
Research Article
Modeling a Rumor Propagation in Online Social Network: An
Optimal Control Approach

Rachid Ghazzali ,1 Amine El Bhih ,1 Adil El Alami Laaroussi ,1,2 andMostafa Rachik1

1Laboratory of Analysis Modeling and Simulation, Department of Mathematics and Computer Science,
Faculty of Sciences Ben M’Sik, Hassan II University Casablanca, BP 7955, Sidi Othman, Casablanca, Morocco
2Laboratory of Applied Sciences and Didactics, Higher Normal School Tetouan, Abdelmalek Essaadi University,
Tetouan, Morocco

Correspondence should be addressed to Rachid Ghazzali; ghazzalirachid@gmail.com

Received 29 May 2020; Accepted 14 July 2020; Published 11 August 2020

Guest Editor: Jianxin Li

Copyright © 2020 Rachid Ghazzali et al. (is is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We propose to model the phenomenon of the spread of a rumor in social networks in this paper. From an existing SIR model, we
manipulate a new one that is based on the model of cholera in order to take into account professional pages that specialize in
spreading rumors. In the second part, we introduce a control strategy to fight against the diffusion of the rumor. Our main
objective is to characterize the three optimal controls that minimize the number of spreader users, fake pages, and the cor-
responding costs. For that matter, using the maximum principle of Pontryagin, we prove the existence and we give charac-
terization of our controls. Numerical simulations are given to concretize our approach.

1. Introduction

(e phenomenon of rumor is a complex phenomenon that
has eluded man since ancient times, where it intersects many
factors and interventions, including what is natural, so-
ciological, economic, and psychological. Communities have
known over the years the emergence of many rumors that
have spread widely among them; it was also the focus of
interaction and analysis by the commanders of these soci-
eties throughout history [1]; human beings have fabricated
rumors and disseminated them for political, economic, and
social purposes [2], where they are exploited to achieve
commercial profits or to achieve victories in wars by dis-
solving fear and surrender within the enemy or with holding
confidence in their leaders. (e phenomenon of rumor has
known many changes in its composition, in line with the
change that societies know and the development of daily life
in general with the increasing use of technological instru-
ments and modern technologies in communication within
communities. (is phenomenon has witnessed a dramatic
rise and an increase in the speed of its spread. (is increase
contributes significantly to huge consequences on the other

hand. (e development of the phenomenon of rumors and
the strength of their influence and impact within societies
gave this phenomenon another dimension [3], as it became
used by the media and intelligence in competition between
countries and what is known as propaganda and polemic or
buzz by publishing some false news in whole or in part to
influence the opinions of voters by raising or decreasing the
popularity of politicians [4] as happened in the elections
between Trump and Hillary where Hillary was the most
popular and was the favorite to win until the last weeks
before the presidential election [5], where some of the
specialized communication agencies published many news
about Hillary contributed significantly to influence public
opinion tendency to Trump, who eventually won. Jennifer
et al. in their article [6] did a study in order to understand the
dynamics of this exceptional campaign in which social
media played a major role. (e website [7] gives a variety of
Trump’s Tweets grouped by topic (people, places, and things
Trump has insulted on Twitter). In 2018, Russian authorities
have considered starting to block sites like Telegram [8]
because of the danger on national security. And if some
rumors arouse ridicule, such as saying that Nicolas Cage was
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Dracula, others were of great danger; to see more in this
regard, we guide the reader to the beautiful book [9].

Mathematical modeling is one of the most important
applications of mathematics that contribute to the repre-
sentation and simulation of social, economic, biological, and
ecological phenomena and convert them into mathematical
equations that are formulated, studied, analyzed, and
interpreted [10]. In this context, many researchers have
developed different mathematical models representing the
dynamics of the rumor [11] and the elements interfering
with its spread [12–15], and especially [16] in the work [17],
authors gave a review and a study of several mathematical
models of rumor’s propagation.

1.1. RelatedWork. In 1964, Goffman and Newill developed in
their article titled “Generalization of Epidemic (eory: An
Application to the Transmission of Ideas” [18] a new concept
for modeling the transmission of ideas within a society based
on the mathematical model SIR due to the great similarity
between the two phenomena. (is model was previously used
to model the transmission of diseases and epidemics within
communities; in the introduction of their work, the authors
stated that “the process already described does not take into
account the almost endless number of complexities which
actually arise” [18]. Based on the previous work, Daley and
Kendall in their letter titled “Epidemics and Rumors” sug-
gested applying the previous idea to modeling the spread of
rumors within communities [19]. With the development of
societies and the emergence of modern technological means
(transport communication), new factors have emerged that
further complicate the phenomenon of rumor and contribute
to the large spread of rumors; this has led many researchers to
think about developing the previous model. As an example, in
the work done by Luıs M.A. Bettencourt et al. [20], they
proposed a new model taking into account new factors by
extending the SIRmodel to a SEIZRmodel with two additional
compartments. In the same context and to give time factor
more importance in the process of spread of the phenomenon,
Laarabi et al. [21] had developed another model using a
delayed rumor propagation model.(is is in addition to many
recent works that have recently been produced that take into
account several factors involved in the development of a
concept that truly simulates the dynamics of rumor propa-
gation; to take a broader view, the reader is referred to the
article [22]. With the emergence of social networks and their
impacts on communication within communities where they
are taking more and more space within the community, it
became clear that they must be taken into account as major
intervening in the spread of rumors; in this context many of
the works that adopted this hypothesis have been produced. To
take an idea of some of these works, see the article [23]. For
example, in the work [24], authors had implemented a
mathematical model in order to model the dynamics of a
rumor in social network by adding three new compartments:
reviewers, sharers, and collectors who are reviewing the
message, collecting themessage, sharing themessage, or giving
no response to the message, respectively, but in the work [25],
the authors were limited to highlight the role of users of the

network and ignore the impact of the network itself, especially
the role of pages that spread the rumor within the network.
(e loading of false information in these pages is a source of
rumor between browsers and considered as a big factor which
helps in the rapid spread of rumors, such as rivers and valleys,
which store bacteria and microbes and are a hotbed for the
multiplication and growing bacteria that transmit diseases to
humans through the use of the water of those rivers. A good
example of this similarity is the cholera epidemic. In this paper
and based on the previous hypothesis, we will exploit the
mathematical model that has been formulated to represent the
cholera epidemics [26] and combine it with the previous work
model by adding a new compartment F which represents
page’s rumor. Other models from population dynamics and
optimal controls can be found in [3, 27].

Recently, a significant amount of prior works exists in
the study of rumor detection in social networks. For ex-
ample, in [28], the authors propose a GCN-based model for
rumor detection on social media, called Bi-GCN, and they
discuss several variants of Bi-GCN to model the propagation
patterns. Ma et al. in [29] discuss the same topic involving a
novel approach to capture the temporal characteristics based
on the time series of rumor’s life cycle, for which time series
modeling technique is applied to incorporate various social
context information, while Han Guo et al. [30] propose a
novel hierarchical neural network combined with social
information (HSA-BLSTM) for rumor detection and they
test their model on two real-world datasets fromWeibo and
Twitter demonstrating outstanding performance in both
rumor detection and early detection scenarios. Li et al. [31]
give another approach, the personalized influential topic
search by proposing two random-walk based approaches in
order to measure the influence of a topic on a query user.
Moreover, Li et al. in [32] studied the problem from another
side, influence maximization; the aim is to find a limited
number of users which can influence the maximum number
of users in social networks. Li et al. in [33] continue to
improve their work by taking into account the physical
locations of the users since location is an important factor in
this process. (e same approach was discussed by Cai et al.
in [34], where they formulate a new problem of holistic
influence maximization, denoted as HIM query, for targeted
advertisements in a spatial social network.

1.2.ProblemDefinition. In [35], where the authors subdivide
the population into three compartments representing the
main actors in the dynamics of the propagation of a rumor,
these compartments are ignorant individuals, the spreaders,
and the stiflers. As we mentioned before, many agencies
specialized in propaganda dissemination have become using
social media to facilitate the spread of rumor and large
volume of users. For this purpose, special pages are created
to spread a rumor about a specific subject or target person.
(is page is promoted by fictitious users that are created for
this purpose. (ey create a private network of friends; their
friends are the first victims; every time they like or comment
on what is posted by the page or fictitious people, this ac-
tivity is displayed to all their friends or perhaps friends of
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their friends inadvertently which is promoted by this rumor
passively by them, while studies indicate that the number of
users of the networks is rising at a tremendous rate and it has
become one of the basics in the field of communication and
publicity, according to statistics [4]. It treated millions of
rumors spread daily in social networks, starting from this
model, and by adding an additional compartment, named F

as Fakes, we will build our own model which describes the
propagation of a rumor through a social network. Our idea is
to combine the classical model ISpSt with another math-
ematical model that describes the dynamics of cholera in
order to highlight the importance of fake page which are
specified in spreading fake news; in other words, since there
is a similarity between these two phenomena, we can
consider a fake page as a contaminated river which contains
bacteria; these bacteria are false information in our case. We
can use this model in order to describe the dynamics of the
rumor between the different individuals as well as bringing
out the contribution of fake pages in this process [36]. In this
paper and based on the previous hypothesis, we will exploit
the mathematical model that has been formulated to rep-
resent the cholera epidemics [36] and combine it with the
previous workmodel by adding a new compartment Fwhich
represents page’s rumor.

In this paper, in Section 2, we propose a continuous
mathematical model ISpStF that describes the dynamics of a
population that reacts in the spread of the rumor in a social
network positivity, and the boundness of the model is dis-
cussed. In 3, we present an optimal control problem for the
proposed model where we give some results concerning the
existence of the optimal control, and we characterize the op-
timal controls using the Pontryagin maximum principle in
discrete time. Numerical simulations through MATLAB are
given in Section 3.2. Finally, we conclude the paper in Section 4.

1.2.1. ISpStF. In this section, we will describe our model
ISpStF which consists of four compartments representing
the subdivision of the population that reacts in the spread of
the rumor in a social network. I, ignorant, represents users
who do not know the rumor and are susceptible to be in-
formed, Sp, spreader, represents users who spread the ru-
mor, St, stifler, represents individuals who refuse to spread
the rumor, and F, rumor’s page, represents the page spe-
cialized in spreading the rumor. (e compartment I rep-
resents the number of users who do not know the rumor and
who are susceptible to be informed; this population increases
with the rate μN which represents the new users created; an
ignorant inquires about the rumor through two ways: either
by consulting a specialized page in the diffusion of the rumor
or directly by the contact with a spreader. Some of these
users deactivate their account at a rate μI. (us, in this
compartment, we have an incoming flux equal to μN and an
outgoing flux equal to αhSpI + αeI(F/κ + F) + μI.

(e compartment Sp represents the number of people
who spread the rumor either directly or by sharing one-page
publications or by creating new publications. (us, we have
an incoming flux equal to θ(αhSpI + αeI(F/κ + F)) which
represents the proportion of the new users who will spread

the rumor. After the contact between two spreaders, one of
them decides not to diffuse the information at a rate cS2p, and
after the contact of a spreader and a stifler, the stifler suc-
ceeds to convince him that the information is false at a rate
λStSp; after a certain period, a portion of the spreaders
decide not to spread the rumor at a rate βSp.

(e compartment St represents the number of stiflers
who refuse to spread the rumor. (is number increases at a
rate (1 − θ)(αhSpI + αeI(F/κ + F)) which represents the
portion of users who knew that the information is wrong, in
addition to the flux that left the Sp compartment Sp(cSp +

λSt) + βSp and decreases with the rate μSt of stiflers who have
deactivated their accounts.

(e compartment F represents the page specialized in
the diffusion of the rumor. (is page contains malicious
publications about the rumor; in this page, Sp have the right
to publish and share these publications at rates δ1Sp and
ε2Sp, respectively, and the ignorants who consult the page
also share these publications at a rate ε1I.

(e following diagram will demonstrate the flux di-
rections of individuals among the compartments (Figure 1).

(e dynamics of this model are governed by the fol-
lowing nonlinear system:

dI

dt
� μN − αhSpI − αeI

F

κ + F
− μI,

dSp

dt
� θ αhSpI + αeI

F

κ + F
  − βSp − Sp cSp + λSt ,

dSt

dt
� (1 − θ) αhSpI + αeI

F

κ + F
  + Sp cSp + λSt  + βSp − μSt,

dF

dt
� δ1Sp + ε1I + ε2Sp.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1)

With initial values, I(0), Sp(0), St(0), and F(0) are
nonnegatives F/κ + F: logistic capacity (concentration of
rumors).

In order to demonstrate the effectiveness of the model we
have proposed, wewill present a numerical simulationwith the
following figure so that we can see how well the model adapts
to reality. Initial values are approximate data that we suggested
after studying and researching some statistics about the users
of social networks; the values are attached in the table.

From Figure 2, we note that there is no significant effect
until the 30th day, 30 days after the launch of the rumor; the
number of ignorants decreases sharply; in contrast, there is a
significant rise of spreaders and the numbers of stiflers and
pages is rising on average. (ese changes indicate that after
30 days trading rumor has becomemore andmore due to the
continuous publication of it.

1.2.2. Model Basic Properties

Theorem 1. If I(0)≥ 0, Sp(0)≥ 0, St(0)≥ 0, and F(0)≥ 0,
the solutions I(t), Sp(t), St(t), and F(t) of system (1) are
positive for all t≥ 0.
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Proof.
dI(t)

dt
� μN − αhSpI − αeI

F

κ + F
− μI

≥ − αhSpI − αeI
F

κ + F
− μI

dI(t)

dt
+ αhSp + αe

F

κ + F
+ μ I≥ 0.

(2)

where G(t) � αhSp + αe(F/κ + F) + μ. Both sides in the last
inequality are multiplied by exp(

t

0 G(s)ds).
We obtain

exp 
t

0
G(s)ds  ·

dI(t)

dt
+ G(t)exp 

t

0
G(s)ds  · I(t)≥ 0.

(3)

(en

d
dt

I(t)exp 
t

0
G(s)ds  ≥ 0. (4)

Integrating this inequality from 0 to t gives


t

0

d
ds

I(s)exp 
t

0
αhSp + αe

F

κ + F
+ μ ds  ds≥ 0. (5)

(en

I(t)≥ I(0)exp 
t

0
− αhSp + αe

F

κ + F
+ μ  ds 

⟹ I(t)≥ 0.

(6)

Similarly, we prove that I(t)≥ 0, Sp(t)≥ 0, St(t)≥ 0, and
F(t)≥ 0.

µN

µ1 µ1

µ1

β SP

γSPSt

γSPSP

SP

F

StI
θ (αh + αe)

αe

(1 – θ) (αh + αe)

Figure 1: Description diagram of the rumor dynamics.
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Figure 2: Dynamics without control strategy.
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1.2.3. Boundedness of the Solutions

Theorem 2. <e set

Ω �
I, Sp, St, F  ∈ R4

+

0≤ I + St + Sp + F≤ 1
⎧⎨

⎩

⎫⎬

⎭ (7)

is positively invariant under system (1) with initial conditions
I(0)≥ 0, Sp(0)≥ 0, St(0)≥ 0, and F(0)≥ 0 being positively
invariant for system (1).

2. The Model with Controls

Now, we introduce our controls into system (1). As control
measures to fight the spread of rumor, we extend our system
by including three kinds of controls u, v, and w. (e first
control u is to tell users that the information or publication is
false and contains a malicious rumor.(e second control v is
through the admin where he deactivates an account after
learning that it is fake or aimed at spreading the rumor. (e
last one w is also applied by the admin, this time by
deactivating the page intended to spread the rumor after the
arrival of a certain number of complaints.

With the aim of better understanding the effects of any
control measure of these strategies, we introduce three new
variables: πi, where i � 1, 2, 3, πi � 0 in the absence of
control, and πi � 1 in the presence of control. One has

dI

dt
� μN − αhSpI − αeI

F

κ + F
− μI − π1uI,

dSp

dt
� θ αhSpI + αeI

F

κ + F
  − (β)Sp − Sp cSp + λSt 

− π2vSp,

dSt

dt
� (1 − θ) αhSpI + αeI

F

κ + F
  + Sp cSp + λSt 

+βSp − μSt + π1uI,

dF

dt
� δ1Sp + ε1I + ε2Sp − π3wF.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(8)

3. Optimal Control Problem

We define the objective functional as follows:

J(u, v, w) � 
T

0
Sp(t) +

1
2

Au
2
(t) +

1
2

Bv
2
(t) +

1
2

Cw
2
(t) dt,

(9)

where A> 0, B> 0, and C> 0 are the cost coefficients:

J u
∗
, v
∗
, w
∗

(  � min
J(u, v, w)

(u, v, w) ∈ Uad
 , (10)

where Uad is the set of admissible controls defined by

Uad �
(u, v, w)

umin ≤ u(t)≤ umax
, vmin ≤ v(t)≤ vmax, wmin ≤w(t)

≤wmax t ∈ [0, T],

(11)

and (umin, vmin, wmin, umax, vmax, wmax) ∈ (]0, 1[)6.

Theorem 3. Consider the control problem with system (8).

(ere exists an optimal control (u∗, v∗, w∗) ∈ U3
ad such

that

J u
∗
, v
∗
, w
∗

(  � min(u,v,w)∈U3
ad

J u
∗
, v
∗
, w
∗

( . (12)

If the following conditions are met:

(1) (e set set of controls and the corresponding state
variables is nonempty.

(2) (e control set Uad is convex and closed.
(3) (e right-hand side of the state system is bounded by

a linear function in the state and control variables.
(4) (e integrand L(I, Sp, St, F, u, v, w) of the objective

functional is convex on Uad and there exist constants
c1 and c2 such that

L(I, S p, S t, F, u, v, w)≥ c1 + c2 |u|
2

+|v|
2

+|w|
2

 
β/2

.

(13)

Proof. (e existence of the optimal control can be obtained
using a result by Fleming and Rishel [37], checking the
following step:

Condition 1: To prove that the set of controls and the
corresponding state variables is nonempty, we will use a
simplified version of an existence result ([38], (eorem
7). Let _I � fI(t, I, Sp, St, F), _Sp � fSp

(t, I, Sp, St, F),
_St � fSt

(t, I, Sp, St, F), and _F � fF(t, I, Sp, St, F), where
fI, fSp

, fSt
, and fF form the right-hand side of the

system of 8. Let u(t) � c1, v(t) � c2, and w(t) � c3, for
some constants, and since all parameters are constants
and I, Sp, St, and F are continuous, then fI, fSp

, fSt
,

and fF are also continuous. Additionally, the partial
derivatives zfI/zI, zfI/zSp, zfI/zSt, zfI/zF, zfSp

/zI,
zfSp

/zSp, zfSp
/zSt, zfSp

/zF, zfSt
/zI, zfSt

/zSp,
zfSt

/zSt, zfSt
/zF, zfF/zI, zfF/zSp, zfF/zSt, and

zfF/zF are all continuous. (erefore, there exists a
unique solution (I, Sp, St, F) that satisfies the initial
conditions. (erefore, the set of controls and the
corresponding state variables is nonempty and con-
dition 1 is satisfied.
Condition 2: By definition, Uad is closed. Take any
control u1, u2 ∈ Uad and λ ∈ [0, 1]. (en
λu1 + (1 − λ)u2 ≥ 0.
Additionally, we observe that λu1 ≤ λ (1 − λ)

u2 ≤ (1 − λ); then λu1 + (1 − λ)u2 ≤ λ + (1 − λ) � 1.
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Hence,

0≤ λu1 +(1 − λ)u2 ≤ 1, for all u1, u2 ∈ Uad and λ ∈ [0, 1].

(14)

(erefore, Uad is convex and condition 2 is satisfied.
Condition 3: All the right-hand sides of equations of
system are continuous, bounded above by a sum of
bounded control and state, and can be written as a
linear function of u, v, and w with coefficients
depending on the time and state.(erefore, condition 3
is satisfied.
Condition 4: (e integrand in the objective functional
(9) is convex on Uad. It rests to show that there exist
constants c1, c2≻ 0, and β≻1 such that the integrand
L(I, Sp, St, F, u, v, w) of the objective functional satisfies

L I, Sp, St, F, u, v, w  � Sp(t) +
A

2
u
2
(t) +

B

2
v
2
(t) +

C

2
w

2
(t)

≥ c1 + c2 |u|
2

+|v|
2

+|w|
2

 
β/2

.

(15)

(e state variables are bounded; let c1 � Sp,
c2 � inf(A/2, B/2, C/2), and β � 2; then it follows that

L I, Sp, St, F, u, v, w ≥ c1 + c2 |u|
2

+|v|
2

+|w|
2

 
β/2

. (16)

(en, from Fleming and Rishel [37], we conclude that there
exists an optimal control.

3.1. Characterization of theOptimal Controls. In this section,
we apply Pontryagin’s maximum principle [26].(e key idea
is introducing the adjoint function to attach the system of
differential equations to the objective functional resulting in
the formation of a function called the Hamiltonian. (is
principle converts the problem of finding the control to
optimize the objective functional subject to the state of
differential equations with initial condition to find the
control to optimize Hamiltonian pointwise (with respect to
the control).

Now, we have the Hamiltonian of the optimal problem
given by

H � Sp +
1
2

Au
2

+
1
2

Bv
2

+
1
2

Cw
2

+ λ1 μN − αhSpI − αeI
F

κ + F
− μI − π1u I 

+ λ2 θ αhSpI + αeI
F

κ + F
  − (β)Sp − Sp cSp + λSt  − π2v Sp 

+ λ3 (1 − θ) αhSpI + αeI
F

κ + F
  + Sp cSp + λSt  + βSp − μSt + π1u I 

+ λ4 δ1Sp + ε1I + ε2Sp − π3w F .

(17)

Using Pontryagin’s maximum [26, 39], we can say the
following theorem.

Theorem 4. Let I∗, S∗p , S∗t , and F∗ be optimal state solutions
with an associated optimal control (u∗, v∗, w∗) for the op-
timal control problem. <en there exist adjoint variables
λ1, λ2, λ3, and λ4 satisfying

λ ′1 � − − λ1αhSp − λ1αe

F

κ + F
− λ1μ − λ1π1u + λ2θ αhSp + αe

F

κ + F
  + λ3(1 − θ) αhSpI + αeI

F

κ + F
  + λ3π1u ,

λ2′ � − 1 − λ1αhI + λ2θαhI − λ2(β) − λ2 cSp + λSt  − cλ2Sp − π2λ2v+λ3(1 − θ)αhI + λ3 cSp + λSt  + λ3cSp + λ4 ε2 + δ1(  ,

λ3′ � − − λλ2Sp + λ3λSp − μλ3 ,

λ4′ � − − λ1αeI
κ

(κ + F)2
+ λ2θαeI

κ
(κ + F)2

+ λ3(1 − θ)αeI
κ

(κ + F)2
− λ4 − π3λ4w ,

(18)
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with transversality conditions at time T. One has
λ1(T) � 1,

λ2(T) � 0,

λ3(T) � 0,

λ4(T) � 0.

(19)

Furthermore, t ∈ [0, T] and for π1 � π2 � π3 � 1, the optimal
controls u∗(t), v∗(t), and w∗(t) are given by

u
∗

� min max
π1 I λ1 − λ3( 

A
, umin , umax ,

v
∗

� min max
λ2π SpSt

B
, vmin , vmax ,

w
∗

� min max
λ4π3F

C
, wmin , wmax .

(20)

Proof. For t ∈ [0, T], the adjoint equations and trans-
versality conditions can be obtained by using Pontryagin’s
maximum principle [26, 39] such that

λ1′ � −
zH

zI
� − − λ1αhSp − λ1αe

F

κ + F
− λ1μ − λ1π1u + λ2θ αhSp + αe

F

κ + F
  + λ3(1 − θ) αhSpI + αeI

F

κ + F
  + λ3π1u ,

λ2′ � −
zH

zSp

� − 1 − λ1αhI + λ2θαhI − λ2(β) − λ2 cSp + λSt  − cλ2Sp − π2λ2v + λ3(1 − θ)αhI

+ λ3 cSp + λSt  + λ3cSp + λ4 ε2 + δ1( ,

λ3′ � −
zH

zSt

� − − λλ2Sp + λ3λSp − μλ3 ,

λ4′ � −
zH

zF
� − − λ1αeI

κ
(κ + F)2

+ λ2θαeI
κ

(κ + F)2
+ λ3(1 − θ)αeI

κ
(κ + F)2

− λ4 − π3λ4w .

(21)

For t ∈ [0, T], the optimal controls u∗, v∗, and w∗ can be
solved from the optimality condition:

zH

zu
� Au − π1λ1 I + λ3π1 I � 0⟺u �

π1 I λ1 − λ3( 

A
,

zH

zv
� Bv − λ2πv SpSt � 0⟺v �

λ2π SpSt

B
,

zH

zw
� Cw − λ4π3F � 0⟺w �

λ4π3F

C
.

(22)

For the bounds in Uad of the controls, it is easy to obtain
u∗, v∗, and w∗ given by

u
∗

� min 1, max 0,
π1 I λ1 − λ3( 

A
  ,

v
∗

� min 1, max 0,
λ2π SpSt

B
  ,

w
∗

� min 1, max 0, λ4((π3F

C)).

However, if πi � 0 where i � 1, 2, 3, the controls attached
to this case will be eliminated and removed.
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3.2. Numerical Simulation

3.2.1. Algorithm. In this section, we present the results
obtained by solving numerically the optimality system. (is
system consists of the state system, adjoint system, initial
and final time conditions, and the control characterization.
So, the optimality system is given by the following:

step 1. I0 � i0, Sp0 � sp0, St0 � st0, F0 � f0,
λ2,N � λ3,N � λ4,N � 0, λ1,N � AN, and given u∗k;0, v∗k;0,
w∗k;0

step 2. for k � 0; 1; . . . ; N − 1 do:

Ik+1 � μN − αhSp,kIk − αeIk

Fk

κ + Fk

− μ1Ik,

Sp(k+1) � θ αhSp,kIk + αeIk

Fk

κ + Fk

  − (μ + β)Sp,k − cSp,k Sp,k + St,k ,

Sp(k+1) � (1 − θ) αhSp,kIk + αeIk

Fk

κ + Fk

  + cSt,k Sp,k + St,k  + βSp,k − μSt,k,

Fk+1 � ε1N + ε2Sp,k − μ2Fk,

⋮ ⋮

⋮ ⋮

λ1,T− k � λ1,T− k+1 1 − αhSp,k − αe

Fk

κ + Fk

− μ1  + λ2,T− k+1θ αhSp,k + αe

Fk

κ + Fk

  + λ3,T− k+1(1 − θ) αhSp,k + αe

Fk

κ + Fk

 ,

λ2,T− k � 1 + λ1,T− k+1 − αhIk(  + λ2,T− k+1 1 + θαhIk − (μ + β) − 2c(  + λ3,T− k+1 (1 − θ) αhSp,k  + 2c + β  + λ4,T− k+1ε2,

λ3,T− k � λ2,T− k+1 − cSp,kSp,k  + λ3,T− k+1 1 + cSp,k − μ ,

λ4,T− k � λ1,T− k+1 − αeIk

κ
κ + Fk( 

2
⎡⎣ ⎤⎦ + λ2,T− k+1θ αeIk

κ
κ + Fk( 

2
⎡⎣ ⎤⎦ + λ3,T− k+1(1 − θ) αeIk

κ
κ + Fk( 

2
⎡⎣ ⎤⎦ + λ4,T− k+1 1 − μ2( ,

uk+1 � min b, max a,
1

Ak

λ1,T− k+1Ik − λ3,T− k+1cSp,kIk   ,

vk+1 � min d, max c,
1

Bk

− λ2,T− k+1c Sp,k 
2
St,k   ,

wk+1 � min f, max e,
1

Ck

− λ4,T− k+1Fk   ,

(24)

end for
step 3. for k � 0; 1; . . . ; N; write:

I
∗
k � Ik,

S
∗
p,k � Sp,k,

S
∗
t,k � St,k,

F
∗
k � Fk,

u
∗
k � uk,

v
∗
k � vk,

w
∗
k � wk,

(25)

end for.

In this formulation, there were initial conditions for the
state variables and terminal conditions for the adjoints. (at
is, the optimality system is a two-point boundary value
problem with separated boundary conditions at time steps
k � 0 and k � N. We solve the optimality system by an
iterative method with forward solving of the state system
followed by backward solving of the adjoint system.We start
with an initial guess for the controls at the first iteration, and
then before the next iteration, we update the controls by
using the characterization. We continue until convergence
of successive iterates is achieved.

In this paragraph, we give numerical simulation to
highlight the effectiveness of the strategy that we have
developed in the framework of eliminating the rumor and
limit its spread; the initial values are the same as in

8 Discrete Dynamics in Nature and Society



Table 1; with regard to other initial values, they proposed
values after a statistical study.

From Figure 3, we note that, after 30 days of the
implementation of the preventive strategy, effect begins to
appear where we can see again that the sharp decline in the
number can be observed, but this time accompanied by a
high number and a gradual decline for both Sp and F. (is
confirms that the proposed strategy in theory is paying off.

In this paragraph and with the aim of obtaining more
accurate information about the impact of each control
separately, we will develop a preventive strategy by applying
each of them individually; numerical analysis will show us
the effectiveness of each prevention strategy.

3.2.2. Case 1: Applying Only Control u. Since it will be
applied to ignorant individuals, we will be limited to dis-
playing and comparing the curves of Sp and St in both cases
with and without control strategy. We observe from Figure 4
that, 30 days after the implementation of the strategy, the
impact will start to appear as we note that the number will

gradually decrease until it stabilizes at 45. On the other hand,
the number of St will suddenly start to rise from about the
first day. (is change is probably due to the fact that the
control is aimed at telling the ignorant people to turn to
stifler ones. In this way, we win a number of people in the
fight against the spread of false news.

3.2.3. Case 2: Applying Only Control v. Here, we will im-
plement only control v, noting through Figure 5 that the
effect of the strategy will appear after 20 days on the number
of Sp as the number will gradually decrease. (is rapid
change is attributed to the fact that control directly targets
this group. (e number of I and St change begins to appear
after 40 to 50 days as the number of ignorant individuals is
relatively high after the implementation of the strategy in
parallel with the fact that there is a relatively high number of
St people which is considered logical and simulates reality
since the high number of St is the one that caused the
number of I to be raised due to their transfer of the correct
information to them.

Table 1: Rumor model parameters and values.

Parameter Description Value
αh (e proportion of ignorants who become spreaders after discussing with a spreader (0.05/day)
αe (e proportion of ignorants who become spreaders after consulting a page of rumor (0.07/day)
θ (e proportion of ignorants who become spreaders (0.85/day)
(1 − θ) (e proportion of ignorants who become stiflers (0.15/day)
μ New users and deactivated users 0.08
β (e proportion of spreaders who become stiflers (0.2/day)
c (e proportion of spreaders who become stiflers after contacting another spreader (0.005/day)
ε1 (e rate of shared publications of rumor page by ignorants (0.05/day)
ε2 (e rate of shared publications of rumor page by spreaders 0.1/day
δ1 New rumor pages created by spreaders 0.4/day
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Figure 3: Dynamics with controls u, v, and w.
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Figure 5: Dynamics with controls v.
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Figure 4: Dynamics with controls u.
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Figure 6: Dynamics with controls w.
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3.2.4. Case 3: Applying Only Control w. In the last case, we
apply only control w. Note through Figure 6 that the effect
begins immediately (after about 5 days); for the number of
ignorants, we note that there is a gradual decline which is less
than the number of ignorant in the absence of control; this is
mainly due to low sources of rumors; the same observation is
for spreader’s number; it rises relatively weaker and is
stabilizing at 60 thousand ones; the same thing gets with the
number of stiflers where we observe that it rises up to the
limits of 25 thousands; the number of pages further rises
until the value reaches 15. (ese observations clearly il-
lustrate the importance of this strategy in the fight against
the spread of rumors, where we see the speed of its impact
and also to reach the stage of stability after its application
since it targets the sources of rumors directly.

4. Conclusion

In this paper, we give a new simple mathematical model
which describes the dynamics of rumor propagation through
social network. (e model is based on two compartmental
models by combining them in order to take into account
more factors that are involved in the dynamic. (ree control
strategies were introduced, and referring to the introduction
of three new variables πi, i � 1, 2, 3, we could study and
combine several scenarios in order to see the impact and the
effect of each one of these controls on the reduction of the
rumor spread. (e goal is achieved and the numerical
resolution of the system with difference equations as well as
the numerical simulations enabled us to compare and see the
difference between each scenario in a concrete way. (e
purpose of the work is achieved and we have proved the
effectiveness of our strategy and its importance in fighting
the spread of any rumor throughout any social network.
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