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In this paper, we obtain some results for the existence of infinitely many positive solutions for a coupled discrete boundary value
problem. The approach is based on variational methods.

1. Introduction

Let 𝑍 and 𝑅 denote the sets of integers and real numbers,
respectively. For 𝑎, 𝑏 ∈ 𝑍, define [𝑎, 𝑏] = {𝑎, 𝑎 + 1, . . . , 𝑏},
when 𝑎 ≤ 𝑏.

In this paper, we consider the following coupled discrete
boundary value problem:

− Δ (𝑝 (𝑘) Δ𝑢𝑖 (𝑘 − 1)) + 𝑞 (𝑘) 𝑢𝑖 (𝑘)
= 𝜆𝐹𝑢𝑖 (𝑘, 𝑢1 (𝑘) , . . . , 𝑢𝑚 (𝑘)) ,

𝑢𝑖 (0) = 𝑢𝑖 (𝑁 + 1) = 0,
(1)

for all 𝑘 ∈ [1,𝑁],𝑁 ∈ 𝑍+, where 1 ≤ 𝑖 ≤ 𝑚, and 𝜆 is a positive
parameter, Δ𝑢𝑖(𝑘) = 𝑢𝑖(𝑘+1)−𝑢𝑖(𝑘) is the forward difference
operator, 𝑝(𝑘) > 0 for all 𝑘 ∈ [1,𝑁 + 1], and 𝑞(𝑘) ≥ 0 for
all 𝑘 ∈ [1,𝑁], 𝐹(𝑘, ⋅, . . . , ⋅) is a 𝐶1−function in 𝑅𝑚 satisfying𝐹(𝑘, 0, . . . , 0)=0 for every 𝑘 ∈ [1,𝑁], and 𝐹𝑢𝑖 denotes the
partial derivative of 𝐹(𝑘, 𝑢1, 𝑢2, . . . , 𝑢𝑚) with respect to 𝑢𝑖 for𝑖 = 1, . . . , 𝑚.

As we know, results for existence of solutions for dif-
ference equations have been widely studied because of
their applications to various fields of applied sciences, like
mechanical engineering, control systems, computer science,
economics, artificial or biological neural networks, andmany
others. Many scholars have studied such problems and main
tools are fixed point methods, Brouwer degree theory, and

upper and lower solution techniques; see [1–4] and references
therein. In recent years, variational methods have been
employed to study difference equation and various results
have been obtained. See, for instance, [5–22].

More recently, especially, in [23–31], by starting from the
seminal papers [32, 33], many results for the existence and
multiplicity of solutions for discrete boundary value prob-
lems have been obtained also by adopting variational meth-
ods.

However, these papers only deal with a single equation.
For instance, in [23], by studying the Dirichlet discrete
boundary value problem

−Δ2𝑢 (𝑘 − 1) = 𝜆𝑓𝑘 (𝑢 (𝑘)) , 𝑘 ∈ [1,𝑁] ,
𝑢 (0) = 𝑢 (𝑁 + 1) = 0, (2)

the author obtained the existence of two positive solutions
of the problem through appropriate variational methods. In
this paper, we consider system (1) with𝑚 difference equations
by using Ricceri’s variational principle proposed in [33].
In Theorem 4 and Remark 5, we prove the existence of an
interval (𝜆1, 𝜆2) such that, for each 𝜆 ∈ (𝜆1, 𝜆2), problem (1)
admits a sequence of positive solutions which is unbounded
in𝑋. To the best of our knowledge, this is the first time to deal
with coupled discrete boundary value problems.Thismethod
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has already been used for the continuous counterparts [34–
36].Themonographs [37–39] are related books of the critical
point theory and difference equations.

The rest of the paper is organized as follows:
Section 1 consists of some definitions and mathematical
symbols. In Section 2, we emphasize that a strong
maximum principle (Lemma 1) is presented so that if𝐹𝑢𝑖(𝑘, 𝑢1, . . . , 𝑢𝑖−1, 0, 𝑢𝑖+1, . . . , 𝑢𝑚) ≥ 0, for all 𝑘 ∈ [1,𝑁]
and 𝑖 = 1, . . . , 𝑚, our results guarantee the existence of
infinitely many positive solutions (Remark 5 in Section 3).
Section 3 contains a more precise version (Lemma 3) of
Ricceri’s variational principle, the statements and proofs of
the main results (Theorem 4 and Remark 5), two corollaries
(Corollaries 6 and 7), and an example (Example 10).

Throughout this paper, we let 𝑆 = {𝑢 : [0,𝑁 + 1] → 𝑅 :𝑢(0) = 𝑢(𝑁 + 1) = 0} and 𝑋 be the Cartesian product of 𝑚
Banach spaces 𝑆, . . . , 𝑆; i.e.,

𝑋 fl 𝑆 × ⋅ ⋅ ⋅ × 𝑆⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑚

(3)

endowed with the norm

‖𝑢‖ = (𝑢1, . . . , 𝑢𝑚) fl ( 𝑚∑
𝑖=1

𝑢𝑖2∗)
1/2

, (4)

where

‖V‖∗ fl (𝑁+1∑
𝑘=1

𝑝 (𝑘) |ΔV (𝑘 − 1)|2 + 𝑁∑
𝑘=1

𝑞 (𝑘) |V (𝑘)|2)
1/2

,
for V ∈ 𝑆,

(5)

which is a norm in 𝑆.
Put

𝐴 fl lim inf
𝑦→+∞

∑𝑁𝑘=1max(𝑡1 ,...,𝑡𝑚)∈𝐾(𝑦)𝐹 (𝑘, 𝑡1, . . . , 𝑡𝑚)𝑦2 , (6)

where

𝐾(𝑦) fl {(𝑡1, . . . , 𝑡𝑚) ∈ 𝑅𝑚 : 𝑚∑
𝑖=1

𝑡𝑖 ≤ 𝑦} , (7)

for every 𝑦 ∈ 𝑅+, and

𝐵 fl lim sup
∑𝑚
𝑖=1
𝑡2
𝑖
→+∞(𝑡1,...,𝑡𝑚)∈𝑅

𝑚

+

∑𝑁𝑘=1 𝐹 (𝑘, 𝑡1, . . . , 𝑡𝑚)∑𝑚𝑖=1 𝑡2𝑖 , (8)

where 𝑅𝑚+ = {(𝑡1, . . . , 𝑡𝑚) ∈ 𝑅𝑚 : 𝑡𝑖 ≥ 0 for all 1 ≤ 𝑖 ≤ 𝑚}.

2. Preliminaries

First, we establish a strong maximum principle.

Lemma 1. Fix 𝑢 ∈ 𝑆 such that either 𝑢(𝑘) > 0 or
𝑖𝑓 𝑢 (𝑘) ≤ 0

𝑡ℎ𝑒𝑛 − Δ (𝑝 (𝑘) Δ𝑢 (𝑘 − 1)) + 𝑞 (𝑘) 𝑢 (𝑘) ≥ 0. (9)

�en either 𝑢 > 0 in [1,𝑁] or 𝑢 ≡ 0.
Proof. Let 𝑗 ∈ [1,𝑁] such that

𝑢 (𝑗) = min {𝑢 (𝑘) : 𝑘 ∈ [1,𝑁]} . (10)

If 𝑢(𝑗) > 0, then it is clear that 𝑢 > 0 in [1,𝑁].
If 𝑢(𝑗) ≤ 0, then by (9), we have

−Δ (𝑝 (𝑗) Δ𝑢 (𝑗 − 1)) ≥ −Δ𝑞 (𝑗) 𝑢 (𝑗) ≥ 0, (11)

that is

𝑝 (𝑗 + 1)Δ𝑢 (𝑗) ≤ 𝑝 (𝑗) Δ𝑢 (𝑗 − 1) . (12)

On the other hand, by the definition of 𝑢(𝑗), we see that
Δ𝑢 (𝑗 − 1) ≤ 0,

Δ𝑢 (𝑗) ≥ 0. (13)

Thus, by (12), we obtain that 𝑢(𝑗 + 1) = 𝑢(𝑗) = 𝑢(𝑗 − 1).
By similar arguments applied to 𝑢(𝑗 − 1) and 𝑢(𝑗 + 1) and

continuing in this way, we have 𝑢(𝑘) = 𝑢(𝑁 + 1) = 𝑢(0) =0, ∀𝑘 ∈ [1,𝑁].
Remark 2. Let 𝐹 : [1,𝑁] × 𝑅𝑚 → 𝑅 be such that𝐹𝑡𝑖(𝑘, 𝑡1, . . . , 𝑡𝑖−1, 0, 𝑡𝑖+1, . . . , 𝑡𝑚) ≥ 0 for all 𝑘 ∈ [1,𝑁] and𝑖 = 1, . . . , 𝑚.

Put

𝐹∗𝑡𝑖 (𝑘, 𝑡1, . . . , 𝑡𝑚)
= {{{

𝐹𝑡𝑖 (𝑘, 𝑡1, . . . , 𝑡𝑚) , if 𝑡𝑖 > 0,
𝐹𝑡𝑖 (𝑘, 𝑡1, . . . , 𝑡𝑖−1, 0, 𝑡𝑖+1, . . . , 𝑡𝑚) , if 𝑡𝑖 ≤ 0.

(14)

Clearly, 𝐹∗𝑡𝑖 (𝑘, ⋅) is continuous in 𝑅𝑚 for each 𝑘 ∈ [1,𝑁].
Owing to Lemma 1, all solutions of problem

− Δ (𝑝 (𝑘) Δ𝑢𝑖 (𝑘 − 1)) + 𝑞 (𝑘) 𝑢𝑖 (𝑘)
= 𝜆𝐹∗𝑢𝑖 (𝑘, 𝑢1 (𝑘) , . . . , 𝑢𝑚 (𝑘)) ,

𝑢𝑖 (0) = 𝑢𝑖 (𝑁 + 1) = 0,
(15)

are either zero or positive and hence are also solutions for
problem (1). Hence we emphasize that when (15) admits non-
trivial solutions, then problem (1) admits positive solutions,
independently of the sign of 𝐹𝑢𝑖 .
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3. Main results

Let𝑋 be a reflexive real Banach space and let 𝐼𝜆 : 𝑋 → 𝑅 be
a function satisfying the following structure hypothesis:

(Λ) 𝐼𝜆(𝑢) fl Φ(𝑢) − 𝜆Ψ(𝑢) for all 𝑢 ∈ 𝑋, whereΦ,Ψ :𝑋 → R are two functions of class 𝐶1 on 𝑋 with Φ
coercive; i.e., lim‖𝑢‖→+∞Φ(𝑢) = +∞, and 𝜆 is a real
positive parameter.

Provided that inf𝑋Φ < 𝑟, put
𝜑 (𝑟) fl inf

𝑢∈Φ−1(−∞,𝑟)

(supV∈Φ−1(−∞,𝑟)Ψ (V)) − Ψ (𝑢)
𝑟 − Φ (𝑢) , (16)

and

𝛾 fl lim inf
𝑟→+∞

𝜑 (𝑟) . (17)

Clearly, 𝛾 ≥ 0. When 𝛾 = 0, in the sequel, we agree to read1/𝛾 as +∞.
For the readers’ convenience, we recall a more precise

version of Theorem 2.1 of [32] (see also Theorem 2.5 of [33])
which is the main tool used to investigate problem (1).

Lemma 3. Assume that condition (Λ) holds. If 𝛾 < +∞, then,
for each 𝜆 ∈ (0, 1/𝛾), the following alternative holds: either

(𝑎1) 𝐼𝜆 possesses a global minimum, or
(𝑎2) there is a sequence {𝑢𝑛} of critical points (local
minima) of 𝐼𝜆 such that

lim
𝑛→+∞

Φ (𝑢𝑛) = +∞ (18)

Put

𝑃 fl 𝑝 (1) + 𝑝 (𝑁 + 1) ,
𝑄 fl

𝑁∑
𝑘=1

𝑞 (𝑘) ,
𝑝∗ fl min {𝑝 (𝑘) : 𝑘 ∈ [1,𝑁 + 1]} .

(19)

Our main result is the following theorem.

Theorem 4. Assume that

(i) 𝐹 is nonnegative in [1,𝑁] × 𝑅𝑚+
(ii)𝐴 < (𝑝 ∗ /𝑚(𝑃 + 𝑄)(𝑁 + 1))𝐵, where 𝐴 and 𝐵 are
given by (6) and (8), respectively

�en, for each 𝜆 ∈ ((𝑃 +𝑄)/2𝐵, 𝑝 ∗ /2𝑚(𝑁+ 1)𝐴), system (1)
admits an unbounded sequence of solutions.

Proof. For each 𝑢 = (𝑢1(𝑘), . . . , 𝑢𝑚(𝑘)) ∈ 𝑋, put

Φ(𝑢) fl 12 ‖𝑢‖2 ,
Ψ (𝑢) fl 𝑁∑

𝑘=1

𝐹 (𝑘, 𝑢1 (𝑘) , . . . , 𝑢𝑚 (𝑘)) ,
(20)

and

𝐼𝜆 (𝑢) fl Φ(𝑢) − 𝜆Ψ (𝑢) . (21)

Standard arguments show that 𝐼𝜆 ∈ 𝐶1(𝑋, 𝑅) and that critical
points of 𝐼𝜆 are exactly the solutions of problem (1). In fact,Φ,Ψ ∈ 𝐶1(𝑋, 𝑅); that is, Φ and Ψ are continuously Fréchet
differentiable in 𝑋. Using the summation by parts formula
and the fact that 𝑢𝑖(0) = 𝑢𝑖(𝑁 + 1) = 0 for any 𝑢 ∈ 𝑋, we get

Φ (𝑢) (V) = lim
𝑡→0

Φ(𝑢 + 𝑡V) − Φ (𝑢)𝑡 = 𝑁+1∑
𝑘=1

𝑚∑
𝑖=1

𝑝 (𝑘)

⋅ Δ𝑢𝑖 (𝑘 − 1) ΔV𝑖 (𝑘 − 1) + 𝑁∑
𝑘=1

𝑚∑
𝑖=1

𝑞 (𝑘) 𝑢𝑖 (𝑘) V𝑖 (𝑘)

= 𝑚∑
𝑖=1

𝑝 (𝑁 + 1) 𝑢𝑖 (𝑁) V𝑖 (𝑁) + 𝑚∑
𝑖=1

[𝑝 (𝑘) Δ𝑢𝑖 (𝑘 − 1)

⋅ V𝑖 (𝑘 − 1)]𝑁+11 − 𝑁∑
𝑘=1

𝑚∑
𝑖=1

Δ (𝑝 (𝑘) Δ𝑢𝑖 (𝑘 − 1)) V𝑖 (𝑘)

+ 𝑁∑
𝑘=1

𝑚∑
𝑖=1

𝑞 (𝑘) 𝑢𝑖 (𝑘) V𝑖 (𝑘)

= − 𝑁∑
𝑘=1

𝑚∑
𝑖=1

[Δ (𝑝 (𝑘) Δ𝑢𝑖 (𝑘 − 1)) V𝑖 (𝑘)
− 𝑞 (𝑘) 𝑢𝑖 (𝑘) V𝑖 (𝑘)]

(22)

and

Ψ (𝑢) (V) = lim
𝑡→0

Ψ (𝑢 + 𝑡V) − Ψ (𝑢)𝑡
= 𝑁∑
𝑘=1

𝑚∑
𝑖=1

𝐹𝑢𝑖 (𝑘, 𝑢1 (𝑘) , . . . , 𝑢𝑚 (𝑘)) V𝑖 (𝑘) ,
(23)

for any 𝑢, V ∈ 𝑋.
Moreover, we obtain

𝐼𝜆 (𝑢) (V) = 𝑁∑
𝑘=1

𝑚∑
𝑖=1

[−Δ (𝑝 (𝑘) Δ𝑢𝑖 (𝑘 − 1))
+ 𝑞 (𝑘) 𝑢𝑖 (𝑘) − 𝜆𝐹𝑢𝑖 (𝑘, 𝑢1 (𝑘) , . . . , 𝑢𝑚 (𝑘))] V𝑖 (𝑘) ,

(24)

for all 𝑢, V ∈ 𝑋.
Now we verify that 𝛾 < +∞. Let {𝑏𝑛} be a real sequence

such that lim𝑛→+∞𝑏𝑛 = +∞, and

lim
𝑛→+∞

∑𝑁𝑘=1max(𝑡1,...,𝑡𝑚)∈𝐾(𝑏𝑛)𝐹 (𝑘, 𝑡1, . . . , 𝑡𝑚)𝑏2𝑛 = 𝐴. (25)

It follows from [24] that

sup
𝑘∈[1,𝑁]

𝑢𝑖 (𝑘) ≤ (𝑁 + 1)1/22𝑝∗1/2 𝑢𝑖∗ , (26)
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for 1 ≤ 𝑖 ≤ 𝑚. And put 𝑟𝑛 fl 2𝑝 ∗ 𝑏2𝑛/𝑚(𝑁+ 1) for all 𝑛 ∈ 𝑍+.
Hence a computation ensures that∑𝑚𝑖=1 |𝑢𝑖(𝑘)| ≤ 𝑏𝑛 whenever𝑢 ∈ Φ−1(−∞, 𝑟𝑛).

Taking into account the fact that ∑𝑁𝑘=1 𝐹(𝑘, 0, . . . , 0) = 0,
one has

𝜑 (𝑟𝑛) = inf
𝑢∈Φ−1(−∞,𝑟𝑛)

(supV∈Φ−1(−∞,𝑟𝑛)Ψ (V)) − Ψ (𝑢)
𝑟𝑛 − Φ (𝑢)

= inf
∑𝑚
𝑖=1
(‖𝑢𝑖‖
2

∗
/2)<𝑟𝑛

sup∑𝑚
𝑖=1
(‖V𝑖‖2∗/2)<𝑟𝑛

∑𝑁𝑘=1 𝐹 (𝑘, V1 (𝑘) , . . . , V𝑚 (𝑘)) − ∑𝑁𝑘=1 𝐹 (𝑘, 𝑢1 (𝑘) , . . . , 𝑢𝑚 (𝑘))
𝑟𝑛 − ∑𝑚𝑖=1 (𝑢𝑖2∗ /2)

≤ sup∑𝑚
𝑖=1
(‖V𝑖‖2∗/2)<𝑟𝑛

∑𝑁𝑘=1 𝐹 (𝑘, V1 (𝑘) , . . . , V𝑚 (𝑘))𝑟𝑛 ≤ 𝑚 (𝑁 + 1)2𝑝∗
∑𝑁𝑘=1max(𝑡1,...,𝑡𝑚)∈𝐾(𝑏𝑛)𝐹 (𝑘, 𝑡1, . . . , 𝑡𝑚)𝑏2𝑛 .

(27)

Therefore, since from assumption (ii) one has 𝐴 < +∞, we
obtain

𝛾 ≤ lim inf
𝑛→+∞

𝜑 (𝑟𝑛) ≤ 𝑚 (𝑁 + 1)2𝑝∗ 𝐴 < +∞. (28)

Now fix 𝜆 ∈ ((𝑃 + 𝑄)/2𝐵, 𝑝 ∗ /2𝑚(𝑁 + 1)𝐴). We claim
that 𝐼𝜆 is unbounded from below. Let {𝜉𝑖,𝑛} be𝑚 positive real
sequences such that lim𝑛→+∞(∑𝑚𝑖=1 𝜉2𝑖,𝑛) = +∞, and

lim
𝑛→+∞

∑𝑁𝑘=1 𝐹 (𝑘, 𝜉1,𝑛, . . . , 𝜉𝑚,𝑛)∑𝑚𝑖=1 𝜉2𝑖,𝑛 = 𝐵, (29)

for all 𝑛 ∈ 𝑍+.
For each 𝑛 ∈ 𝑍+, let 𝜔𝑖,𝑛(𝑘) fl 𝜉𝑖,𝑛 for all 𝑘 ∈ [1,𝑁],𝜔𝑖,𝑛(0) = 𝜔𝑖,𝑛(𝑁 + 1) = 0.
Clearly, 𝜔𝑛 = (𝜔1,𝑛, . . . , 𝜔𝑚,𝑛) ∈ 𝑋, and

𝜔𝑖,𝑛2∗ =
𝑁+1∑
𝑘=1

𝑝 (𝑘) Δ𝜔𝑖,𝑛 (𝑘 − 1)2

+ 𝑁∑
𝑘=1

𝑞 (𝑘) 𝜔𝑖,𝑛 (𝑘)2

= 𝑝 (1) 𝜔𝑖,𝑛 (1) − 𝜔𝑖,𝑛 (0)2 + ⋅ ⋅ ⋅
+ 𝑝 (𝑁 + 1) 𝜔𝑖,𝑛 (𝑁 + 1) − 𝜔𝑖,𝑛 (𝑁)2

+ 𝑁∑
𝑘=1

𝑞 (𝑘) 𝜉2𝑖,𝑛

= [𝑝 (1) + 𝑝 (𝑁 + 1) + 𝑁∑
𝑘=1

𝑞 (𝑘)] 𝜉2𝑖,𝑛
= (𝑃 + 𝑄) 𝜉2𝑖,𝑛.

(30)

Therefore, we have

Φ (𝜔𝑛) − 𝜆Ψ (𝜔𝑛) = 𝑚∑
𝑖=1

𝜔𝑖,𝑛2∗2
− 𝜆 𝑁∑
𝑘=1

𝐹 (𝑘, 𝜉1,𝑛, . . . , 𝜉𝑚,𝑛)

= 𝑃 + 𝑄2
𝑚∑
𝑖=1

𝜉2𝑖,𝑛
− 𝜆 𝑁∑
𝑘=1

𝐹 (𝑘, 𝜉1,𝑛, . . . , 𝜉𝑚,𝑛) ,

(31)

for all 𝑛 ∈ 𝑍+.
If 𝐵 < +∞, let 𝜀 ∈ ((𝑃 + 𝑄)/2𝜆𝐵, 1). By (29) there exists𝑁𝜀 such that

𝑁∑
𝑘=1

𝐹 (𝑘, 𝜉1,𝑛, . . . , 𝜉𝑚,𝑛) > 𝜀𝐵 𝑚∑
𝑖=1

𝜉2𝑖,𝑛, (32)

for all 𝑛 > 𝑁𝜀. Moreover,

Φ(𝜔𝑛) − 𝜆Ψ (𝜔𝑛) < 𝑃 + 𝑄2
𝑚∑
𝑖=1

𝜉2𝑖,𝑛 − 𝜆𝜀𝐵 𝑚∑
𝑖=1

𝜉2𝑖,𝑛
= (𝑃 + 𝑄2 − 𝜆𝜀𝐵) 𝑚∑

𝑖=1

𝜉2𝑖,𝑛,
(33)

for all 𝑛 > 𝑁𝜀. Taking into account the choice of 𝜀, we have
lim
𝑛→+∞

[Φ (𝜔𝑛) − 𝜆Ψ (𝜔𝑛)] = −∞. (34)

If 𝐵 = +∞, let us consider 𝑀 > (𝑃 + 𝑄)/2𝜆. By (29) there
exists 𝑁𝑀 such that

𝑁∑
𝑘=1

𝐹 (𝑘, 𝜉1,𝑛, . . . , 𝜉𝑚,𝑛) > 𝑀 𝑚∑
𝑖=1

𝜉2𝑖,𝑛, (35)
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for all 𝑛 > 𝑁𝑀. Moreover,

Φ(𝜔𝑛) − 𝜆Ψ (𝜔𝑛) < 𝑃 + 𝑄2
𝑚∑
𝑖=1

𝜉2𝑖,𝑛 − 𝜆𝑀 𝑚∑
𝑖=1

𝜉2𝑖,𝑛
= (𝑃 + 𝑄2 − 𝜆𝑀) 𝑚∑

𝑖=1

𝜉2𝑖,𝑛,
(36)

for all 𝑛 > 𝑁𝑀. Taking into account the choice of 𝑀, in this
case we also have

lim
𝑛→+∞

[Φ (𝜔𝑛) − 𝜆Ψ (𝜔𝑛)] = −∞. (37)

Due to Lemma 3, for each 𝜆 ∈ ((𝑃+𝑄)/2𝐵, 𝑝∗/2𝑚(𝑁+1)𝐴),
the functional 𝐼𝜆 admits an unbounded sequence of critical
points, and the conclusion is proven.

Remark 5. When 𝐹𝑡𝑖 (𝑘, 𝑡1, . . . , 𝑡𝑖−1, 0, 𝑡𝑖+1, . . . , 𝑡𝑚) ≥ 0 for all𝑘 ∈ [1,𝑁] and 𝑖 = 1, . . . , 𝑚, owing to Remark 2, the solutions
in the conclusion of Theorem 4 are positive.

It is interesting to list some special cases of the above
results.

Corollary 6. Assume that

(𝑖) 𝐹 is nonnegative in [1,𝑁] × 𝑅𝑚+
(𝑖𝑖) 𝐴 < 𝐵/𝑚(2 + 𝑄)(𝑁 + 1)

�en, for each 𝜆 ∈ ((2 + 𝑄)/2𝐵, 1/2𝑚(𝑁 + 1)𝐴), the system
− Δ2𝑢𝑖 (𝑘 − 1) + 𝑞 (𝑘) 𝑢𝑖 (𝑘)

= 𝜆𝐹𝑢𝑖 (𝑘, 𝑢1 (𝑘) , . . . , 𝑢𝑚 (𝑘)) , 𝑘 ∈ [1,𝑁] ,
𝑢𝑖 (0) = 𝑢𝑖 (𝑁 + 1) = 0,

(38)

for 1 ≤ 𝑖 ≤ 𝑚, admits an unbounded sequence of solutions.

Corollary 7. Let 𝐹 : 𝑅𝑚 → 𝑅 be a 𝐶1-function and assume
that

(𝑖) 𝐹 is nonnegative in 𝑅𝑚+
(𝑖𝑖) 𝐶 < (𝑝 ∗ /𝑚(𝑃 + 𝑄)(𝑁 + 1))𝐷,

where

𝐶 fl lim inf
𝑦→+∞

max(𝑡1,...,𝑡𝑚)∈𝐾(𝑦)𝐹 (𝑡1, . . . , 𝑡𝑚)𝑦2 (39)

and

𝐷 fl lim sup
∑𝑚
𝑖=1
𝑡2
𝑖
→+∞(𝑡1,...,𝑡𝑚)∈𝑅

𝑚

+

𝐹 (𝑡1, . . . , 𝑡𝑚)∑𝑚𝑖=1 𝑡2𝑖 . (40)

�en, for each 𝜆 ∈ ((𝑃+𝑄)/2𝐷, 𝑝∗ /2𝑚(𝑁+1)𝐶), the system
− Δ (𝑝 (𝑘) Δ𝑢𝑖 (𝑘 − 1)) + 𝑞 (𝑘) 𝑢𝑖 (𝑘)

= 𝜆𝐹𝑢𝑖 (𝑢1 (𝑘) , . . . , 𝑢𝑚 (𝑘)) , 𝑘 ∈ [1,𝑁] ,
𝑢𝑖 (0) = 𝑢𝑖 (𝑁 + 1) = 0,

(41)

for 1 ≤ 𝑖 ≤ 𝑚, admits an unbounded sequence of solutions.

Remark 8. When 𝐹𝑡𝑖 (𝑘, 𝑡1, . . . , 𝑡𝑖−1, 0, 𝑡𝑖+1, . . . , 𝑡𝑚) ≥ 0 for all𝑘 ∈ [1,𝑁] and 𝑖 = 1, . . . , 𝑚, owing to Remark 2, the solutions
in the conclusion of Corollary 6 are positive.

Remark 9. When 𝐹𝑡𝑖(𝑡1, . . . , 𝑡𝑖−1, 0, 𝑡𝑖+1, . . . , 𝑡𝑚) ≥ 0 for 𝑖 =1, . . . , 𝑚, owing to Remark 2, the solutions in the conclusion
of Corollary 7 are positive.

Now we give an example to illustrate our results.

Example 10. Let 𝑚 = 2, 𝑝(𝑘) = 𝑞(𝑘) = 1 and consider the
increasing sequence of positive real numbers given by

𝑎𝑛 fl 2𝑛(𝑛+1)/2, (42)

for every 𝑛 ∈ 𝑍+.
Define the function 𝐹 : 𝑅2 → 𝑅 as follows: If (𝑡1, 𝑡2) ∈𝐵((𝑎𝑛, 𝑎𝑛), 1) for some positive integer 𝑛, then
𝐹 (𝑡1, 𝑡2) = (𝑎𝑛)2 [1 − (𝑡1 − 𝑎𝑛)2 − (𝑡2 − 𝑎𝑛)2]2 ; (43)

otherwise,

𝐹 (𝑡1, 𝑡2) = 0, (44)

where 𝐵((𝑎𝑛, 𝑎𝑛), 1) denotes the open unit ball of center(𝑎𝑛, 𝑎𝑛).
By the definition of 𝐹, we see that it is nonnegative in𝑅2+ and 𝐹(0, 0) = 0. Further it is a simple matter to verify

that 𝐹 ∈ 𝐶1(𝑅2). We will denote by 𝐹𝑡1(𝑡1, 𝑡2) and 𝐹𝑡2(𝑡1, 𝑡2),
respectively, the partial derivative of 𝐹(𝑡1, 𝑡2) with respect
to 𝑡1 and 𝑡2. Now, for every 𝑛 ∈ 𝑍+, the restriction𝐹(𝑡1, 𝑡2)|𝐵((𝑎𝑛 ,𝑎𝑛),1) attains its maximum in (𝑎𝑛, 𝑎𝑛) and one has𝐹(𝑎𝑛, 𝑎𝑛) = (𝑎𝑛)2. Obviously,

lim sup
|𝑡1|
2+|𝑡2|

2→+∞(𝑡1,𝑡2)∈𝑅
2

+

𝐹 (𝑡1, 𝑡2)𝑡12 + 𝑡22 =
12 , (45)

owing to the fact that

lim
𝑛→+∞

𝐹 (𝑎𝑛, 𝑎𝑛)
2 (𝑎𝑛)2 = 12 . (46)

On the other hand, by setting 𝑦𝑛 = 𝑎𝑛+1 − 1 for every 𝑛 ∈ 𝑍+,
one has

max
(𝑡1 ,𝑡2)∈𝐾(𝑦𝑛)

𝐹 (𝑡1, 𝑡2) = (𝑎𝑛)2 , ∀𝑛 ∈ 𝑍+. (47)

Then

lim
𝑛→+∞

max(𝑡1 ,𝑡2)∈𝐾(𝑦𝑛)𝐹 (𝑡1, 𝑡2)𝑦2𝑛 = 0, (48)

and hence

lim inf
𝑦→+∞

max(𝑡1 ,𝑡2)∈𝐾(𝑦)𝐹 (𝑡1, 𝑡2)𝑦2 = 0. (49)

Finally

0 = 𝐶 < 12 (𝑁 + 2) (𝑁 + 1)𝐷 = 14 (𝑁 + 2) (𝑁 + 1) . (50)
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The previous observations and computations ensure that
all the hypotheses of Corollary 7 are satisfied. Then, for each𝜆 ∈ (𝑁 + 2, +∞), the problem

− Δ2𝑢1 (𝑘 − 1) + 𝑢1 (𝑘) = 𝜆𝐹𝑢1 (𝑢1 (𝑘) , 𝑢2 (𝑘)) ,
𝑘 ∈ [1,𝑁] ,

− Δ2𝑢2 (𝑘 − 1) + 𝑢2 (𝑘) = 𝜆𝐹𝑢2 (𝑢1 (𝑘) , 𝑢2 (𝑘)) ,
𝑘 ∈ [1,𝑁] ,

𝑢1 (0) = 𝑢1 (𝑁 + 1) = 𝑢2 (0) = 𝑢2 (𝑁 + 1) = 0,

(51)

admits an unbounded sequence of solutions.
Taking partial derivative to 𝐹(𝑡1, 𝑡2) with respect to 𝑡1

gives

𝐹𝑡1 (𝑡1, 𝑡2)
= −4 (𝑡1 − 𝑎𝑛) (𝑎𝑛)2 [1 − (𝑡1 − 𝑎𝑛)2 − (𝑡2 − 𝑎𝑛)2] , (52)

if (𝑡1, 𝑡2) ∈ 𝐵((𝑎𝑛, 𝑎𝑛), 1) for some positive integer 𝑛;
otherwise, 𝐹𝑡1(𝑡1, 𝑡2) = 0.

It is easy to see that

𝐹𝑡1 (0, 𝑡2) = 0. (53)

In a similar way, we obtain

𝐹𝑡2 (𝑡1, 0) = 0. (54)

Consequently, according to Remark 9, problem (51) admits
an unbounded sequence of positive solutions.
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