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'e value of an option plays an important role in finance. In this paper, we use the Black–Scholes equation, which is described by
the nonsingular fractional-order derivative, to determine the value of an option. We propose both a numerical scheme and an
analytical solution. Recent studies in fractional calculus have included new fractional derivatives with exponential kernels and
Mittag-Leffler kernels. 'ese derivatives have been found to be applicable in many real-world problems. As fractional derivatives
without nonsingular kernels, we use a Caputo–Fabrizio fractional derivative and a Mittag-Leffler fractional derivative. Fur-
thermore, we use the Adams–Bashforth numerical scheme and fractional integration to obtain the numerical scheme and the
analytical solution, and we provide graphical representations to illustrate these methods.'e graphical representations prove that
the Adams–Bashforth approach is helpful in getting the approximate solution for the fractional Black–Scholes equation. Finally,
we investigate the volatility of the proposedmodel and discuss the use of the model in finance.Wemainly notice in our results that
the fractional-order derivative plays a regulator role in the diffusion process of the Black–Scholes equation.

1. Introduction

'ere are many mathematical models [1–3] used in finance
to predict the values of cost, revenue, and options. In this
paper, we address the application of fractional calculus in
economics and finance. Fractional derivatives occupy an
important place in fractional calculus, so this paper inves-
tigates the use of fractional derivatives for modeling financial
and economic models. 'e Black–Scholes model is an im-
portant tool used in finance to predict the value of an option
[2]. 'ere are many styles of options: European options
[3, 4], American options [5, 6], and Asian options. 'e
pricing of options is a subject that has been very intensely

debated in economics. So far, the economic and financial
literature continues to take an interest in this subject. Today,
the questions arise concerning alternative methods for
pricing European options, which are derivatives that can
only be exercised at maturity. 'e literature is also interested
in the valuation of American options (there is not yet a
consensus model). American options are derivatives that can
be exercised at any time. 'e methodology proposed in this
paper, therefore, makes it possible to price a European
option. It could be extended to American and Asian options
and knock-in and knock-out barrier options. Another
possible application is the determination of the default risk
of bonds listed on the financial market. 'e model could
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possibly be applied to determine the unknowns of the
Merton–Black–Scholes-based model. Note that predicting
the exact value of the American option is an ongoing
problem that is generally not common knowledge. For
European options, the model proposed by Black and Scholes
[2] has an exact analytical solution and a numerical scheme
and that analytical solution uses the normal distribution.'e
use of the normal distribution in the formula for an option is
not always suitable; thus, our work proposes an analytical
solution to this problem using recursive approximation that
avoids the need for a normal distribution in the formula for
the value of a European option.

Some studies in the context of fractional calculus have
investigated the use of the Black and Scholes equation for
European options. Much of this research has involved the
use of the Caputo–Liouville and the Riemann–Liouville
derivatives. In [4], Fall et al. offered a new work on fractional
Black–Scholes equations described by the generalized
fractional derivative. In [4], the authors present a new
procedure to obtain the analytical solutions of the fractional
Black–Scholes model, which is called the homotopy per-
turbation method. Sawangston et al. proposed an analytical
solution for the fractional Black–Scholes equation with the
Caputo–Liouville derivative in [7]. 'e research in [8] of-
fered an analytical solution for the fractional Black–Scholes
described by the conformable derivative. For more nu-
merical schemes proposed for the Black–Scholes equation,
see [1, 6, 9–13]. For other numerical procedures in other
differential equations, the readers can refer to [14–20].

Modeling the physical phenomena using the fractional-
order derivative has many advantages. First of all, it permits
us to study the differential models with arbitrary noninteger-
order derivatives. Second, it permits us to take into account
the memory effect; that is, the next behavior of the dynamic is
explained by the past behavior of the dynamic. As we will
observe in this paper, the fractional-order derivative can play
a regulator role in differential dynamics. In this paper, we
investigate and introduce the fractional Black–Scholes
equation described by a new fractional-order derivative: the
Mittag-Leffler fractional derivative [21]. We prove this can be
used in finance to evaluate the value of an option. Note that
the new model uses the Atangana–Baleanu derivative and
takes into account the integer-order time derivative. We
propose a numerical scheme of the introduced model using
the Adams–Bashforth method and an analytical solution
using the recursive procedure proposed by Liao in [22]. Fi-
nally, we use the analytical solution to analyse the volatility of
the option to a change in the price of the underlying security.

'is manuscript is structured as follows: In Section 2, we
define the fractional derivatives with Mittag-Leffler kernels. In
Section 3, we introduce and discuss the fractional Black-
–Scholes equation described by the Mittag-Leffler fractional
derivative. In Section 4, we prove the existence and uniqueness
of our introduced model. In Section 4, we describe the
Adams–Bashforth method. In Section 5, we propose the nu-
merical discretization of the fractional Black–Scholes equation.
In Section 6, we propose an analytical solution for the
Black–Scholes equation described by the Atangana–Baleanu
fractional derivative. In Section 7, we analyse the volatility of

the fractional Black–Scholes equation, and in Section 8, we
present graphical representations and a discussion. Section 9,
includes our final remarks and conclusions.

2. Fractional Operators without
Singular Kernels

In this section, we recall the definitions of fractional de-
rivatives with nonsingular kernels. Fractional calculus began
with the Riemann–Liouville fractional derivative and the
Caputo–Liouville fractional derivative; for definitions, refer
to [23–25]. 'ese two derivatives were proposed in response
to Leibniz’s question in 1695. Many other fractional de-
rivatives were introduced in the literature after this date and
have been applied in physics, mechanics, and mathematical
modeling [25–31]. Some properties were lost in modeling
real-world phenomena, specifically the physical aspects.
Recently, Caputo and Fabrizio proposed a new fractional
derivative with an exponential kernel [32] and gave it an
associated fractional integral. 'e main advantage of this
fractional derivative is its lack of singularity, and it can be
used in modeling many physical phenomena [26, 33]. 'e
definitions are given in the following.

Definition 1 (see [32]). 'e Caputo–Fabrizio fractional
derivative of the function u: R × [0, +∞[⟶ R of order α
is defined in the form

D
CF
α u(y, t) �

M(α)

1 − α


t

0
u′(y(s), s)exp −

α
1 − α

(t − s) ds,

(1)

where t> 0 and the order α ∈ (0, 1), with the normalization
term satisfying M(0) � M(1) � 1.

Definition 2 (see [32]). 'e Caputo–Fabrizio integral for a
given function u: R × [0, +∞[⟶ R, of order α ∈ (0, 1], is
defined in the form

I
CF
α u(y, t) �

2(1 − α)

(2 − α)M(α)
u(y, t)

+
2α

(2 − α)M(α)


t

0
u(y(s), s)ds,

(2)

for all t> 0 and the order α ∈ (0, 1), with the normalization
term satisfying M(0) � M(1) � 1.

'e exponential form is a particular case of the Mittag-
Leffler function. Motivated by the fact that the Cauchy
problem with the Caputo–Fabrizio derivative generates a
solution with an exponential function, Atangana and
Baleanu proposed another fractional derivative with a
Mittag-Leffler kernel in 2016 [21]. In other words, we can
translate the Cauchy equation using Caputo–Fabrizio as the
first-order equation with an integer-order derivative.

Definition 3 (see [21]). 'e Atangana–Baleanu–Caputo
derivative for a function u: R × [0, +∞[⟶ R, of order
α ∈ (0, 1], is defined in the form
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D
ABC
α u(y, t) �

B(α)

1 − α


t

0
u′(y(s), s)Eα −

α
1 − α

(t − s)
α

 ds,

(3)
for all t> 0, where the function Γ(. . .) is the Euler gamma
function and Eα(·) denotes the Mittag-Leffler function, with
the normalization term satisfying B(0) � B(1) � 1.

Definition 4 (see [21]). 'e Atangana–Baleanu integral for a
given function u: R × [0, +∞[⟶ R, of order α ∈ (0, 1], is
defined as the form

I
AB
α u(y, t) �

1 − α
B(α)

u(y, t)

+
α

B(α)

1
Γ(α)


t

0
(t − s)

α− 1
u(y(s), s)ds,

(4)

for all t> 0, where the function Γ(. . .) is the Euler gamma
function and Eα(·) denotes the Mittag-Leffler function, with
the normalization term satisfying B(0) � B(1) � 1.

We were motivated to consider these two fractional
derivatives because of their successful application in mod-
eling real-life phenomena. In this paper, we apply the
Atangana–Baleanu fractional derivative in modeling the
value of options and investigate the fractional Black–Scholes
equation described by the Atangana–Baleanu–Caputo
fractional derivative.

3. Black–Scholes in the Context of Mittag-
Leffler Fractional Derivative

In this section, we introduce the Black–Scholes equation in
the context of the Atangana–Baleanu fractional derivative.
We begin by recalling the classical model proposed by Black
and Scholes [2]. Let the asset price be S at time, the constant
volatility of an underlining asset be represented by the
parameter σ, and μ be the expected rate of return. Myron and
Fischer stipulated that the stock price follows a Brownian
motion denoted by the parameter w; thus, we have the
following:

dS � μSdt + σSdw. (5)

Note that equation (5) describes the asset price S as
Brownian motion and represents a particular case of Ito’s
lemma. 'ere are two types of derivations in the literature
for pricing options: in this paper, we use Fisher and Myron’s
derivation. Black and Scholes expressed the value of the
portfolio denoted by P in the following form:

dP � dV −
zV

zS
dS, (6)

where V represents the value of an option. We have
decomposed the portfolio into the value of the option and
the asset price. zV/zS dS denotes the asset price obtained per
year. Using Ito’s lemma, equation (6) can be represented in
the following form:

dP �
zV

zτ
+ μS

zV

zS
+
σ2

2
S
2zV2

zS2
−

zV

zS
Sμ dt

+ σS
zV

zS
− σ

zV

zS
S dw.

(7)

Taking into account the interest rate r into the value of
the portfolio, we express equation (6) in the following form:

dP � rVdt − r
zV

zS
Sdt. (8)

Combining equations (7) and (8), the differential
equation which calculates the value of a European option is
given by the following equation:

zV

zt
+
σ2

2
S
2z

2V

zS2
+ rS

zV

zS
− rV � 0. (9)

We made the following assumptions related to equation
(9): it considers a European option, the risk-less interest rate
r is constant, and there are no transaction costs, and we
authorize the possibility to buy and to sell any number of
stocks with no restriction to short selling at the last moment.
'e boundary conditions for equation (9) are defined as
V(0, t) � 0, V(S, T) ≈ S as S⟶∞, and the terminal
condition is given by

V(S, T) � max(S − E, 0), (10)

where the parameter E denotes the strike price of the un-
derlying stock and T represents the expiration time. For the
European option, we have the possibility to buy and to exercise
the option with no obligation at time T. 'at means we can sell
the risky asset to a seller at a strike price E. Equation (10) can be
explained as follows: we exercise the option at time T when the
condition E< S is held. 'at is, V(S, T) � max(S − E, 0) �

S − E; in other words, the buyer receives the playoff S − E. 'e
benefit is in selling the asset to the seller of the contract rather
than on the financial market. When the condition S<E is held,
the contract is not good for the buyer, and the buyer can sell the
risky asset for a larger price on the financial market.

'e use of equation (9) for the analytical solution or the
numerical scheme is not trivial, but equation (9) is a dif-
fusion equation and can be rewritten more simply. We use
the following changes to the variables described by the
relationships:

S � Ee
x
,

t � T −
2τ
σ2

,

V � Eu(x, t).

(11)

From which it follows the classical Euler equation given
by

zu

zτ
�

z2u

zx2 +(k − 1)
zu

zx
− ku, (12)

with the initial boundary condition defined by
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u(x, 0) � max e
x

− 1, 0( , (13)

where k � 2r/σ2 denotes the balance between the free in-
terest rate and the volatility of the stocks. 'e difference
between equation (9) and equation (12) shows the transition
between the finance model and the physical model. Note that
it was provided in fractional calculus; many models de-
scribed by the classical derivative as in equation (9) cannot
describe the real behavior of the modeled phenomena. It has
been proved that many real-world problems follow frac-
tional phenomena. Equation (12) is a diffusion equation, and
there are many diffusion processes in physics, such as
subdiffusion, superdiffusion, ballistic diffusion, and hyper-
diffusion, which equation (12) does not take into account.
'is problem requires the introduction of a fractional de-
rivative that takes into account all types of diffusion pro-
cesses. In this paper, we replace the ordinary time derivative
with the fractional-order time derivative, and we describe
the fractional differential equation which we consider using
the following fractional differential equation:

D
ABC
α u �

z2u

zx2 +(k − 1)
zu

zx
− ku, (14)

with the initial boundary condition defined by

u(x, 0) � max e
x

− 1, 0( . (15)

In the next section, we try to prove our newmodel is well
defined, admit a unique solution, and use numerical and
analytical methods to approach it. For the readers and more
understanding of the paper, we summarize the description of
the parameters used in this paper in Table 1.

4. Adams–Bashforth Numerical Approach

In this section, we describe the procedure of discretization
used in this paper. 'e method is called the
Adams–Bashforth numerical scheme and was introduced in
fractional calculus by Atangana in [34]. Adams–Bashforth is
a useful method that involves the following fundamental
theorem [34].

Theorem 1 (see [34]). 4e solution of the fractional differ-
ential equation described by DABC

α v � f(v, t) with initial
boundary condition v(0) satisfies the following relationship:

v(t) − v(0) �
1 − α
B(α)

f(v, t) +
α

B(α)


t

0
(t − s)

α− 1
f(v, s)ds.

(16)

'e approximation of the function f uses a Lagrange
polynomial, which is the main novelty of Atangana’s pro-
posed numerical approximation. 'e following relationship
describes the Lagrange polynomial:

p(t) �
t − tn−1

tn − tn−1
f vn, tn(  +

t − tn−1

tn−1 − tn

f vn−1, tn−1( . (17)

Using equation (17), the discretized approximation of
equation (16) at time tn+1 and tn, considering h � tn − tn−1 as
described in [34], is obtained by the following equation:

v tn+1(  − v tn(  � θ(α, 1) + θ(α, 2), (18)

where the function θ(α, 1) is given by the expression de-
scribed in the following equation:

θ(α, 1) � f vn, tn( 
1 − α
B(α)

+
α

B(α)Γ(α)h

2htα+1
n+1
α

−
tα+1
n+1

α + 1
  −

α
B(α)Γ(α)h

htαn
α

−
tα+1

α + 1
  , (19)

and where the function θ(α, 2) is given by the expression
described in the following equation:

θ(α, 2) � f vn−1, tn−1( 
α − 1
B(α)

−
α

B(α)Γ(α)h

htαn+1
α

−
tα+1
n+1

1 + α
+

tα+1

B(α)Γ(α)h
  . (20)

'e above discretization proposed by Atangana in [34] is
very useful in numerical solutions for fractional differential
equations described by certain fractional derivatives, such as
the Caputo fractional derivative and the fractional derivative
with the Mittag-Leffler kernel. 'e application of the
Adams–Bashforth scheme uses the discretization of the
terms f(vn, tn) and f(vn−1, tn−1). We can do the standard
discretization procedures to discretize them. Here, we use
the central difference schemes for the second-order space
derivative and numerical approximation of the first-order
space derivative. Before moving on, we look at the stability of
the method used and see that stability is obtained when the

function f is Lipschitzian. Using equations (19) and (20), the
following relationship is obtained:

v tn+1(  − v tn(  �
1 − α
B(α)

f vn, tn(  − f vn−1, tn−1(  

+Ω(α, 1) −Ω(α, 2),

(21)

where the function Ω(α, 1) is given by the relationship

Ω(α, 1) �
α

B(α)


tn+1

0
tn+1 − s( 

α−1
f(v, s)ds, (22)
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and the function Ω(α, 2) is given by the relationship

Ω(α, 2) �
α

B(α)


tn

0
tn − s( 

α−1
f(v, s)ds. (23)

We will find a threshold for the function
Ω(α, 1) −Ω(α, 2) by applying the Euclidean norm:

‖Ω(α, 1) −Ω(α, 2)‖≤
α

B(α)


tn+1

0
tn+1 − s( 

α−1
f(v, s)ds −

α
B(α)


tn

0
tn − s( 

α−1
f(v, s)ds

�������

�������

≤
α

B(α)


tn+1

0
tn+1 − s( 

α−1
f(v, s)ds

�������

�������
+

α
B(α)


tn

0
tn − s( 

α−1
f(v, s)ds

�������

�������

≤
α

B(α)


tn+1

0
tn+1 − s( 

α−1
‖f(v, s)‖ds +

α
B(α)


tn

0
tn − s( 

α−1
‖f(v, s)‖ds

≤
αM

B(α)


tn+1

0
tn+1 − s( 

α−1ds +
αM

B(α)


tn

0
tn − s( 

α−1ds

≤
αM

B(α)Γ(α + 1)
t
α
n+1 + t

α
n  �

αMhα

B(α)Γ(α + 1)
(n + 1)

α
+(n)

α
 .

(24)

Using the assumption tn � nh, we get the following
relationship:

‖Ω(α, 1) −Ω(α, 2)‖≤
αMhα

B(α)Γ(α + 1)
(n + 1)

α
+(n)

α
 .

(25)

Applying the norm to both sides of equation (21), we
obtain the following relationships:

v tn+1(  − v tn( 
����

����≤
1 − α
B(α)

f vn, tn(  − f vn−1, tn−1(  
����

����

+‖Ω(α, 1) −Ω(α, 2)‖,

≤
1 − α
B(α)

f vn, tn(  − f vn−1, tn−1(  
����

����

+
αMhα

B(α)Γ(α + 1)
(n + 1)

α
+(n)

α
 .

(26)

From equation (26), it can be seen that when the
function f is locally Lipschitz and h converges to zero, we
obtain the following relationship:

v tn+1(  − v tn( 
����

����⟶ 0. (27)

We can conclude the Adams–Bashforth numerical
scheme is unconditionally stable. In the next section, we
apply the Adams–Bashforth numerical scheme to the nu-
merical approximation of the fractional Black–Scholes
equation described by the fractional derivative with Mittag-
Leffler.

5. Numerical Approach for Fractional
Black–Scholes Equation

In this section, we describe the Adams–Bashforth numerical
scheme for the fractional Black–Scholes equation repre-
sented by the Atangana–Baleanu fractional derivative. Let us
begin the numerical approximation of the fractional
Black–Scholes equation. Let tn � nh. 'e Adams–Bashforth
numerical scheme for the fractional Black–Scholes equation
described by the Atangana–Baleanu fractional derivative
takes the following form:

u tn+1(  − u tn(  � θ(α, 1) − θ(α, 2), (28)

where the function θ(α, 1) is given by the expression de-
scribed in the following equation:

Table 1: Parameters of the Black–Scholes equation.

Parameters Description of the parameters.
V and T 'e value of an option and the expiration time, respectively.
σ 'e volatility of the underlining stock.
k 'e balance between the free interest rate and the volatility of the stock.
r 'e risk-less interest rate.
E and S 'e strike price of the underlying stock and the asset price, respectively.
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θ(α, 1) � f un, tn( 
1 − α
B(α)

−
α

B(α)Γ(α)
h
α 2(n + 1)α

α
−

(n + 1)α+1

α + 1
  −

α
B(α)Γ(α)

h
α (n)α

α
−

(n)α+1

α + 1
  , (29)

and where the function θ(α, 2) is given by the expression
described in the following equation:

θ(α, 2) � f un−1, tn−1( 
1 − α
B(α)

−
α

B(α)Γ(α)
h
α (n + 1)α

α
−

(n + 1)α+1

α + 1
+

nα+1

B(α)Γ(α)h
  . (30)

'e next step consists of finding the discretization of the
functions f(vn, tn) and f(vn−1, tn−1). In the Black–Scholes
equation, the function f is given by

f(u, t) �
z2u

zx2 +(k − 1)
zu

zx
− ku. (31)

Using the central difference approximation for the
second-order derivative with respect to the space coordinate
and the numerical approximation for the space derivative,
we obtain the following discretization at the points un and tn

for the function f:

f un, tn(  �
un

j+1 − 2un
j + un

j−1

Δx2 +(k − 1)
un

j+1 − un
j−1

2Δx

− ku
n
j + O(Δx).

(32)

Using the central difference approximation again for the
second-order derivative with respect to the space coordinate
and the numerical approximation for the space derivative,

we obtain the following discretization at the points un−1 and
tn−1 for the function f:

f un−1, tn−1(  �
un−1

j+1 − 2un−1
j + un−1

j−1

Δx2 +(k − 1)
un−1

j+1 − un−1
j−1

2Δx

− ku
n−1
j + O(Δx).

(33)

Numerical discretization using the Adams–Bashforth
method for the Black–Scholes equation is obtained by
combining equations (28)–(33). 'at is,

u
n+1
j � u

n
j + θ(α, 1) − θ(α, 2). (34)

For the computation of our numerical schemes, we make
some changes to the variables, such that the terms depending
on n, h, and α are constants. 'us, we rewrite θ(α, 1) and
θ(α, 2), respectively, as in the following relationships:

H(n, h, α, 1) �
1 − α
B(α)

−
α

B(α)Γ(α)
h
α 2(n + 1)α

α
−

(n + 1)α+1

α + 1
  −

α
B(α)Γ(α)

h
α (n)α

α
−

(n)α+1

α + 1
  , (35)

H(n, h, α, 2) �
1 − α
B(α)

−
α

B(α)Γ(α)
h
α (n + 1)α

α
−

(n + 1)α+1

α + 1
+

nα+1

B(α)Γ(α)h
  . (36)

Finally, the numerical scheme using the
Adams–Bashforth method for the fractional Black–Scholes
equation is given by

u
n+1
j � u

n
j + H(n, h, α, 1)

un
j+1 − 2un

j + un
j−1

Δx2 +(k − 1)
un

j+1 − un
j−1

2Δx
− ku

n
j 

− H(n, h, α, 2)
un−1

j+1 − 2un−1
j + un−1

j−1

Δx2 +(k − 1)
un−1

j+1 − un−1
j−1

2Δx
− ku

n−1
j .

(37)

To complete the numerical discretization given in
equation (37), we recall the discretized form of the initial
boundary condition described by the following
expression:

u
n
0(x) � max e

x
− 1, 0( . (38)
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6. Analytical Solution for Fractional
Black–Scholes Equation

In this section, we use the fractional integrator to propose the
analytical solution of the fractional Black–Scholes equation
described by the Atangana–Baleanu fractional derivative. 'e
method is described in the following theorem.

Theorem 2. 4e solution of the fractional differential
equation described by DABC

α v � f(v, τ) with initial boundary
condition v(0) satisfies the following relationship:

vn+1(τ) − vn+1(0) �
1 − α
B(α)

f vn, τ(  +
α

B(α)

τ

0
f s, vn( ds,

(39)

where n � 0, 1, 2, . . . Furthermore, the solution is given by

v(x, τ) � v0(0) + v1(τ) + v2(τ) + . . . . (40)

Consider the fractional Black–Scholes equation (14).
Using 4eorem 2, with assumption u1(x, 0) � 0, we have the
following solution, which is the first step:

u1(x, τ) � u1(x, 0) +
1 − α
B(α)

k max e
x
, 0(  − max e

x
− 1, 0( (  +

k max ex, 0( ) − max ex − 1, 0( )( )τα

B(α)Γ(1 + α)

�
1 − α
B(α)

k max e
x
, 0(  − max e

x
− 1, 0( (  +

αk max ex, 0( ) − max ex − 1, 0( )( )τα

B(α)Γ(1 + α)

� k max e
x
, 0(  − max e

x
− 1, 0( (  

1 − α
B(α)

+
ατα

B(α)Γ(1 + α)
 .

(41)

Under assumption u2(x, 0) � 0, again using equation
(39), the second step gives the following solution:

u2(x, τ) � k
2 max e

x
, 0(  − max e

x
− 1, 0( (  (1 − α)

1 − α
B(α)

+
ατα

B(α)
Γ(1 + α) 

− k
2 max e

x
, 0(  − max e

x
− 1, 0( (  (α)

(1 − α)τα

B(α)Γ(1 + α)
+

ατ2α

B(α)Γ(1 + 2α)
 .

(42)

We adopt the procedure described in 'eorem 2 for
the rest of the steps. 'e following expression gives the
approximate solution of the fractional Black–Scholes
equation in the context of the Mittag-Leffler fractional
derivative:

u(x, τ) � u(x, 0) + u1(x, 0) + u2(x, 0) + . . . . (43)

We recover the approximate solution of the classical
Black–Scholes equation when α � 1. In the context of the
Mittag-Leffler fractional derivative, when we suppose α � 1,
we get the following form:

u(x, τ) � u(x, 0) + u1(x, 0) + u2(x, 0) + . . .

� max e
x

− 1, 0(  + k max e
x
, 0(  − max e

x
− 1, 0( (  τ

− k
2 max e

x
, 0(  − max e

x
− 1, 0( (  τ2 + . . .

� max e
x

− 1, 0(  1 − e
− kτ

  + max e
x
, 0( e

− kτ
.

(44)

Due to space limitation, all term are not written. Finally,
we describe the analytical solution for the classical Black-
–Scholes equation (12) in the following form:

u(x, τ) � max e
x
, 0(  1 − e

−kτ
  + max e

x
− 1, 0( e

−kτ
.

(45)

'e method adopted here gives a solution which is in
good agreement with the classical solution of the Black-
–Scholes equation (12). Let us prove our solution (45) is
another representation for the traditional solution of the
Black–Scholes equation using the following:

V(S, E) � SN d1(  − Ee
−kτ

N d2( , (46)

where N designs the normal distribution function,
d1 � (log(S/E) + (r + σ2/2)(T − t))/σ

�����
T − t

√
, and

d2 � d1 − σ
�����
T − t

√
. Note in the case “in the money,” that is,

E< S, we have high volatility; in other words, we have the
following equation:

N d1(  � N d2(  � 1. (47)

From which, we rewrite equation (46) as the following
form:

V(S, E) � S − Ee
−kτ

. (48)

Equation (48) represents the value of the option “in the
money.”We recover this value with the solution proposed in
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equation (45) using the following reasoning. Note that in the
case “in the money,” there exists the following relationship:

max e
x
, 0(  � e

x
,

max e
x

− 1, 0(  � e
x

− 1.
(49)

Now, we replace ex � S/E into equation (45), and using
the assumption posed in equation (11), we obtain the fol-
lowing relationship:

u(x, τ) �
S

E
1 − e

−kτ
  −

S

E
− 1 e

− kτ

�
S

E
− e

− kτ
.

(50)

Multiplying the function u by E as in equation (11), we
obtain

V(S, E) � S − Ee
− kτ

. (51)

We can see that the solution represented in equation (48)
and the solution in equation (51) are the same. 'us, our
analytical solution can be used in finance to determine the
value of an option, satisfying the Black–Scholes equation.

Note that, in the money “call” is when the price of the
underlying asset is higher than the strike price. It is in the
interest of the holder of the option to exercise it. He/she has
made good anticipations (S>E); in this case, the value of the
option is given by the formula V � max(S − E, 0) � S − E.
Out of the money “call” is when the price of the underlying
asset is lower than the strike price. It is not in the interest of
the option holder to exercise the option. He/she has made
wrong expectations (S<E); in this case, the value of the
option is given by V � max(S − E, 0) � 0. In the money
“put” is when the price of the underlying asset is lower than
the strike price. It is in the interest of the option holder to
exercise the option. He/she has made good anticipations
(S<E); in this case, the value of the option is given by
V � max(E − S, 0) � E − S. Out of the money “put” is when
the price of the underlying asset is higher than the strike
price. It is not in the interest of the option holder to exercise
the option. He/she has made wrong anticipations (S>E); in
this case, the value of the option is given by
V � max(E − S, 0) � 0.

7. The Volatility of the Fractional
Black–Scholes Equation

In this section, we analyse the volatility of the fractional
Black–Scholes equation using an analytical solution. In the
market, we can buy the call and put with different strike
prices and maturity. 'e volatility analyses the liquidity of
the cost of the call and the put in the market. Many types of
volatility can be generated by the Black–Scholes equation. In
general, volatility measures risk in the financial markets.
Volatility is used to control both upward and downward
movements. It is calculated from log returns. 'e delta is
part of the Greek letters of options. It is the derivative of the
price of the call or put option in relation to the price of the
underlying asset. It is used for trading, arbitrage, or hedging

operations on options. It is an important indicator of market
risk management. 'e Basel Committee on International
Banking Regulation recommends that banks use delta for
exposures to options. In reality delta is a sensitivity factor.

Here, we recall the formula of the volatility delta of the
fractional Black–Scholes equation. 'e delta measures the
sensitivity of the option price to a change in the price of the
underlying security. Under variable changes, this is
expressed as follows:

δ �
zu

zx
. (52)

Using the approximate solution (52), it is clear that the
sensitivity of the option price to a change in the price of the
underlying security does not depend on the fractional-order
and is given by

δ � max e
x
, 0( . (53)

Given the conditions in equation (11), the volatility of
the option price to a change in the price of the underlying
security is given by

δ � max
S

E
, 0 . (54)

Earlier, we stated that the volatility studied in this paper
does not depend on the order of the fractional derivative or
the balance between the free interest rate and the volatility of
the stocks k. 'is remark can be explained simply from the
fact that, except for the first term u(x, 0), we have the
following relationship:

zui

zx
� 0, (55)

for all i � 1, 2, 3, . . . .. Figure 1 shows the volatility surface of
the option price to a change in the price of the underlying
security in Figure 1.

'e volatility surface gives the sensitivity of the option
price when the asset price S and the strike price of the
underlying stock E both vary in time. Let the asset price S be
fixed, and let the strike price of the underlying stock E vary
in time. 'e behavior of the volatility can be seen in Fig-
ure 2. In other words, we can see that when S<E, the
volatility decreases rapidly and converges to zero. Let the
underlying stock E and the asset price S vary in time. 'e
behavior of the volatility can be seen in Figure 2. 'us, we
can see in Figure 2 that when E< S, the volatility quickly
increases linearly and converges to infinity. We note high
volatility.

8. Graphical Representations and Discussion

In this section, we illustrate our results graphically. Spe-
cifically, we depict the behavior of the solutions of the
fractional Black–Scholes equation obtained with numerical
schemes and the recursive method. We begin with the
approximate solution generated by the recursive method
previously described in Section 7. In this context, we con-
sider the solution with three iterations given by equation
(43). Figure 3 shows the behavior of the approximate
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solution for the fractional Black–Scholes equation with the
Atangana–Baleanu fractional derivative with order α � 0.5
and the balance between the free interest rate and the
volatility of the stocks k � 2. 'e constant k is obtained with
the risk-free interest rate to expiration r � 0.04 and the
volatility of the stocks σ � 0.2 [35].

Figure 4 shows the behavior of the approximate solution for
the fractional Black–Scholes equationwith theAtangana–Baleanu
fractional derivativewith order α � 1 and the balance between the
free interest rate and the volatility of the stocks k � 2.

Figure 5 depicts the analytical solution with the recursive
method and the approximate solution obtained with the
Adams–Bashforth numerical scheme. We suppose t � 1 and
α � 0.5 and observed the numerical solution, and the ap-
proximate analytical solution is in good agreement.

'e main question now is how to find the optimal order
of α. In our previous example, we depicted the figures by
choosing the order α � 0.5 or α � 1. A complicated method
is required to find the optimal order α in fractional calculus.
First, we must collect the data in the considered market.
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Figure 1: Volatility surface of the Black–Scholes equation.
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Figure 3: Behavior of the Black–Scholes equation with α � 0.5.
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Second, we create a figure generated by the obtained data,
and finally, we proceed by interpolation to find an order α.

To support the numerical discretization, we describe in
Table 2 the different values of the options generated by our
numerical scheme, and we compare them with values ob-
tained with the homotopy perturbation method. In other
words, the robustness of the used numerical scheme is
authenticated by comparing the numerical and analytical
results in Table 2. In Table 2, we consider α � 0.5, the risk-
free interest rate to expiration α � 0.5, the volatility of the
stocks σ � 0.2, the volatility of the stocks k � 2[35], and the
strike price of the underlying stock E � 10.

We mainly observe that the results in Table 2 are in good
agreement with the results on the Black–Scholes equation
studied in terms of the Caputo derivative in [35]. In general,
we also notice that the order of the fractional derivative has a
significant impact on the value of the options. In this in-
vestigation, the order α has a regulator impact, and we notice

in Table 2 that the values obtained using the fractional order
are more beneficial rather than the values obtained with the
classical derivative in the financial market.

9. Conclusion

In this paper, we have discussed the numerical scheme and
the analytical solution for the fractional Black–Scholes
equation described by the Atangana–Baleanu derivative. As
observed, the analytical solution of the fractional Black-
–Scholes equation with the Atangana–Baleanu fractional
derivative is not trivial. We have used the Adams–Bashforth
numerical scheme to approach the solution, as it is useful
and straightforward for proposing the approximate solu-
tions of the fractional Black–Scholes equation. We have also
considered the liquidity of the cost of the call and the put in
the market, namely, the volatility. 'e graphical represen-
tations have proved the good agreements between the an-
alytical solution and the numerical solutions for the
fractional Black–Scholes equation.
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