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The paper is concerned with the existence and the asymptotic behavior of solutions to a class of generalized Navier—Stokes
equations, which generalises the so-called globally modified Navier-Stokes equations. The existence and uniqueness of solutions
are proved under different assumptions on the dissipation and modification factors. For the asymptotic behavior of solutions, we
prove the existence of global attractors in proper spaces. The results generalize some results derived in our previous work Ann.

Polon. Math. 122(2):101-128(2019).

1. Introduction

Well-posedness of 3D Navier-Stokes equation is one of the
most challenging problems in modern mathematics [1, 2]. To
understand or approximate Navier—Stokes equations, various
kinds of modified models were introduced in different
contexts, such as the Navier-Stokes-a models introduced by
Chen et al. and Ilyin and Titi 3, 4], the Leray-a, Clark-a,
and simplified Bardina models introduced by Titi et al. [5-7],
and some other modified Navier-Stokes equations intro-
duced and studied, respectively, by Caraballo and Kloeden,
Constantin, Sohr, and Flandoli et al., see [8-12].

In [8], the authors proposed the global modified
Navier-Stokes equations:

{atu—vAu+FN(||Vu||)(u-V)u+VP=f, "
V-u=0,
where Fy (r) = min{l, N/r}, r €e R*, N € R*. Since the

modifying factor Fy (J|APul]) decreases the singularity of the
quadratic convection term (u - V)u, it allows the authors to
derive the existence and uniqueness of global solutions [8].
Following [8], the existence results and the asymptotic

behaviors of solutions to problem (1) were extensively
studied in different contexts, see e.g., [13-21] and the review
paper [22].

Recently, Dong and Song [23] studied the globally
modified Navier-Stokes equations with fractional dissipa-
tion in the whole space R’:

O,u + vA* u+ Fy (IVull) (u - V)u + VP = 0,
V-u=0.

(2)

The existence and uniqueness of global solutions was
obtained under the assumption « > (3/4), see also [24], for
the existence and uniqueness results in a bounded domains.
These results review that the modifying factor Fy (IAPul])
decreases the singularity of the term (u - V)u “too much” so
that one can control the nonlinear term by using only the
fractional dissipation (—A)*u,a<1 rather than Au in (1).
This inspires us to weaken the modification term and to
investigate that how the dissipation and modification terms
interact with each other to determine the existence and
uniqueness of the solutions. Precisely speaking, we shall
consider t}31e following modified Navier-Stokes equations in
Q=1[0,L]:
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O,u + vA u + FN<'|AﬂuH> (u-V)u+VP = f,
V-u=0, (3)

u(0,x) = uy(x),

with periodic boundary conditions, where the constants
>0 and o, $>0.

Assume that the initial data and the forcing term are
mean-free functions, i.e.,

Jguodx _ jQ fdx =0, (4)

Then, the solution is also a mean-free function, and the
Poincaré inequality holds. We prove that system (3) admits
at least one global weak solution when 4« + 2> 5,u,, f € H.
Moreover, if « > fand 4a® — 5a + 2% >0 or 2« + 48 > 5, the
weak solution is unique. On the contrary, we prove that
when 4a+28>5,u, € H’, f e H™% ands>p, the system
possesses a unique global strong solution and the existence
of global attractor A, for the solution semigroup in H* can be
proved when s > 8. Furthermore, if s > max{1, 8}, we can give
explicit upper bound for the fractal dimension of the
attractor A. When f3 = 1, we prove that the system admits at
least one weak solution when 3/4<a<1,u, f € H, and a
unique global strong solution when 3/4<a<1,u,c¢€
H*, f € H %, and s > 1. The existence and uniqueness in [24]
are consistent with the results in this study. If =0, the
modifying factor F N(IIA/;uII) is constant 1, and system (3)
becomes the well-known generalized Navier-Stokes equa-
tion. The standard existence result shows that the system has
global regularity when «>5/4 [25], which are consistent
with our result. These results extend the previous results in
[8, 23, 24] to more general settings.

The rest of the paper is organized as follows. In Section 2,
we provide some preliminaries about the function spaces
and several useful lemmas. Then, in Section 3, we prove the
existence and uniqueness results of solutions, while in
Section 4 and Section 5, we discuss the existence of a global
attractor and the upper bound of its fractal dimension.

2. Preliminaries and Inequalities

Let Q = [0, L]°. The fractional operator A** = (—A)* for any
a € R can be defined as

NEF©) = Y T @, )

tez?

for any tempered distribution f, where ]‘(f) is the Fourier
transform of f (x). Especially, A = (-A)Y2. Let C‘:O(Q) be
the space of restrictions to Q of infinitely differentiable
functions that are L-periodic in each direction and with zero
mean in Q. For s € R, we denote by H*(Q)) the closure of
C;O (Q) under the norm

1/2
Hﬂm=M7M=<ZMWG@W>, (6)

&ez3
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that is, the space of periodic functions with zero mean such

that | fllgs<oco. It is obvious that H*(Q) —

H?*: (Q)(compact imbedding), for any s, >s,. Moreover, for

p € [1,00], we denote by H*?(Q) the space of periodic

mean-free LP(Q) functions ¢, which can be written as

¢ = Ay, with y € LP. This is normed by ||¢[| s = A9l .
For s € R, we denote

H =4u e |H(Q) > div, u=o0l,
fuelm @ b
W ={u € [H? (Q)]’, div, u=0}.

Particularly, when s = 0, we denote H® by H for short. In
this study, for any Banach space X, we denote its norm as
|- llx; particularly, || - ||, will be abbreviated as | - |.

Now, we recall the definitions of the global attractor and
the fractal dimension, see [26, 27].

Definition 1. Let {S(t)},s, be a semigroup on a Banach space
X. A subset Ac X is called a global attractor for the
semigroup if A enjoys the following properties:

(i) A is compact in X.

(ii) A is invariant, i.e., S(t)A = A, for any t >0.

(iii) A attracts every bounded subset of X, ie,
VB ¢ X bounded, lim,_,dist(S(t)B, A) =0,
where dist is the Hausdorff semidistance between
sets in X, defined as

dist(A, B) = sup,4 inf la - blly, VA,BcX. (8)
beB

Definition 2. The fractal dimension of a compact set K in a
Banach space X is defined as

log N (K)

d¢(K) = limsup,__,, “loge

9)
where N, (K) is the minimal number of balls of radius ¢ in X
needed to cover K.

The following inequalities may be found in [26, 28].

Lemma 1 (Young’s inequality). For any positive constants
a,b, and e and any 1< p < oo, it holds that

=1 -,

&
P
ab<—al + =y (10)

p pe

Lemma 2 (Poincare’s inequality). Let Q0 be a bounded
Lipschitz domain in R? and let p be a continuous seminorm
on H'(Q), which is a norm on the constants. Then, there
exists a constant ¢ depending only on Q such that

leall 2 0y < C Q{IVutll 20 + p(W)},  Vu € H' ().
(11)
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Lemma 3 (Gagliardo-Nirenberg inequality). Let 1< p,q,

r<00,0<j<m, (j/m)<A<l. For any ueW™P(Q)
NL1(Q), there exists a constant C such that
<C||D u“LPIIuIIM , (12)
where p,q,r,n,m, j, and A satisfy
1 g 1
——1=A<———) (l—A)— (13)
r o n p n

The following product estimates play an essential role in
our analysis (see [29]).

Lemma 4. Suppose that f,g € & the Schwartz class. Then,
for s>0,1< p< + 00, there exist a positive constant C such
that

|4 (f e <O |G A Fllgl). (1)

with q,, p, € (1,+00) satisfying
1 1 1 1 1

—=—t—=—+— (15)
P P @1 P2 D

The following lemma will play an important role in the
proof of our result. It was first proved by Romito in [30] for
the case 8 = 1. The general case can be proved similarly.

Lemma 5. For every u,v € H' and each N >0, we have

o<y (|4%u] )] < .

(o

“Aﬁu - Aﬁv”.

‘FN<||Aﬁu"> ~F

(16)

3. Existence and Uniqueness Results

We now give the definition of weak solutions to system (3).

Definition 3. Let u,, f € H. A function u is called a weak
solution to system (3) if

u e L*(0,T;H)n L* (0, T; HY),

5 (17)
du € L*(0,T;H™Y),

forall T >0,

and for any function ¢ € H* and any T >0, it holds that

JQu (T)edx + JZ JQFN<"Aﬂu“> (u - V)updxds

T
+vJ J A*uA"pdxds (18)
0Jo

T
= J J fedxds + j uypdx.
0Ja Q

Remark 1. Obviously, if u(t) is a weak solution of system
(3), then u € C([0,T]; H), see [26, 27].

Theorem 1. Let aandf be two constants such that
do+28>5,0<a<5/4,0<p<3/2. (i) If uy, f €H, there
exists at least one weak solution u(t) to problem (3) with

ueL®(0,T;H)NL*(0,T;HY) forall T >0. (19)

If in addition 4a® — 5a + 28> > 0 or 2a + 48 > 5, the weak
solution is wunique. (ii) On the other hand, if
uy, € H°, f e H*° % ands>pf, then problem (3) admits a
unique global solution u satisfying

u(t) € L (0, T; W) n L* (0, T; H™*)
(20)

NC([0,T];H%), forallT>0.

Remark 2. The standard existence result for the Navier—
Stokes equations shows that system (3) possess a unique
global solution, for all f =0, when a>5/4, so we only
consider the case « < 5/4. However, when a < 1/2, we cannot
use the dissipation term of the equations to control the
nonlinear term, and the existence results is difficult to prove
in this case.

Proof. Let us divide the proof into several steps.

Step 1: we prove the existence of the weak solution by
the Galerkin approximation method. Let {gb ]}
be an orthonormal basis of H consisting ot
eigenfunctions of the Stokes operator AandA;
are the corresponding eigenvalues which are
increasing with j. Consider the following ordi-
nary differential system:

ddt +vA*u, + P FN<HA um”) eV, =P, 1,
u,, (0) = P,,u,,

(21)



where u&, = Z?"zlcjm(t)(pj,z\z.“ =3 ]m(t)¢],A u,,

Z] 1A} Cjm (t)¢), and P, is the orthogonal projection
form H onto the space spanned by {¢,,¢,,...9,,}. By the
standard existence theorem for ordinary differential equa-
tions, for each m, there exists a local solution u,, to system
(21) in the interval [0,T,,).

Multiplying (21) by u,,, (t), using the Poincaré inequality

A'{‘Ilumll2 < IIA"‘umIIZ, we can deduce that

d o 1
aﬂﬂAf+VW\uAfS;WWﬂﬁ (22)
and integrating from 0 to ¢, we obtain

||um(t)||2+vj A%, (5)|*ds < /1“” 2

Vt>0.
(23)

+, O

- Vi, )@dx

()
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Using Gronwall’s inequality, we obtain

2 2 e IfIP It
et O < et ) e 4 S (1 - e77)
A

(24)
I£1?
< |lu + y
“ 0" 1}2 A%lx
which implies that
u,, isbounded in L (0, T; H) nL? (0, T; HY). (25)

Let us perform the estimates for {ou,,/dt}. For any
¢ € H% using Holder’s inequality, the product estimates (see
Lemma 1), the Gagliardo-Nirenberg inequality, and
Young’s inequality, we deduce that

< Fu ([ I~ (- Vs %]

< F( A%, ] 1A s, )%

(26)

< R[] it A ]

<Cla%u,[[A%]|

The last inequality holds since

1 B_3-28

2 3 6
(27)
1L a p l-a
2 33 3
In view of (25), the sequence {FN (IIAﬁumII) (u,, - V)um}
is bounded in L?(0,T;H"%). Obviously, {-vA**u,,} and
{P,.f} are bounded in L*(0,T;H™*). Hence, from (21), we
conclude that

0
{%} is bounded in L (0, T; H™ ). (28)

Using the standard Aubin-Simon-type compactness
results [26, 27], there exists an element

ueL*(0,T;H)NL™(0,T;H), forallT>0,  (29)

such that up to subsequences,

— ustrongly in L*(0,T; H),

—s ua.ein (0,T) x Q,

5 (30)
—> uweaklyin L* (0, T; H"),

ou 2 —
—n — weakly “in L” (0, T; H™%).
ot ot Y ( )

Now, it remains to verify that u is a weak solution to
problem (3). We treat the case a>f and a<f
separately. O

Case 1. (a>[3>0). By the Gagliardo-Nirenberg inequality
and Holder’s inequality [27], we deduce that
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T T
J ||Aﬂ (um - u)szS < CJ "um _ u"Z@l "Aa (um . u)|l2—291ds
0 0

sC(JOT iy, - u||2ds>61
([ 18-

where 0, = a — B/a. This, together with (25) and (30), im-
plies that

(31)

,, — ustronglyin L*(0,T; 1), (32)
Thus, up to subsequences,
|4, — |APufaein (0, T) forany T > 0. (33)
And, hence,

FN("Aﬁum”) — FN<|'Aﬁu||> a.e.in (0,T) forany T > 0.
(34)

Thanks to (30) and (34), taking ¢ € H” as a test function
in (21) and passing to the limits, we obtain that u is a weak
solution to system (3). As the calculations are rather similar
to those in [8], we omit the details for concision.

Case 2. (8= «a). Assume that there exist a positive integer N,
such that Nya < 8 < (N, + 1)a, without lose of generality, we
set N, = 1. After multiplying equation (21) with A**u,,, and
integrating, we obtain

|+ 2w,

1
< (| Y ot %00, 4 S0 + 0%,

(35)

We can estimate the first term of the right side as follows.
Since  + 2a>5/2, a > 1/2, using the product estimates (see
Lemma 1), the Gagliardo-Nirenberg inequality, and
Young’s inequality, we have the estimate

Eu (] I Gttt 167,

< CFy ([t ot 0 470,
(36)

94 o 2- 04
< Cllat [ 47w

ol

<2Ja%u, |+ Cllu

where 6, = min{1, (4a + 28 — 5/4a)}. Combining with (24),
(35), and (36), we obtain

dy . w12 2
gl + A%, | <P + Cl |

2 C
< (; + 1}2—/\%¢,¢)||f||2 + C"“0”2-
(37)

Foranyt > 7> 0, integrating (22) between ¢t and t + 7 and

using (24), we obtain
||f § 1
— |- 38
() o

o[
e L (0

Set
Q,, = {s € [tt+1]: |A%u,| 2 a},

and denote by |Q,,| the Lebesgue measure of Q,,. We have

2 t+1 2
@l0,l< [ au,Fds< A, Fas
Q, t

()

which implies that [|Q,,, || < 7/2. Therefore, for any given & > 0,
there exist a t, € (0, ¢) such that

s e <2l + L (e X)L o

By using the Gronwall inequality, we obtain, for all t > ¢,

I O < i (e 4 i
1

(40)

C
ol
(42)

Integrating (37) from ¢ to T and taking (42) into con-
sideration, we deduce that

T
2%, O + | A, 0] ds

T
o [ (L e ks sl

(2 yzim)ufnz vl -9
e s Tl s)]

A1 201
/\a{C(NVOCﬁ)<” 0" (vA1)2>+T}’

(43)




for all e<t <T. Thus, we have
u,, isbounded in L (&, T; H*) N L* (&, T; H**), forany T > .
(44)

Taking A*u,,, A*u,,, ..., ANo*u,, as test functions and
performing similar analysis, we may prove that

u,, isbounded in Lm(e, T; IH]N“"‘) n Lz(g’ T;H (No”)“)
(45)

Denotes a; = (N, + 1)a; since < «;, we deduce that

_ Ll) ||2— 26, ds

T
AP (u,, - u)'|2ds <C J s, — u”ml A% (u,,

gc< [ hun - unzds)al
(] 1 o)

— fplay). Therefore,

.

(46)
with &, = («;
u,, — ustrongly in Lz(s, T; I]-l]ﬂ). (47)
Thus, up to subsequences,
HAﬁum H — ”Aﬁu" a.ein (¢, T)forany T > &> 0. (48)
By the standard diagonal process, we can extract a
subsequence of {u,,} (still labeled by {u,,}) such that
“Aﬁumn — “A‘Bu” a.e.in (0, T) forany T > 0. (49)
Then, using (30) and (34), we can take limits in (21) as in
Case 1 to obtain that u is a solution of (3).

Step 2: now, we prove that if 4a®—5a+2f°
>0or2a + 4> 5, the weak solution is unique.
Let u and v be two solutions to system (3)
corresponding to the initial condition u,, v,
respectively. Set w=u—v and let & be the
Helmbholtz-Leray project operator [27]. It is easy
to check that w satisfies

w, + YA w + FN(||A’3uH>.@(v Vw + FN<HAﬁu”>9’(w -Vu

e[ - (]2 90 =0
(50)
Multiplying (50) by w and integrating, we obtain

Sl Al <yt ||>J w - Vuwdx]

#(Ew([at]) - B (| ||))j v- Vywds|,

(51)
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where we have used the fact IOT v-Vwwdx = 0. Since 4o +
2f>5 and a>1/2,3>0, we have o + > 1. Using Holder’s
inequality and the product estimates (see Lemma 1) and the
Gagliardo—Nirenberg inequality, we have the first term of

the right side

() PR e RN T P

< C||A“’3w

I "w"Ls/sza

< Cllwl® | A%w|*

<Clwl’ + 2 A"w[,
(52)

where 6, = min{1, 4a + 2f3 — 5/2a}. For the second term of
the right side in (51), using Lemma 2 and Gagliar-
do-Nirenberg inequality, we have

Dy

|FN(\|Aﬁu||) o(J ">| Py ([22u] )Eu (27
< NS ||) Il

N
N

(lIA“uli)FN(HAﬁ )

lwl® [A%w]'
(53)

with 0, = « — B/a. When 2a + 4 >5, we can always find

(p>q) = ((3/P), (6/3 —2p)) such that (1/p) + (1/q) = (1/2)
and

1-«a
3

=

o
l\)|>—‘
wulm

(54)

TRR-N

|
N =

Thanks to the product estimates (see Lemma 1) and the
fractional Sobolev inequality, we have

T
j v Vvwdx
0

= J v-Vuwdxl
Q

< ClA"w (A" wf oMl + AT V] o el )
<clawl(|afull] + ]l ),
(55)

Combining (53) and (55) and using Young inequality,
we obtain
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T
l(FN<||Aﬁu'|> - F;q(“/\ﬂv")) Jo v+ Vvwdx
Pa(ed (1)
PRI g (ot o o) ”

<Clwl’ +]A%w]”

Hence, if 2a + 45 > 5, from (56), (52), and (51), we obtain

from which the uniqueness result follows easily.

that On the contrary, if 2a+4f<5, setting p = (6/3—
d , 2f3) and q = 3/f3, we have
—wl® +|A%w|” < Cllwl?, (57)
dt
T
J. v Vvwdx| = J v-Vuwdx‘
0 Q
SC”A“w”("[\l_au”p,,;"V”Ls/(yzﬂ) +"Al_aV”ng”u”Ls/(}—zﬂ)) ( 8)
5
<clacuwl(acul|a%u] =" [a%] + A [a%] " [a%u]

sclatu(Jarul® +haef® ) (]~

where 0, satisfies
1 « 1 S B
(3-5) +(5‘§)<1 ~0:) =3
— 1;“(1e63 :M>O>_

Note that when 4« +25>5 and a > >0, we have 0, =
(a—Pla) =05 = (5-2a - 4B/2a - 2P) iff 4% — 5a+ 287 > 0.
Combining (53) and (58), we have

(e(|u]) - (JA])) | v+ voas

<Cllol A~ (Jaul” + |2 (60

Il (A a0 Yl

which, combined with (51) and (52), implies that when 2« +
4B <5 and 4o’ - 50 + 2> > 0:

Sl +|awf” <Clol (Al +]a +1). )

By using Gronwall’s inequality, we obtain

SRS

Aﬂu">,

t
lw ()1 < lw (0 exp{cj I Y lds}.
0
(62)
The uniqueness result follows easily.

Step 3: we now prove the second part of the theorem. If
u, € H®, f € H %, and s> 8, we multiply (21) by
A*u,, to deduce that

1d
5 Nl + oA,

< W f e | A% 20, | + FN(||Aﬁum||)”Q (uy, - Vit ) A=, dx

1 v
<R + A, |+ FN( ||Aﬁum|')
A% () |4
(63)

Using the product estimates and the Gagliardo-Niren-
berg inequality, we deduce that



Fu (] )17 Gt 7"

< CFN ( HAﬁum " > ||um |lL6/(3—ZL§) ”AS+1_ (xum "Ls/ﬁ"As-qum ||

<ON oo |72, |~

1
<3 Co(No v, B [ + 247w, |,
(64)

where 05 = 4o+ 2B - 5/2s + 2aand Cy (N, v, a, ) =
(CN)% (v/4 - 20 5)%7 %0, This, combined with (63),
yields that

d 2
a”ASumHZ + v||/\s+”‘1,¢m||2 <Cy(N,v,a, ﬁ)"um“2 + ;Ilflliﬂm.
(65)

Hence, for all t>7>0,

2w, O + | o u, [ ds

2
<[Au @] +Co (N v, B) (£ - T)<||Ho||2 + ”fﬂ 2>
(vAY)

(66)

Thus, {u,} is bounded in L®(0,T;H’)N
L2(0, T; H™), VT > 0. Passing to the limit, we obtain (20)
immediately.

Next, we prove the uniqueness result. Let ©# and v be two
solutions in L (0, T; H*) N L? (0, T; H*"*). Taking the inner
product in (50) with A*w, we obtain that

2(t

”f"[l—[l

SIxculf +|arwl < By ([a%])

2dt

+ Fy( %] )
el{En(|a0]) - ()} - vy

=1, +1, +1;.

J. (w- Vv)Azswdx‘
Q

(67)

For I,, using Holder’s inequality, the product estimates,
Gagliardo-Nirenberg inequality, and Young’s inequality, we
deduce that

J (u- Vw)Azswdx‘
Q
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1 < Fy (|48 | w47 w]

< CEy([A%u] ) (oo ]2

ol s AT ] o ) AT w0 (68)
< C(IwlFNwlF +lwl gl s lwl s )

<C(1 sl + A,

where 6, = min{1,2f + 4« — 5/2a} (here, we may assume
that s <3/2. If s = 3/2, we can choose (p,q) satisfies (1/p) +
(1/q) = (1/p) and 2<g<6/5—4a, and the Sobolev in-
equality implies that [|wl;, |AS " ullry < Cllwll e lullpgeee. If
s>3/2, we may choose (p,q) = (00,2) to get
[wll oo AT Ul ;2 < Cllwll g ltt]l s+ ). Similarly, we have

L <O(L+ I lwlly + A w’. (69)

Moreover,

(el -1
P )

I <

)l emfau]

+1- +
[ A A" ]

<Claw]aT v A" w]

v sta Sta N
< gl w] + clar Al
(70)
By (67)-(70), we obtain that
nulP sl oA ool o
Gronwall’s inequality then implies that

s, 12 t st |12 sta_ |12 s 2
A%l < exp{CJO("A Wl 4] +1)dr]»||Aw(0)||,
(72)

from which the uniqueness of the solution and the conti-
nuity of the solution semigroup in H* follow immediately.

Finally, let us verify that u € C ([0, T]; H*). Note that (66)
implies that
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ue L’ (0,T;H™), VT>0, ie, A'ueL’(0,T;HY), VT >0.

(73)

Hence, according to the standard Sobolev embedding
result [26, 27], we need only to show that

Nu, € L (0,T;H ™). (74)
Indeed, for any ¢ € H*, we have
(Nuy, @) = —FN<||A’3M'|><As (u-Vu), 9y =A™ u, ¢)

+(N' f, ).
(75)

Therefore,
[ )] < {F (] )7 - V| + 47 5

A A"l

which implies that

6)

||A$ut|||]_ﬂ—zx < FN<HAﬁu“)"AS_“ (u- Vu)" +”A5+“u" +|lAs— af"
(77)

Applying the product estimates and the imbedding of
fractional Sobolev spaces, we have

FN<HAﬁu”>||AS_“ (u-V)u|| < CFN(||A“u||)||u|| L5

JAT uf 2y < ENJ AT ]|
(78)
Therefore,

A% e < CCIA ] + A7 £1)) (79)

Combining (73) and the assumption f € H*" %, we know
that A*u, € L?(0,T; H™%). The proof is thus complete.

4. Long Time Behaviors

4.1. Attractor for Strong Solution. In this section, we prove
the existence of a global attractor for system (3).

Theorem 2. Assume that4a +25>5,0<a<5/4,0<3<3/2,
and f e H"% u, € H,s>B. Then, system (3) generates a
continuous semigroup {S(t)},5o in H°, and the semigroup
possesses a global attractor A, which is compact, invariant,
and connected in H® and attracts all the bounded subsets of H*
in the H*-norm. Moreover, if s>max{p, 1}, f € H* "%, the
global attractor is bounded in H* '+,

Proof. 'Thanks to Theorem 1, we know that the semigroup is
continuous. It remains to prove the existence of an ab-
sorbing set and the compactness of the semigroup in H*.

Absorbing set: let u(t) be the solution of system (1).
Similar to (24), we have

2 2 e, 1P
llee (ONI” < flue (O) " ™ + 52 (80)
YA

From the above inequality, we can deduce that there
exists a T, = t (|lug ) such that

2
Il
vlef“’

llu ()] <2 Vit>T,. (81)

Multiplying (3) by A*u and integrating, we have

L d K] + ]

> sl o < 1 e

(u - Vu)A*udx|,
(82)

for all £ >0. Similar to (65), we deduce that

d
gl oA ) < Co (N, v, B lul?
(83)
+ %u fl2se, forallt >0,

where C, (N, v, a, ) = (CN)*% (v/4 - 20,)%%%0,, 0, = 4a
+28 — 5/2s + 2a. Integrating the both sides from 0 to T, and
taking (24) into consideration, we obtain

Ty

2
145U ()| < [ Au, | + jo (Coma P’ + £ Jar

o 2, A1
<[ Auq |+ Co (N, v BT | o + 15
(VA1)

2T
+ 7°|| fleya= .
(84)

Using the Poincaré inequality and (81), we obtain from
(83) that

dy x5 117
E"A u"z +2A7]|A u||2 <Co(N,v,a, ) (VJ;‘I")Z

(85)

2
+ 20 flper forallt>t,, .
Vv 0
Gronwall’s inequality then implies that

|Asu (t)||2 <|A'u (T0)||2e" i (=To)

1 12 2, .0
+W<C0(N,v,(x,ﬁ) + e )

! (A7)
(86)
Thanks to (96), we know that if
1
tzmax{TO,—aln.%+T0}, (87)
vA]
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then

112
(nA)?

1 2
|Au @]’ <7 <c0 (N, 7, a, B) 2 f||§,]w> +1=p;
1

(88)

Therefore, there is an absorbing set B, for the semigroup
{S(£)}0 in 1.

Compactness of the semigroup: we show that, for any
bounded sequence {vj} in H® any t>0, the sequence
{S(t)vg} = {v* ()} has a convergent subsequence in H°.
Similar to (66) and (79), we can prove that

{A*" (t)}is bounded in L* (0, 1; H?), (59)
[A*] (t)}isbounded in L* (0, 1; H™%).

Using the Aubin-Simon type compactness results
[26, 27], there exists an element v with

A'v e L*(0,1;H%),

Ay, € L2 (0, 1;H %), )
such that up to subsequences,
AV (t) — A°v(¢) strongly in L* (0, 1; H), (91)
ie.,
V' (t) — v(t) strongly in L* (0, 1; H°). (92)
In particular, there exists a 7 € (0,1) such that
Vi) — v(7), inH’. (93)

Recall that the map S(¢): H® — H® is continuous, and
we obtain that

Sty =St -1)S(1)vy =St - )" (1)

(94)
— S(t - 1)v(7)inH°,

forallt>1.

Thus, the semigroup S(f) is compact, for any t=>1.
Thanks to the standard existence results on global attractors,
we may obtain a global attractor in H* for the solution
semigroup S(t).

Regularity of the attractor: now, we prove that A is
bounded in H%** if f € H%,sy =s— 1+ a. Take the inner
product of (3) with A**2* and we have

1d

R R TS

< 22w + P (274 ) 49)

J (u- Vu)AZS"*Z“udx‘, Vit>0.
Q

Similar to (65) and (83), we have
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d 2
a"Aso+o¢u“2 + v||As°+2“u||2 SCI (N, a,ﬂ)"u”z " ;"f”i]fo

Wil

272
A

2
SCI(N,v,oc,ﬁ)<||u0||2+ >+v||f||§ﬂ50, Vit >0.

(96)

If sy <, we have u, € H%. By standard regularity result,
we know that u(t)isbounded in L* (0, 1; H%) N
L?(0, 1;H%*®), Thus, there exists a time t, € [0,1] and a
positive constant M, such that |A%**u (t0)||2 <M,. By using
Gronwall’s inequality, we deduce from (96) that

A @] <ye 00— {co (N, v, )
1
2\ 2
-(Iluo|I2 + ﬂ!;”z) + U } Vi b,
1

(97)

If s, > s, since u, € H*and f € H%, we know that u (t) is
bounded in L® (0, 1; H*) N L? (0, 1; H***). Since s, < s + a, we
conclude that there exist a time #; € [0,1] and a positive
constant M, such that ||Asﬂu(tl)||2 <M,. Let v(t)=
S(t)vy =SSt uy =u(t+1t,). We know that v(t) is
bounded in L® (0, 1; H%) N L? (0, 1; H%**). Then, there exists
atimet, € [0, 1] and a positive constant M,, which does not
depend on v, such that [AY*v(t,)|* <M,, ie.,
[A ™ u(t, +t,)|* <M,. Denote t,=t,+t,t;€ (0,2);
then, u(t;) € H™. Similar to (97), we have

)lt {CO(N,v,oc,ﬁ)

o
VA

IFPY 2
.(||u0"z N vsz) 21 }

Since the attractor A is invariant, for any ¢ >0 and any
X €A, there exists a uy€A such that S(t)u,=
S(t—ty)S(t)uy =u(t) =y (or S(t)uy = S(t —t3)S(t3)u, =
u(t) = x). We assume t is large enough and takes (81) into
consideration to obtain

||Aso+06u(t)”2 SM3e—v)t‘f (=) 4

(98)

s = faucof

2 IF> 2
SW {3(31 (N,7,a,B) +;||f”§-|]50 Ca.

A
(99)
Therefore, A is bounded in H%** by C,, which may

depend on || f|, I fl3;* N, &, 3, and v and the bound in H* of
the attractor A. O
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5. Finite Dimensionality of the Attractor

In this section, we provide the upper bound for the fractal
dimension of the attractor derived in Section 4.

Theorem 3. Assume that4a +25>5,0<a<5/4,0<3<3/2,
uy € H°, and f € "%, s> max{1, B}. Then, the fractal di-
mension of the global attractor A derived in Theorem 2 is
finite.

To prove Theorem 3, we use the following abstract results
derived in [31-33].

Lemma 6. Let H, be a separable Hilbert space and let M be a
bounded closed set in H . Assume that there exists a mapping
So: M—H, such that McS,M:

(i) Sy is Lipschitz on M, i.e., there exists L>0 such that
|||SOV1 - So"zlan sL"v1 - v2||HQ, Vv, € M. (100)

(ii) There exist finite dimension orthoprojectors P, and P,
on H, such that

[0%1 = Sovallg, < s = vallg, + K22 (= ),

+|Py (1 - Vz)”Ho), Vv, v, €M,

(101)
where 0 <5 <1 and K >0 are constants.
Then,
dim M < (dim P, + dim P,)
82 (1+ DK 2\t 102
Inq1+ In .
1-7x 1+

Denote  Z,, = span{(e; — k;k/|kI)e™*: j=1,2,3,|k| =
VI + 1k P + [ks? <}, k= (ky,ky k) €
73,k +#0, and e, e,, and e; represent the canonical basis of
R’. Let P,,: L*(Q)—Z,, be the projection operator. Similar
to Lemma 3.4 in [34] (see also Lemma 2.12 in [31]), we have
the following lemma.

where

Lemma 7. Let #>0and:>0. For any ¢>0, there exists a
positive integer m () such that for m>m(e), and we have

Il < el@llin +|Pre|ye Yo € H™, (103)

11

1/t)]

where m(e) = [e~ V1], the integer part of number e~ (9,

Thanks to Lemma 8 in [24], we have the following.

Lemma 8. The projection operator P,,: L*(Q)—Z,, has a
finite range with

dim P,, < 8(4m’ + 6m” + 8m + 3). (104)

Lemma 9. Assume thatda +23>5,0<a<5/4,0<<3/2,
uy € H°, and f € H*,s>min{1,8}. Let o/ be the global
attractor of system (3) derived in Theorem 2 for the smooth
solution. Let u(t)andv(t) be two solutions of system (3)
corresponding to the initial data u, v, € o, respectively. Let
w(t) =u(t) — v(t), and let O be a positive constant such that
max{s,3/2} <s—1+2a—9. Then, for any s, € [s—1+
200 — 9,5 — 1 + 2a], we have

||A51u)(t)||2 < exp{C(N, o, f,7)
[L(eal b e law o
(105)

for some positive constant.

Proof. Take the inner product of (50) with A¥1w, and we
know that w satisfies, for any s — 1 + 2a — 9<s; <s— 1 + 2a:

1d s s +a
Sl ol < py ([a%])
U (u-Vw)Azslwdx’

Q

er([ul)|f, v

o)~ (A}, o o
Q
=L, +L,+Ls.
(106)
Since A is bounded in H%**, we have
A u(B)]| <Ch, [|A v (1) < Cy, VE>0. (107)

For L,, using Holder’s inequality, the product estimates,
Gagliardo-Nirenberg inequality, and Young’s inequality, we
deduce that
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L, < Fy %] )] Gaw ] ]

<O Py ([A%u] )l 2w ol 7] A7 o]}

<Gyl el ] A ew

||2— 0O

+ G aT u]A% wl A w] (108)

< CICM||A51w||06 “AslmeZ— 06 + CZIIASHX”“ "ASlw“”Aslﬂxw"

< Il + €y (Naa, (1|47l ) 4w,

where 6, = min{2a — 1/a, 1}. Similarly, we have
Lo wlf + 6 (oo (1|2 )
(109)

Finally, for L;, we use Holder’s inequality, Lemma 2,
product estimates, and imbedding of fractional Sobolev
spaces to deduce that

pu(J]) - )
(el (1)

N

Ly< Jar e mfa

- [ A5

S% [ wlfaearvfarw]

<SS st
N

3Cic?
+ 3o

VI Asia |12
S

o=y Al

(110)

A w )| < exp{C(N, a B, ) J <||A$+°‘u||2 A + l)dr}“As‘w(O)”Z =CO[A"w O,

t
0

Obviously, C (¢) is a monotone function with respect to ¢,
and it is finite for finite time t. O

Lemma 10. Assume  that 4a+25>5a>1/2,5>0,
uy € H°, and f € H*,s>max{1,B}. Let uandv be two so-
lutions of system (3) with initial condition uy,v, € o, re-
spectively. Setting w =u—v, then there exists a positive
constant C such that ¥Vt >0:

lw )l < Ce™ O 1w (0) 1y (14)
+979C(C, +2C )T (®)llw (0)lygr-»

Combining (106)-(110), we obtain that

Sl scvap (a1 ol

(111)
with

0,218 2 a2

_ 2/65 v ) 6% & 3G5Cy
C(N,(x,ﬂ,v)—max{ (C,Cy) (12—666> 2 NG [
(112)

Gronwall’s inequality then implies (105):

(113)

where e, = 1/2min{2a — 1/2a + 1,29}, y = s — 1 + 2a, C(t) is
from (113), and C; is from (99).
Proof. Similar to (50), we know that w satisfies
w, + vA*w + FN("Aﬁu“)@(u Vw + FN<HA‘Bu||)9’(w -V)v
+{FN<HA‘Bu"> - FN(HA%")}@(V Vv =0.
(115)

By using the Duhamel principle [35], the solution of
(114) can be given by
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A)° ! A
wt)=e """ w(0) - J e (“T){FN<||A5u||>9J(u Vw + FN<'|A'8uH>9’(w V)
0 (116)
+<FN<|'Aﬁu||> - FN<||Aﬁv||)>95(v . V)v}dr.
And moreover, we have the following estimate of the Denote
semigroup e~ "4
e 2|y < Ce 2 FoF2e) gt g7 0,15 0,
(117)
Y(7) :”FN<||Aﬁu")u -Vw + FN<“Aﬁu“>w . Vv+{FN<||Aﬁu") - FN<||Aﬁv||>}v- Vv s’ (118)
H -2(1-e)a
lleell o < Clluallgyy»
and then, v [Hp (124)
s IVwliyear < Cllwllygr-<»
”w(t)"u-uy <Ce ™ “w(o)”u-uv
; (119) and thus,
— A (t-1)12 —l+e
vC[ e e (o,
0 lleell o IVwllggoar < Clleallygr lwllpgr-e. (125)
and 0<e<l will be determined later. Setting .
On the contrary, since
0=y-2(1-e¢)a, we have
B B 200 —
W (7)< Fy (%] )l - Vol + Fyo{ |APu] Jlw - 9¥le y-l=s-l+2a-122a-1>2—>>0, (126)
o

+ lv-Vvlye =S, +S, + Ss.

([l - £ (|4])

(120)

Next, we estimate §,,S,, andS; one by one. By the
product estimates of Sobolev spaces, we have

$, < CEy(|Au] ) (il IV @l + il IV,
(121)

for positive integers p;,q; satisfying (1/p;) + (1/g;) =

(1/2),i=1,2. Let e<2a—1/2a+1; since 4a+25>5,
a>1/2and s > max{1, 8}, we have

2y+40c—5>2(/3—1+20c)+4oc—5>2(x—1

4o + 2 4o +2 20+ 1

>e>0.
(122)

Hence, it is easy to check that there exists a pair of
positive integers (p,,q;) such that (1/p,) + (1/q,) = (1/2),
and

11y
pr 2 3
1.1 y-e-1-0 (123)
q 2 3 '

otl<sy-e

By the Sobolev inequality, we have

rhen we can check that there exists a pair of positive integers
(p2>4,) such that (1/p,) + (1/g,) = (1/2), and
1.1 y-0
P, 2 3
1 1
—=

(127)

y—-¢e>1.

By the Sobolev inequality, we have

l[allygern < Clitallyy,
HoP2 HY (128)
"vw"]ﬁz SC"w”HY‘f)

and hence,

letllpger: IVl o < Clleallggr lwllpgr-e. (129)

Combining (121)-(129), we obtain

Sy < Cllullyg lwllygr-, (130)

when ¢ € (0,20 — 1/2a + 1).
Similarly, for S,, we have

S, < Clvllypr lwllggr-e. (131)

Since € € (0,2a — 1/2a + 1), s >max{1, #}, we have that
B <y — e For S;, using Lemma 2, the product estimate, and
the Sobolev inequality, it is easy to deduce that
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(b)), | 5175980 <C{t o b
SR N "A wH”V"W Vi< (132) < C(Ci + ZCA)IIwIIHH.
< CIvIIEp 1wl Now, set & = 1/2min{2a — 1/2a + 1,29}. Taking (132)
into (119) and wusing (99) and (105) (note that
Now, combining (99) and (130)-(132), we obtain s—1+2a-9<y—¢<s—1+2a), we obtain that
YAt t - (t-7 te
(Ol <C exp{—; (O +C(C +26,) [ exp{1;>} (£~ (D ly-dr
VATt ) ~ t A} (t - 7) e
<C expi——=tlw(0)ly + C(CR +2C4)C®)Iw (0)ll< j expi——— (-7 "dr (134)
0
'VA‘lxt —€ 2 ~
<C expi-—=thw (Ol + T (eg)v *C(C3 +2C, )C(O)l|w (0)lyp-<»

where I'(-) is the Gamma function. This completes the proof =~ Proof. of Theorem 3. Combining with Lemmas 6-10, we

of Lemma 10. O  can give an upper bound on the fractal dimension of the
attractor derived in Theorem 2 as follows. Let w be a solution
of (115). It follows from Lemma 7 and Lemma 10 that

At e ~
lw ()l <C exp{—Tl} w0l + Cv9(C% +2C, ) (Ol (0)lgr-,

< (c exp{—%‘ft} + e C(Ch + 2cA)€:(t))||w(0)||H,, (135)

+979C(C} +2C, )C (D[P, (0)]| 3o

- fo sta |12 sta_ |12

with mz=m(e) = [e- V)] ande, = 1/2 min{2a — 1/2a+ C(to) = exp{C2 (N, & B,7) Jo (”A ul "+ ATV + 1>d7}‘
1,29}. After some elementary calculations, we can choose

(138)
2 In 4C .. .
ty = i Combining with (135) and (137), we have
1
(136) 1 . _
LG e o @l <l (20O
4 (139)
such that Meanwhile, it follows from Lemma 9 that
C exp{—%} = i, ”Aslw(to)“2
t
1 1)« exp{cw, ) (Il oo + 1)df}
—& 2 ~ _ - 0
e 9C(Ch+2C4)C (1) = A% w () = (t) [ w O]

with (140)
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Define S, = S(t;): w(0)—w(t,), and we can check that
S, satisfies conditions (i) and (ii) of Lemma 6, and

M=A,

H() _ IH])/ — Hs—l+20c)

So =S(ty): w(0)—w(ty),
_21n4C

ty = Y )
0 YA}

]7:

>

N | —

K =v5C(C% +2C,)C(t,)
( JC ) (141)
L=C(t)

1/g,

m= [CV‘I(C; +2Cy)

1 . (2a-1
& = —m1n«{ ,29},
2 20+ 1

dim (P,) = 0,

Cle)"

P, =P,

dim (P,,) <8(4m’ + 6m’ + 8m + 3),
where C,, is from (99), C(t,) is from (140), 9 is the constant
in the Lemma 9, C is a universal constant, and [x] denotes
the integer part of the number x.
Thus, we have

dim A <8(4m” + 6m” + 8m + 3)

In{1+16V2 (1 +C(t,))r *C(C, + 2CA)é(t0)}(1n 9‘1.

(142)
O

6. Conclusions

The authors established the existence of weak solutions
under proper assumptions on aand . The existence of fi-
nite-dimensional global attractors is also obtained. It is
possible to study the global modified MHD equations by
using similar ideas herein.
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