋𝑖𝑋𝑖𝑒 (𝑡)
+ 𝑒𝑇 (𝑡 − 𝜏 (𝑡)) 𝐴𝑇1𝑖𝐴1𝑖𝑒 (𝑡 − 𝜏 (𝑡)) ,

(56)

2𝑥𝑇 (𝑡) 𝑋𝑖𝜓1𝐿 𝑖𝐷𝑖𝑒 (𝑡)
≤ 𝑥𝑇 (𝑡) 𝑋𝑖𝜓1𝜓𝑇1𝑋𝑖𝑥 (𝑡) + +𝑒𝑇 (𝑡) 𝐷𝑇𝑖 𝐿𝑇𝑖 𝐿 𝑖𝐷𝑖𝑒 (𝑡) , (57)

2𝑥𝑇 (𝑡) 𝑋𝑖𝜓2𝑥 (𝑡 − 𝜏 (𝑡))≤ 𝑥𝑇 (𝑡) 𝑋𝑖𝑋𝑖𝑥 (𝑡)+ 𝑥𝑇 (𝑡 − 𝜏 (𝑡)) 𝜓𝑇2 𝜓2𝑥 (𝑡 − 𝜏 (𝑡)) ,
(58)

12𝑡𝑟𝑎𝑐𝑒 [(𝐶𝑖𝑒 (𝑡))𝑇 (𝐶𝑖𝑒 (𝑡))]
≤ 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) 𝑒𝑇 (𝑡) 𝑒 (𝑡) , (59)

12𝑡𝑟𝑎𝑐𝑒 [(𝐶𝑖𝑥 (𝑡))𝑇 (𝐶𝑖𝑥 (𝑡))]
≤ 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) 𝑥𝑇 (𝑡) 𝑥 (𝑡) , (60)

where 𝜆max(𝐶𝑇𝑖 𝐶𝑖) is the largest eigenvalue of 𝐶𝑇𝑖 𝐶𝑖.
Let 𝜉(𝑡) ≜ ( 𝑒(𝑡), 𝑒(𝑡 − 𝜏(𝑡), 𝑥(𝑡), 𝑥(𝑡 − 𝜏(𝑡)))𝑇, and then

L𝑉(𝑥, 𝑒, 𝑖) ≤ 𝜉𝑇(𝑡)Λ𝜉(𝑡),
where

Λ = [Λ 11 0∗ Λ 22] , (61)

Λ 11 = [Φ1 0∗ Φ2] ,
Λ 22 = [Φ3 0∗ Φ4] ,

(62)

Φ1 = 𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖 + 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖 + 𝑋𝑖𝑋𝑖
+ 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑃𝑖 + 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑋𝑗 + 𝑋𝑖𝑋𝑖
+ 𝐷𝑇𝑖 𝐿𝑇𝑖 𝐿 𝑖𝐷𝑖 + 𝜀−11𝑖 𝑋𝑖𝐷𝑖𝐷𝑇𝑖 𝑋𝑖 + 𝜀1𝑖𝐸𝑇𝑖 𝐸𝑖
+ 𝜀−12𝑖 𝑋𝑖𝐷1𝑖𝐷𝑇1𝑖𝑋𝑖 + 𝜀−13𝑖 𝑋𝑖𝐷𝑖𝐷𝑇𝑖 𝑋𝑖
+ 𝜀−14𝑖 𝑋𝑖𝐷1𝑖𝐷𝑇1𝑖𝑋𝑖 + 𝜏𝐻1,

(63)

Φ2 = 𝐴𝑇1𝑖𝐴1𝑖 + 𝜀2𝑖𝐸𝑇1𝑖𝐸1𝑖 − 𝑃𝑖, (64)

Φ3 = 𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖
+ 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑄𝑖 + 𝑋𝑖𝑋𝑖 + 𝜀3𝑖𝐸𝑇𝑖 𝐸𝑖
+ 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑋𝑗 + 𝑋𝑖𝜓1𝜓𝑇1𝑋𝑖 + 𝜏𝐻2,
(65)

Φ4 = 𝜀4𝑖𝐸𝑇1𝑖𝐸1𝑖 + 𝜓𝑇2 𝜓2 − 𝑄𝑖. (66)

For 𝑖 ∈ 𝑆𝑖𝑘, the term𝑋𝑖𝐴 𝑖+𝐴𝑇𝑖𝑋𝑖+𝑋𝑖𝐿 𝑖𝐷𝑖+𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖+𝑋𝑖𝑋𝑖+(1/2)𝜆max(𝐶𝑇𝑖 𝐶𝑖) + 𝑃𝑖 + 𝜏𝐻1 + ∑𝑁𝑗=1 𝜋𝑖𝑗𝑋𝑗 can be rewritten as
follows:

Θ𝑖 ≜ 𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖 + 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖 + 𝑋𝑖𝑋𝑖 + 12
⋅ 𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑃𝑖 + 𝜏𝐻1 + 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑋𝑗 = (1
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+ ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗)[𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖 + 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖
+ 𝑋𝑖𝑋𝑖 + 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑃𝑖 + 𝜏𝐻1] + ∑

𝑗∈𝑆𝑖
𝑢𝑘

[𝑋𝑖𝐴 𝑖
+ 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖 + 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖 + 𝑋𝑖𝑋𝑖
+ 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑃𝑖 + 𝜏𝐻1] + ∑

𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗𝑋𝑗
+ ∑
𝑗∈𝑆𝑖
𝑢𝑘

𝜋𝑖𝑗𝑋𝑗 = (1 + 𝜋𝑖𝑘) [𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖
+ 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖 + 𝑋𝑖𝑋𝑖 + 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑃𝑖 + 𝜏𝐻1]
+ ∑
𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗𝑋𝑗 + ∑
𝑗∈𝑆𝑖
𝑢𝑘

𝜋𝑖𝑗 [𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖
+ 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖 + 𝑋𝑖𝑋𝑖 + 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑃𝑖 + 𝜏𝐻1
+ 𝑋𝑗] .

(67)

Then it follows from (28) and (32) that Θ𝑖 < 0. For ∀𝑗 ∈ 𝑆𝑖𝑢𝑘,𝑖 ∉ 𝑆𝑖𝑘,
Θ𝑖 = (1 + ∑

𝑗∈𝑆𝑖
𝑘
,𝑗 ̸=𝑖

𝜋𝑖𝑗)[𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖
+ 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖 + 𝑋𝑖𝑋𝑖 + 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑃𝑖 + 𝜏𝐻1]
+ 𝜋𝑖𝑖 [𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖 + 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖 + 12
⋅ 𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑃𝑖 + 𝜏𝐻1 + 𝑋𝑖𝑋𝑖 + 𝑋𝑖]
+ ∑
𝑗∈𝑆𝑖
𝑢𝑘
,𝑗 ̸=𝑖

𝜋𝑖𝑗 [𝑋𝑖𝐴 𝑖 + 𝐴𝑇𝑖𝑋𝑖 + 𝑋𝑖𝐿 𝑖𝐷𝑖 + 𝐷𝑇𝑖 𝐿𝑇𝑖𝑋𝑖
+ 𝑋𝑖𝑋𝑖 + 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑃𝑖 + 𝜏𝐻1 + 𝑋𝑗]
+ ∑
𝑗∈𝑆𝑖
𝑘
,𝑗 ̸=𝑖

𝜋𝑖𝑗𝑋𝑗.

(68)

Then, combining (29), (32), and (33), we obtain Θ𝑖 < 0.
Similarly, for 𝑖 ∈ 𝑆𝑖𝑘, the term 𝑋𝑖(𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖 +𝐵𝑖𝐾𝑖)𝑇𝑋𝑖 + (1/2)𝜆max(𝐶𝑇𝑖 𝐶𝑖) + 𝑄𝑖 + 𝜏𝐻2 +𝑋𝑖𝑋𝑖 +∑𝑁𝑗=1 𝜋𝑖𝑗𝑋𝑗

can be rewritten as follows:

Ω𝑖 ≜ 𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖 + 12
⋅ 𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑄𝑖 + 𝜏𝐻2 + 𝑋𝑖𝑋𝑖 + 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑋𝑗 = (1

+ 𝜋𝑖𝑘) [𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖 + 12
⋅ 𝜆max (𝐶𝑇𝑖 𝐶𝑖) +Q𝑖 + 𝜏𝐻2 + 𝑋𝑖𝑋𝑖] + ∑

𝑗∈𝑆𝑖
𝑘

𝜋𝑖𝑗𝑋𝑗
+ ∑
𝑗∈𝑆𝑖
𝑢𝑘

𝜋𝑖𝑗 [𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖
+ 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑄𝑖 + 𝜏𝐻2 + 𝑋𝑖𝑋𝑖 + 𝑋𝑗] .

(69)

According to (28) and (34),Ω𝑖 < 0. For ∀𝑗 ∈ 𝑆𝑖𝑢𝑘, 𝑖 ∉ 𝑆𝑖𝑘,
Ω𝑖 = (1 + ∑

𝑗∈𝑆𝑖
𝑘
,𝑗 ̸=𝑖

𝜋𝑖𝑗)[𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖
+ 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖 + 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑄𝑖 + 𝜏𝐻2 + 𝑋𝑖𝑋𝑖]
+ 𝜋𝑖𝑖 [𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖 + 12
⋅ 𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑄𝑖 + 𝜏𝐻2 + 𝑋𝑖𝑋𝑖 + 𝑋𝑖]
+ ∑
𝑗∈𝑆𝑖
𝑢𝑘
,𝑗 ̸=𝑖

𝜋𝑖𝑗 [𝑋𝑖 (𝐴 𝑖 + 𝐵𝑖𝐾𝑖) + (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑇𝑋𝑖
+ 12𝜆max (𝐶𝑇𝑖 𝐶𝑖) + 𝑄𝑖 + 𝜏𝐻2 + 𝑋𝑖𝑋𝑖 + 𝑋𝑗]
+ ∑
𝑗∈𝑆𝑖
𝑘
,𝑗 ̸=𝑖

𝜋𝑖𝑗𝑋𝑗.

(70)

Then, combining (29), (34), and (35), we get Ω𝑖 < 0.
Hence, we obtain Φ1 < 0, Φ2 < 0, Φ3 < 0, and Φ4 < 0

and Λ 11 < 0 and Λ 22 < 0, which implies Λ < 0. Thus, we
have

L𝑉 (𝑥, 𝑒, 𝑖) < 0, 𝑖 ∈ 𝑆, (71)

which implies that the overall closed-loop system composed
of (27) and (35) is stochastically stable.

Remark 12. Our result extends and improves those given in
the previous literature. For example, if𝐶𝑖 = 0, then the system
(1) is reduced to that in [36]; if 𝜏 = 0, then the system (1) is
reduced to that in [52]. Moreover, the transition rates in this
paper are partially unknown, which is quite different from
those in [36, 52].

Remark 13. When analyzing the stability of the stochastic
system with Markovian switching and time-varying delay,
Theorem 11 considers both state observer system and error
system, which can conform the reality better and get better
stability. When we construct the controller, because the
system contains a Markovain stochastic term, we cannot
directly apply the equivalent control method, so we construct
the integral sliding surface and get our controller through the
reachability of the integral sliding surface.
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4. An Example

Let us consider system (1) above with the following matrix
parameters:

𝐴1 = [[
−1.876 1.5 0.20 −3.27 −2.30 2.92 −2.08]] ,

𝐴2 = [[
−1.876 1.5 0.20 −4.27 −2.30 2.92 −2.08]] ,

𝐴3 = [[
−1.876 1.5 0.20 −5.27 −2.30 2.92 −2.08]] ,

𝐴4 = [[
−1.876 1.5 0.20 −6.27 −2.30 2.92 −2.08]] ,

𝐵1 = [[
0.10.2−0.4]] ,

𝐵2 = [[
0.20.1−0.1]] ,

𝐵3 = [[
0.10.5−0.2]] ,

𝐵4 = [[
10.2−0.5]] ,

𝐷1 = [[
0.5 −0.2 0.1−0.2 0.1 −0.50.2 0.2 0 ]] ,

𝐷2 = [[
0.5 −0.2 0.1−0.2 0.1 −0.150.2 0.2 0 ]] ,

𝐷3 = [[
0.5 −0.2 0.1−0.2 0.1 −0.150.2 0.2 0 ]] ,

𝐷4 = [[
0.5 −0.2 0.1−0.2 0.1 −0.250.2 0.2 0 ]] ,

𝐶1 = [[
−1 0.6 −2.42 0.1 −0.50.1 2.2 0.5 ]] ,

𝐶2 = [[
0.2 0.2 0.1−0.1 0.1 −0.50 0.1 −0.5]] ,

𝐶3 = [[
1 0.8 10 0.5 −0.60.3 0.4 −0.5]] ,

𝐶4 = [[
−0.2 0.2 0.30 0.5 0.10.1 0.4 0.5]] ,

𝐺1 = [[
0.2 0.2 0.20 0.2 0.10 0 0.3]] ,

𝐺2 = [[
0.2 0.2 0.20 0.2 0.10 0 0.3]] ,

𝐺3 = [[
0.2 0.2 0.20 0.2 0.10 0 0.3]] ,

𝐺4 = [[
0.2 0.2 0.20 0.2 0.10 0 0.5]] ,

𝐸1 = [[
0.2 0 00 0.2 00.2 0.2 1]] ,

𝐸2 = [[
0.2 0 00 0.2 00.2 0.2 1]] ,

𝐸3 = [[
0.1 0 00 0.2 00.2 0.2 1]] ,

𝐸4 = [[
0.1 0.1 00 0.2 00.2 0.2 1]] ,

𝑋1 = [[
7.5 −4.7 −4.1−4.7 9.5 −0.8−4.1 0.8 56.7]] ,

𝑋2 = [[
11.9 −5.8 −5.7−5.8 12.4 −2.6−5.7 −2.6 53.5]] ,

𝑋3 = [[
13.8 −6.1 −6.4−6.1 14.2 −2.1−6.4 −2.1 50.3]] ,

𝑋4 = [[
14.5 −7.2 −7.6−7.2 13.7 −3.2−7.6 −3.2 51.4]] ,

𝐺11 = [[
0.1 0.1 0.10 0.1 0.20 0 0.3]] ,

𝐺12 = [[
0.1 0.1 0.10 0.1 0.20 0 0.3]] ,

𝐺13 = [[
0.1 0.1 0.10 0.1 0.20 0 0.3]] ,

𝐺14 = [[
0.1 0.1 0.10 0.1 0.20 0 4 ]] ,
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𝐸11 = [[
0.1 0 00 0.1 00.1 0.1 1]] ,

𝐸12 = [[
0.1 0 00 0.1 00.1 0.1 1]] ,

𝐸13 = [[
0.1 0 00 0.1 00.1 0.1 1]] ,

𝐸14 = [[
0.1 0 00 0.1 00.2 0.2 1]] .

(72)

The transition matrix Π is given as follows:

Π = [[[[
? 2.2 ? ?? −1.9 1.7 ?1.2 ? −1.8 ?2.6 ? ? −2.8

]]]]
, (73)

where “?” represents the unknown element. We select the
matrices𝐾1, 𝐾2,𝐾3, and𝐾4 as follows:

𝐾1 = [−7.544 −6.656 1.1216] ,𝐾2 = [−12.296 −4.808 −0.194] ,𝐾3 = [−9.568 −3.599 0.424] ,𝐾4 = [−2.8651 −2.051 −0.251] .
(74)

Let 𝜏(𝑡) = 0.5 sin 𝑡 + 0.5, 𝜏 = 1, and 𝜌𝑖 = 0.5, 𝑖 = 1, 2, 3, 4.
Thenonlinear function𝑓(𝑥, 𝑡), external disturbance 𝑑(𝑡), and
time-varying matrix function 𝐹(𝑥, 𝑡) are given, respectively,
as follows:

𝑓 (𝑥, 𝑡) = 0.6 + 0.2 sin (20𝑡) 𝑥1 (𝑡) ,𝑑 (𝑡) = 0.5 + 0.5 sin (2𝑡) ,𝐹 (1, 𝑡) = 𝐹 (2, 𝑡) = 𝐹 (3, 𝑡) = 𝐹 (4, 𝑡) = 0.02 sin (2𝑡) . (75)

The initial conditions are given as𝑥(0) = [2.5 −1.5 0.9]𝑇
and 𝑥(0) = [0.5 − 0.5 0.9]𝑇. Select the constant matrix𝐹 = [0.468 0.963 −1.915]𝑇.The adaptive laws are governed
by (20); by solving the conditions (28)-(35), the observer is
obtained as follows:

𝐿1 = [[
4.6982 −5.2020 1.82756.5907 −7.0214 1.4326−2.5591 −1.6181 −1.3803]] ,

𝐿2 = [[
6.1547 −6.4096 1.24207.2397 −2.2057 6.3323−1.1957 −3.1032 −3.1239]] ,

𝐿3 = [[
1.7779 −5.0517 1.38266.0450 −2.0025 7.70804.0434 −6.7840 −2.0256]] ,

𝐿4 = [[
5.5767 −4.0452 2.27689.0970 −3.0367 7.0766−2.2871 −4.6401 −1.5033]] .

(76)

Then, the integral sliding mode surface in (18) for the 4
operating modes is synthesized as

𝑠 (𝑡) =
{{{{{{{{{{{{{{{{{{{{{{{

[1.45 1.11 −23.25] 𝑥 (𝑡) − ∫𝑡
0
[−75.6480 −133.6883 56.9395] 𝑥 (𝑙) 𝑑𝑙, 𝑖 = 1,

[2.37 0.34 −6.75] 𝑥 (𝑡) − ∫𝑡
0
[−18.9923 −23.2947 13.5025] 𝑥 (𝑙) 𝑑𝑙, 𝑖 = 2,

[−0.39 6.91 −11.75] 𝑥 (𝑡) − ∫𝑡
0
[−54.4374 −92.0625 10.9138] 𝑥 (𝑙) 𝑑𝑙, 𝑖 = 3,

[16.86 −2.86 −33.94] 𝑥 (𝑡) − ∫𝑡
0
[−126.9169 −124.0948 72.1974] 𝑥 (𝑙) 𝑑𝑙, 𝑖 = 4.

(77)

Selecting 𝛾1 = 𝛽 = 1, then we get

𝑢𝑒 (𝑡) = (0.5 ‖𝑥 (𝑡)‖ + 𝑑 (𝑡) + 1) sgn (𝐵𝑇𝑖 𝑋𝑖𝑒 (𝑡)) ,𝑢 (𝑡)

=
{{{{{{{{{{{{{{{{{{{{{

− 𝑠 (𝑡)‖𝑠 (𝑡)‖ [𝑢𝑒 (𝑡) + [−7.544 −6.656 1.1216] ‖𝑥 (𝑡)‖ + [9.603 5.056 5.9285] ‖𝑥 (𝑡 − 𝜏 (𝑡))‖ + [4.2435 4.2435 5.2456] ‖𝑒 (𝑡)‖ + 1] , 𝑖 = 1,
− 𝑠 (𝑡)‖𝑠 (𝑡)‖ [𝑢𝑒 (𝑡) + [−12.296 −4.808 −0.194] ‖𝑥 (𝑡)‖ + [2.968 5.937 2.968] ‖𝑥 (𝑡 − 𝜏 (𝑡))‖ + [3.335 3.396 3.631] ‖𝑒 (𝑡)‖ + 1] , 𝑖 = 2,
− 𝑠 (𝑡)‖𝑠 (𝑡)‖ [𝑢𝑒 (𝑡) + [−9.568 −3.599 0.424] ‖𝑥 (𝑡)‖ + [9.503 3.037 1.793] ‖𝑥 (𝑡 − 𝜏 (𝑡))‖ + [4.265 5.2435 5.6456] ‖𝑒 (𝑡)‖ + 1] , 𝑖 = 3,
− 𝑠 (𝑡)‖𝑠 (𝑡)‖ [𝑢𝑒 (𝑡) + [−2.8651 − 2.051 − 0.251] ‖𝑥 (𝑡)‖ + [6.603 5.026 2.9285] ‖𝑥 (𝑡 − 𝜏 (𝑡))‖ + [2.2435 3.2225 5.2756] ‖𝑒 (𝑡)‖ + 1] , 𝑖 = 1,

(78)
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Figure 1: Trajectory of 𝑟(𝑡).
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Figure 2: State trajectories 𝑥(𝑡).

Finally, we use Figures 1–5 to showour results. In fact, Fig-
ure 1 shows the shows the trajectory of the Markov jumping
signal with state 1,2,3. Figures 2–4 show state trajectory 𝑥(𝑡),
state estimation trajectory 𝑥(𝑡), and state estimation error
trajectory 𝑒(𝑡), respectively with state 1,2,3. Figure 5 shows the
sliding mode surface function 𝑠(𝑡).
5. Conclusion

Because systems are inevitably influenced by stochastic fac-
tors, nonlinear factors, and time delay in the actual situation,
discussing reachablity and stability of sliding mode control
(SMC) in the context of stochastic system with time delay
has more practical significance. This paper has investigated
the SMC problem for stochastic nonlinear Markovian jump
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Figure 3: State estimation trajectories 𝑥(𝑡).
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Figure 4: State estimation error trajectories of 𝑒(𝑡).
systems (MJSs) with partly unknown transition rates and
time-varying delays. A SMC law has been synthesized such
that the sliding mode surface can satisfy the reachable con-
ditions. Sufficient conditions for the stability of the closed-
loop system composed of the state observer system and error
system have been proposed in terms of LMIs. A simulation
result has been given to illustrate the feasibility of the results.
Furture work will consider the SMC problem with Markov
and impulse for nonlinear SDEs.
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