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The stability of the operation of a tailing dam is affected by reservoir water level, phreatic line, andmechanical parameters of tailings.
The values of these factors are not a definite value in different situations. Meanwhile, the existence of the phreatic line makes it a
more complex issue to analyze the stability of the tailing dam. Additionally, it is very hard to give a definite limit to the state of tailing
dam from security to failure. To consider the uncertainty when calculating the stability of the tailing dams, interval values are used
to indicate the physical and mechanical parameters of tailings. An interval nonprobabilistic reliability model of the tailing dam,
which can be used when the data is scarce, is developed to evaluate the stability of the tailing dam. The interval nonprobabilistic
reliability analysis model of tailing dam is established in two cases, including with and without considering phreatic line conditions.
The proposed model was applied to analyze the stability of two tailing dams in China and the calculation results of the interval
nonprobabilistic reliability are found to be in agreement with actual situations. Thus, the interval nonprobabilistic reliability is a
beneficial complement to the traditional analysis method of random reliability.

1. Introduction

Tailing dam failure is a type of major hazard source in China.
The damage of the tailing dam failure is much worse than
that of an ordinary dam, and meanwhile, it causes serious
environment pollution. The stability of a tailing dam is the
main measure indicator of the safety of tailing pond. The
failure of a tailing dam not only will seriously affect the nor-
mal production of the mine, but also will cause serious dam-
age to the local industrial and agricultural production and
property of the people living downstream.

The study of tailing dams is similar to that of slopes.
Through the introduction and intersection of some new
disciplines and theories, some newmethods of slope stability
analysis, such as reliability analysis based on the probability
theory and mathematical statistics [1, 2], the comprehensive
evaluationmethod based on the fuzzy/statisticalmathematics
[3–6], the gray system evaluation method based on the gray
system theory [7–11], and the neural network evaluation
method based on the neural network theory [12–16], are
gradually formed. These evaluation methods have achieved

good application in slope stability analysis and evaluation and
promoted the development of slope stability research.

In the evaluation of the stability of tailing dams, the
currently used evaluation methods are mainly from the eval-
uation methods of traditional slope stability analysis. There
are many ways to determine the slope stability level, but the
evaluation results of traditional methods using single index
or few indexes, with great limitations and one-sidedness, are
sometimes contradictory anddifficult to choose.The compre-
hensive evaluation method using multi-index developed in
recent years has been proved to be an effective way to improve
the accuracy of evaluation. The rock mass of tailing dam is
a complex geological media, with complex and changing
mechanical parameters, distributions of structural planes,
engineering properties, and strong uncertainty.The existence
of these uncertainties brings great difficulties to the stability
analysis of tailing dams. Although a lot of methods have
been developed, the difficulty of stability evaluation of the
tailing dam lies in the uncertainty of many factors, how to
take this uncertain information into account when analyzing
stability of the tailing dams is an important issue worthy of
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studying. The unascertained theory provides a better way in
this respect. Therefore, it is necessary to introduce reliability
analysis in stability analysis of tailing dams.

The phreatic line is one of the most important factors
affecting the stability of the tailings dam [17].The safety factor
of stability can increase 0.05 or more while the phreatic line
drops 1m.Therefore, the determination of the phreatic line is
one of themost important contents in the study of the stability
of tailing dams and also the first problem to be solved.

Therefore, it is of great significance to study the dam
failure mechanism and investigate the reliable monitoring
technology to predict the potential dam instability according
to the monitoring results. In recent years, many experts and
scholars did a lot of exploration and research in the above two
aspects.

Blight [18] studied the failures of five annular tailing dams
in South Africa and concluded that the transport distance
of the tailing flow is related to the wet state of the surface,
the transport distance of tailing flow is longer in the wet
surface than that in the dry surface. In addition, Moxon [19]
investigated the tailing dam accident in the Los Frailes mine
in southern Spain and proposed a method to prevent the
failure of tailing dam. Rico et al. [20] collected the effective
information of the historical failure of tailing dam and
analyzed and summarized the relationship between the geo-
metrical parameters of the tailing dam and the characteristics
of the tailing flow produced by the tailing dam failure. This
study has an important practical significance to the analysis
of the relationship between the tailing dam failure and the
parameters of the tailing dam and also to the evaluation of
tailing dam failure.

In the monitoring and early warning of tailing dam
failure, based on the support vector regression and the
monitoring data of the tailing dam, Li et al. [21] presented a
new prediction method for phreatic line. Wang [22] applied
the gray theory and support vector machine theory to the
prediction of tailing dam displacement and phreatic line
based on the monitoring results of tailing dam displacement
and the phreatic line, which provided a new method for the
stability analysis and reliability prediction of tailing dam.
Jiang et al. [23, 24] proposed a general approximate method
for the groundwater response problem caused by water
level variation, and they also investigated the approximate
analytical solution to the Boussinesq equation with a sloping
water-land boundary, which can be used to determine the
phreatic line under different water levels in tailing dam under
the conditions without the measured data of observation
holes.

The currently used safety factor method [25] and random
reliabilitymethod [26] are not effective in solving the problem
of real-time stability of tailing dam. The reason is that the
safety factor method cannot consider the randomness of
parameters; although the random reliabilitymethod takes the
randomness of the parameters into consideration, but due to
the huge workload and high cost of the repeated trial in the
actual project, the coefficient of variation is often assumed or
obtained by simple calculation and did not take into account
the time correlation.

The interval nonprobabilistic reliability analysis methods
for structures [27–33] based on interval theory provide a use-
ful approach to evaluate these uncertainties. Interval values
can better reflect the uncertainty of a parameter value when
the number of samples is scarce, thus reducing the demand
for data information.

Based on the complexity, the randomness, and the param-
eters uncertainty of the tailing dam, aiming at effectively
evaluating the reliability of the tailing dam, the interval non-
probabilistic reliability analysis model of tailing dam is estab-
lished in two cases, including with and without considering
phreatic line conditions.

2. Limit State Equation of the Tailing
Dam Failure

2.1. With the Consideration of the Effect of Phreatic Line on
the Tailing Dam. During the normal operation of a tailing
dam, the phreatic line is usually between the most dangerous
sliding face and the slope. The evaluation of the tailing dam
stability must take into account the influence of the phreatic
line. The calculation equations of resistance 𝑅 and load effect𝑆 of the most common case are analyzed next.

To obtain the most accurate calculation results, the effect
of hydraulic force was considered. The direction of hydraulic
force and vertical direction is not consistent; it cannot simply
apply the treatment of tailing gravity. In fact, the essential of
using arc method to analyze the stability of the slope is to
consider the relative size of the sliding moment and antislid-
ing moment; the reason why the situation without consider-
ing the phreatic line can use the sliding force and resistance is
a special case where the sliding force and resistance have an
equal arm to the center.Therefore, we replace the sliding force
and resistance by themoments of sliding force and resistance.
As the location direction of the hydraulic force is easy to
determine, the use ofmoment also simplified the analysis and
calculation.

As shown in Figure 1, the slope equation 𝑔(𝑥) indicates
the equation of the tailing dam surface in the vertical
projection, which is determined by fitting the coordinates of
points in the surface of the tailing dam. The equation of the
circular sliding face 𝑓(𝑥) is calculated by the Swedish Circle
Method.The equation of the phreatic line𝜔(𝑥) is fitted by the
measured data of water level in phreatic line observation
holes.The area of the part𝑓𝑔𝐵𝑓modeled by the phreatic line,
the slope, and the sliding face is𝑊.The hydraulic force acting
on the part 𝑓𝑔𝐵𝑓 is 𝐷, whose action point is the centroid of
the area.The direction of action can be assumed to be parallel
with the direction of 𝑓𝑔 (as indicated by the arrow in the
figure).The arm of the hydraulic force to the center of sliding
face is 𝐿1. ℎ1𝑖 and ℎ2𝑖 indicate the length of the vertical tailings
above and below the phreatic line, respectively.

The hydraulic force can be expressed as

𝐷 = 𝐺𝐷𝐼𝑊 = 𝛾𝑤𝐼𝑊, (1)

where𝐺𝐷 is the hydraulic force acting on per unit volume, 𝛾𝑤
is the bulkweight ofwater, and 𝐼 is themean value of thewater
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Figure 1: Slope section of the arc of destruction with considering
the impact of phreatic line.

table gradient in the sphere of 𝑓𝑔𝐵𝑓, which can be assumed
equal to the gradient of line 𝑓𝑔.

As to calculating the weight of the 𝑖 section of the tailings,
for the part below the phreatic line, the buoyancy of the water
should be taken into account when the resistance is calcu-
lated, and the saturated bulk density should be used if the
sliding force is calculated.

Therefore, the equations for calculating the resistance𝑀𝑅
and sliding force𝑀𝑆 of the tailing damwith the consideration
of the phreatic line can be expressed as

𝑀𝑅 = 𝑛∑
𝑖=1

{𝑐𝑙𝑖 + [𝑊𝑖 cos𝛽𝑖 − 𝜇𝑖𝑙𝑖] 𝑓} 𝑟 = 𝑛∑
𝑖=1

{ 𝑐𝑏𝑖
cos𝛽𝑖

+ [(𝛾ℎ1𝑖 + 𝛾satℎ2𝑖) cos𝛽𝑖 − 𝛾𝑤ℎ2𝑖
cos𝛽𝑖 ] 𝑏𝑖𝑓} 𝑟,

𝑀𝑆 = 𝑛∑
𝑖=1

(𝑊𝑖 sin𝛽𝑖) 𝑟 + 𝐿1𝐷

= 𝑛∑
𝑖=1

([𝛾ℎ1𝑖 + 𝛾satℎ2𝑖] 𝑏𝑖 sin𝛽𝑖) 𝑟 + 𝐿1𝐷.

(2)

If the tailings are divided into infinite vertical sections, (2)
can be written as

𝑀𝑅 = 𝑟∫𝑥𝐴
𝑥𝐵

{ 𝑐
cos𝛽

+ {[𝛾 [𝑔 (𝑥) − 𝜔 (𝑥)] + 𝛾sat [𝜔 (𝑥) − 𝑦 (𝑥)]] cos𝛽

− 𝛾𝑤 [𝜔 (𝑥) − 𝑦 (𝑥)]
cos𝛽 }𝑓}𝑑𝑥,

𝑀𝑆 = ∫𝑥𝐴
𝑥𝐵

(𝑥 − 𝑥0) [𝛾 [𝑔 (𝑥) − 𝜔 (𝑥)] + 𝛾sat [𝜔 (𝑥)
− 𝑦 (𝑥)]] 𝑑𝑥 + 𝐿1𝐷.

(3)

To simplify the two equations, we note the resistance𝑀𝑅
and sliding force 𝑀𝑆 as

𝑀𝑅 = 𝑘1𝑓 + 𝑘2𝑐,
𝑀𝑆 = 𝑘3, (4)

where

𝑘1 = 𝑟∫𝑥𝐴
𝑥𝐵

{{{{{
[𝛾 [𝑔 (𝑥) − 𝜔 (𝑥)] + 𝛾sat [𝜔 (𝑥) − 𝑦 (𝑥)]]

⋅ √𝑟2 − (𝑥 − 𝑥0)2
𝑟 − 𝑟𝛾𝑤 [𝜔 (𝑥) − 𝑦 (𝑥)]

√𝑟2 − (𝑥 − 𝑥0)2
}}}}}

𝑑𝑥,

𝑘2 = 2𝑟2 arcsin √(𝑥𝐵 − 𝑥𝐴)2 + (𝑦𝐵 − 𝑦𝐴)2
2𝑟 ,

𝑘3 = ∫𝑥𝐴
𝑥𝐵

(𝑥 − 𝑥0) [𝛾 [𝑔 (𝑥) − 𝜔 (𝑥)] + 𝛾sat [𝜔 (𝑥)
− 𝑦 (𝑥)]] 𝑑𝑥 + 𝐿1𝐷.

(5)

Therefore, the limit state equation of the tailing dam
failure can be written as

𝑍 = 𝑀𝑅 − 𝑀𝑆 = 𝑘1𝑓 + 𝑘2𝑐 − 𝑘3. (6)

This equation can divide the steady statue of tailing dam
into three conditions; namely, the tailing dam is reliable if𝑍 >0, the tailing dam is in the limit state if 𝑍 = 0, and the tailing
dam is unreliable if 𝑍 < 0.
2.2. Without the Consideration of the Effect of Phreatic Line
on the Tailing Dam. The tailing dam model without phreatic
line is established in the same manner with the model of
Section 2.1. As shown in Figure 2, the slope equation is 𝑔(𝑥);
the equation of the circular sliding face is𝑓(𝑥).The equations
for calculating the resistance𝑀𝑅 and sliding force𝑀𝑆 of the
tailing damwithout the consideration of the phreatic line can
be expressed as

𝑀𝑅 = 𝑛∑
𝑖=1

(𝑓 ⋅ 𝑊𝑖 ⋅ cos𝛽𝑖 + 𝑐 ⋅ 𝑙𝑖) ,

𝑀𝑆 = 𝑛∑
𝑖=1

𝑊𝑖 ⋅ sin𝛽𝑖.
(7)
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Figure 2: Slope section of the arc of destructionwithout considering
the impact of phreatic line.

If the tailings are divided into infinite vertical sections, (7)
can be written as

𝑀𝑅 = ∫𝑥𝐵
𝑥𝐴

𝛾 ⋅ 𝑓 ⋅ [𝑔 (𝑥) − 𝑓 (𝑥)]
√1 + 𝑓2 (𝑥) 𝑑𝑥

+ ∫𝑥𝐵
𝑥𝐴

𝑐 ⋅ √1 + 𝑓2 (𝑥)𝑑𝑥,

𝑀𝑆 = ∫𝑥𝐵
𝑥𝐴

𝛾 ⋅ [𝑔 (𝑥) − 𝑓 (𝑥)] ⋅ 𝑓 (𝑥)
√1 + 𝑓2 (𝑥) 𝑑𝑥.

(8)

To simplify the two equations, we note the resistance𝑀𝑅
and sliding force 𝑀𝑆 as

𝑀𝑅 = 𝑚1𝑐 + 𝑚2𝑓,
𝑀𝑆 = 𝑚3, (9)

where

𝑚1 = ∫𝑥𝐵
𝑥𝐴

√1 + 𝑓2 (𝑥)𝑑𝑥,

𝑚2 = ∫𝑥𝐵
𝑥𝐴

𝛾 [𝑔 (𝑥) − 𝑓 (𝑥)]
√1 + 𝑓2 (𝑥) 𝑑𝑥,

𝑚3 = ∫𝑥𝐵
𝑥𝐴

𝛾 [𝑔 (𝑥) − 𝑓 (𝑥)] ⋅ 𝑓 (𝑥)
√1 + 𝑓2 (𝑥) 𝑑𝑥.

(10)

Therefore, the limit state equation of the tailing dam fail-
ure can be written as

𝑍 = 𝑀𝑅 − 𝑀𝑆 = 𝑚1𝑐 + 𝑚2𝑓 − 𝑚3. (11)

This equation can divide the steady statue of tailing dam
into three conditions; namely, the tailing dam is reliable if𝑍 >0, the tailing dam is in the limit state if 𝑍 = 0, and the tailing
dam is unreliable if 𝑍 < 0.

3. Interval Nonprobabilistic Reliability
Method for Tailing Dam Failure

Uncertainty theory has developed rapidly and has been
widely applied in recent years. Ben-Haim et al. [30] proposed
the uncertainty convex model to address the deficiencies of
the probabilistic model. Subsequently, Guo [32] established
a theoretical interval nonprobabilistic reliability model for
evaluating the reliability of structures. In this paper, the the-
ory of interval nonprobabilistic reliability is used to analyze
the reliability of tailing dams. The interval nonprobabilistic
reliability 𝜂 of a tailing dam is defined as the minimum
distance of the normalized failure surface from origin of C𝑛,
and the distance is measured in 𝑙∞ norms. 𝜂 = 1 means that
the most probable failure point is located on the boundary
of failure domain, and the reliability of rock mass structure
has reached a critical state. For the case of 0 ≤ 𝜂 < 1, some
combinations of uncertain parameters may be out of the
reliable domain. The tailing dam cannot satisfy the reliability
requirement. When 𝜂 > 1, all possible points of the tailing
dam lie into the reliable domain, which indicate that the tail-
ing dam is safe and reliable. To guarantee the safety tailing
dam and obtain adequate safety margin, the interval non-
probabilistic reliability 𝜂 can choose to be larger than 1.

The interval values of the shear strength parameters of a
tailing dam are [𝑐𝑙, 𝑐𝑢] and [𝜑𝑙, 𝜑𝑢]. Suppose that the interval
nonprobabilistic reliability of the tailing dam is 𝜂. When 𝜂 >1, the tailing dam is reliable; otherwise, it is unreliable. A
larger value of 𝜂 indicates a higher level of reliability. An
interval nonprobabilistic reliability solution method should
be further established using the method described above to
analyze the reliability comprehensively. For the convenience
of analysis, according to the interval value standardization
method, interval performance equations (6) and (11) are
transformed into standard form; namely,

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 𝑘1 × (𝑓𝑐 + 𝑓𝑟𝛿𝑓) + 𝑘2 × (𝑐𝑐 + 𝑐𝑟𝛿𝑐) − 𝑘3, (12a)

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 𝑚1 × (𝑐𝑐 + 𝑐𝑟𝛿𝑐) + 𝑚2 × (𝑓𝑐 + 𝑓𝑟𝛿𝑓) − 𝑚3,

(12b)

where (𝑓𝑐 + 𝑓𝑟𝛿𝑓) and (𝑐𝑐 + 𝑐𝑟𝛿𝑐) are the interval shear
strengths of the tailing dam, 𝑐𝑐 = (𝑐𝑙 + 𝑐𝑢)/2, 𝑐𝑟 = (𝑐𝑢 − 𝑐𝑙)/2,[𝑐𝑙, 𝑐𝑢] = 𝑐𝑐 ± 𝑐𝑟𝛿𝑐, 𝑓𝑐 = (𝑓𝑙 + 𝑓𝑢)/2, 𝑓𝑟 = (𝑓𝑢 − 𝑓𝑙)/2,
[𝑓𝑙, 𝑓𝑢] = 𝑓𝑐 ± 𝑓𝑟𝛿𝑐, and 𝛿𝑓, 𝛿𝑐 ∈ [−1, 1].

According to the nonprobabilistic reliability theory, the
equations of the interval nonprobabilistic reliability 𝜂 for the
standardized interval performance function (12a) and (12b)
can be solved as

𝜂 = min {‖𝛿‖∞} (13)

and meet the condition

𝑍 = 0. (14)

To establish a method for solving the interval nonprob-
abilistic reliability 𝜂, based on previous studies, Jiang et al.
[31] proposed a one-dimensional optimization algorithm that
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can effectively avoid interval extension when calculating the
complex performance function. The paper will apply this
method to solve the interval nonprobabilistic reliability. The
specific analysis process is described below.

(1) When considering the failure of a tailing dam, list 2
super radiation lines/ultra-rays that pass through the origin𝑂∞𝛿1 = {𝛿1: 𝛿1𝑘 = 0, 𝑘 = 1, 2} of the 𝛿1 expansion space𝐶∞𝛿1 =
{𝛿1: 𝛿1𝑘 ∈ (−∞, +∞), 𝑘 = 1, 2} and the vertex 𝑃𝑗

𝛿1
=

{𝛿1: |𝛿1𝑘| = 1, 𝑘 = 1, 2} (𝑗 = 1, 2, 3, 4) of the symmetric
convex domain 𝐶∞𝛿1 = {𝛿1: |𝛿1𝑘| ≤ 1, 𝑘 = 1, 2} formed
by 𝛿1. These super radiation lines/ultra-rays are marked as𝛿11 = ±𝛿12, meeting the condition 𝛿1 ∈ 𝐶𝛿1 ⊂ 𝐶∞𝛿1 .

(2) Add 𝛿11 = ±𝛿12 and𝑚 = 1 to (14) to solve the interval
nonprobabilistic reliability; 2 high-order nonlinear equations
can be obtained, and the interval nonprobabilistic reliability
set {𝜂11, 𝜂12} can be solved using a numerical method.

(3) The complex solutions are abandoned, and the abso-
lute value of the real solution is selected.Theminimumwill be
the interval nonprobabilistic reliability 𝜂 of the tailing dam.

4. Case Studies

4.1. A Case Study of the Tailing Dam of Hengyang. Located
in the Qidong County, Hengyang, the tailing dam lies down-
stream of the mine. The tailing pond is like an ellipse, with
the length of 500m and the width of 200m. The tailing dam
is surrounded bymountains, with big topographic inequality;
the altitude of the mountain is 390m in the north side, 385m
in the west side, and 378m in the east side.The lowest altitude
of the tailing pond is 285m.Thedegree of seismic fortification
intensity is 6, and the designed earthquake acceleration is
0.05 g. The initial dam is rock fill dam, with a bottom
elevation of 284m, and a top elevation of 316m. The granule
gradations are as follows: hunch rock (above 60 kg) 75%, fit
rock (30–60 kg) 15%, and small rock (3–30 kg) 5%. The cross
sectionmap of tailing dam of Hengyang is shown in Figure 3.
The tailings consist of tailing medium sand, tailing silty sand,
tailing fine sand, tailing mild sand, tailing mild clay, and
tailing mud.

According to engineering investigation of the tailings
dam, the physical and mechanical parameters of the tailing
dam are shown in Table 1.The equation of sliding face crosses
the layers of all the six earth species; therefore, the interval
values of the shear strength parameters are determined by the
minimumandmaximumvalues of internal friction angle and
cohesion of the six tailing species. The interval values of the
shear strength parameters are shown in Table 2.

The equation of sliding face can be expressed as

𝑓 (𝑥) = 174 − (179.72 − (𝑥 − 38.8)2)0.5 . (15)

The equation of the slope can be expressed as

𝑔 (𝑥) = {{{
0.33𝑥 𝑥 ≤ 194
60 𝑥 > 194. (16)

The equation of the phreatic line can be expressed as

𝜔 (𝑥)

=
{{{{{{{{{

0.31𝑥 𝑥 ≤ 47.731
0.11𝑥 + 6.88 𝑥 ≤ 148.72
174 + (179.7𝑥2 − (𝑥 − 38.8)2)0.5 𝑥 > 148.72.

(17)

By substituting the known parameters in (5) and (15) to
(17), the values of 𝑘1, 𝑘2, and 𝑘3 can be obtained and are listed
below.

𝑘1 = 8.37773 × 106,
𝑘2 = 25552,
𝑘3 = 2.83188 × 106.

(18)

Therefore, the limit state equation of the tailing dam can
be expressed as

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 8.37773 × 106 × 𝑓 + 25552 × 𝑐 − 2.83188 × 106. (19)

The limit state equation can be transformed into standard
form by using the standardize method of interval values;
namely,

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 8.37773 × 106 × (𝑓𝑐 + 𝑓𝑟𝛿𝑓) + 25552

× (𝑐𝑐 + 𝑐𝑟𝛿𝑐) − 2.83188 × 106.
(20)

By substituting the mean value and deviation of 𝑐 and 𝑓
into (20) and using the method introduced in Section 3, the
interval nonprobabilistic reliability index can be solved.

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 8.37773 × 106 × (0.46805 + 0.05035𝛿𝑓) + 25552

× (0.0265 + 0.0035𝛿𝑐) − 2.83188 × 106 = 0.
(21)

Solve the equation above and the interval nonprobabilis-
tic reliability index 𝛽 was obtained.

𝛽 = 1.63783. (22)

The calculated random and fuzzy random reliability are
0.9627 and 0.8534, respectively, which means that the two
kinds of reliability indexes are 1.78 and 1.05.The interval non-
probabilistic reliability index is 1.63783. The results suggest
that the tailing dam is in a totally reliable status. Actually,
the appearance of the dam is in a good condition, without
the occurrence of deep or shallow sliding signs, and also no
horizontal and vertical cracks are found. The actual situation
is consistent with the calculation results, which means that
the interval nonprobabilistic reliability model is a reasonable
one and can be used to analyze the stability of tailing dam.
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Figure 3: Cross section map of tailing dam of Hengyang. The ZK1 to ZK5 are the sampling holes. The legends show the constituents of the
tailings. The tailings consist of tailing medium sand, tailing silty sand, tailing fine sand, tailing mild sand, tailing mild clay, and tailing mud.
The distances between sampling holes are noted below the graph.

Table 1: The physical and mechanical parameters of the tailing dam.

Earth species Natural weightiness
degree/kN/m3

Shear strength Permeability
coefficient/cm⋅s−1Internal friction angle/∘ Cohesion/kPa

𝜑min 𝜑max 𝜑mean 𝑐min 𝑐max 𝑐mean

Tailing medium sand 15.02 24 29.3 26.65 27 43 35 1.49 × 10−3

Tailing silty sand 19.17 25.5 27.3 26.4 27 67.2 47.1 4.31 × 10−4

Tailing fine sand 19.86 26 30 28 18.2 47.1 32.65 1.45 × 10−4

Tailing mild sand 19.9 26 29 27.5 22.5 25.7 24.1 7.82 × 10−4

Tailing mild clay 19.9 21.6 28.8 25.2 28 35.2 31.6 8.12 × 10−4

Tailing mud 18.5 27.4 23 2.67 × 10−6

Table 2: The interval values of the shear strength parameters.

Shear strength parameters Interval values of the parameters Mean value Deviation
Cohesive strength 𝑐/MPa [0.0182, 0.0672] 0.0427 0.0245
Internal friction angle 𝜑/∘ [21.6, 30]
Friction coefficient tan𝜑 [0.3959, 0.5774] 0.48665 0.09075

4.2. A Case Study for the Tailing Dam of Panzhihua. The
Panzhihua area is located in the southwest earthquake activity
area of China, where the basic seismic intensity is 7 degrees.
The tailings pond is built through the upstreamdam-building
method, where the accumulation slope is 1 : 6, the final height
of dam is 210m, the final accumulation elevation is 1300m,
the storage capacity is 0.184 billion cubic meters, and the
effective storage capacity is 0.16 billion cubic meters. The
requirements for storing up all the tailings of Lanjian iron
mine and Zhujiabao iron mine can be satisfied.

There are six characteristics of the tailings fill dam, which
are the thick front, the fine tail, the thick upper layer, the fine
lower layer, the thick western section, and the fine eastern
section. Specially, the particle size becomes finer gradually
from the slope of tailings fill dam to the inside tailings dam.
The tailings are fine when close to the slope of 250m range.
Then, the tailings become silty as the area moves to the ditch.

The tailings in the bottom are mainly silty clay. As for the
slope and the crest of the tailings fill dam considered in the
vertical direction, the tailings of upper layer of 25–30m range
are fine, the lower layer is the powder clay mostly, and the
bottom layer is the clay tailings basically. In the early stage,
the particle size of tailings is fine for the areas below the
elevation of dam crest.Themain reason is that the production
and ore-drawing are operated after the build of tailings dam
for a period of time; the rainfall water in the front of the
tailings dam has an impact on the particle size of tailings.
In addition, the ore-drawing in the west side of the tailings
dam is operated through single tube when building the third
subdam, which caused the particle size of tailings to be fine in
front of the auxiliary dam. The cross section map of tailings
damof Panzhihua is shown in Figure 4, where I, II, III, IV, and
V indicate the region of rock fill, fine tailings, powder tailings,
clay tailings, and powder clay, respectively.
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Table 3: The physical and mechanical parameters of the tailing dam.

Earth species Natural weightiness
degree/kN/m3

Shear strength Permeability
coefficient/cm⋅s−1Internal friction angel/∘ Cohesion/kPa

𝜑min 𝜑max 𝜑mean 𝑐min 𝑐max 𝑐mean Vertical Horizontal
Tailing fine sand 20.2 31.9 41.4 36.9 0.7 34.6 12.3 1.6 × 10−3 2.0 × 10−3

Tailing silty sand 20.1 30.2 39.6 34.2 11.2 32.7 19.2 6.8 × 10−4 1.5 × 10−3

Clay tailings 22.0 26.1 35 31.4 12.9 36.6 22.9 6.0 × 10−5 7.5 × 10−4

Powder clay 20.5 1.1 18.9 6.6 17.9 24.7 20.3 2.2 × 10−6 2.8 × 10−6

(35.66Ｇ, 109.680Ｇ)

(116 Ｇ, 300Ｇ)

II

III

I

IV

V

Figure 4: Cross section map of tailing dam of Panzhihua: I, II, III, IV, and V indicate the regions of rock fill, tailing fine sand, tailing silty
sand, clay tailings, and powder clay, respectively.

According to engineering investigation of the tailings
dam, the physical and mechanical parameters of the tailing
dam are shown in Table 3.The equation of sliding face crosses
the regions of III, I,V and V; therefore, the interval values
of the shear strength parameters are determined by taking
the minimum andmaximum values of internal friction angle
and cohesion of tailing silty sand, clay tailings, and powder
clay. The interval values of the shear strength parameters are
shown in Table 4.

The equations of sliding face can be expressed as

𝑓 (𝑥) = 109.68 − (100.562 − (𝑥 − 35.66)2)0.5 . (23)

The equation of the slope can be expressed as

𝑔 (𝑥) =
{{{{{{{{{{{{{{{

0.45𝑥 𝑥 ≤ 100
0.15𝑥 + 30 100 < 𝑥 ≤ 200
0.18𝑥 + 40 200 < 𝑥 ≤ 500
130 𝑥 > 500.

(24)

The equation of the phreatic line can be expressed as

𝜔 (𝑥) =
{{{{{{{{{{{{{{{

0.17𝑥 𝑥 ≤ 165
0.29𝑥 − 28.58 165 < 𝑥 ≤ 215
0.09𝑥 + 15.34 215 < 𝑥 ≤ 375
0.4𝑥 − 102.2 𝑥 > 375.

(25)

The phreatic line is not considered while calculating the
interval nonprobabilistic reliability index because the equa-
tions of sliding face and phreatic line have no intersecting
point. By substituting the known parameters in (10) and (23)
to (25), the values of𝑚1,𝑚2, and𝑚3 can be obtained and are
listed below.

𝑚1 = 103.936,
𝑚2 = 1.99601 × 106,
𝑚3 = 789.469.

(26)

Therefore, the limit state equation of the tailing dam can
be expressed as

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 103.936 × 𝑐 + 1.99601 × 106 × 𝑓 − 789.469. (27)

The limit state equation can be transformed into standard
form by using the standardize method of interval values;
namely,

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 103.936 × (𝑐𝑐 + 𝑐𝑟𝛿𝑐) + 1.99601 × 106

× (𝑓𝑐 + 𝑓𝑟𝛿𝑓) − 789.469.
(28)
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Table 4: The interval values of the shear strength parameters.

Shear strength parameters Interval values of the parameters Mean value Deviation
Cohesive strength 𝑐/MPa [0.0112, 0.0366] 0.0239 0.0127
Internal friction angle 𝜑/∘ [1.1, 39.6]
Friction coefficient tan𝜑 [0.0192, 0.8273] 0.42325 0.40405

Table 5: The advantages and disadvantages of the safety factor, the random reliability, and the nonprobabilistic reliability.

Methods The considered parameters Advantages Disadvantages

Safety factor The mean values of the
mechanical parameters. Easy to operate. The uncertainty of the

parameters is not considered.

Random reliability
The mean values and the

probability density functions of
the mechanical parameters.

The uncertainty of the
parameters are considered; the

reliability index and the
probability of failure can be

obtained.

Large amounts of data are
needed to get the probability
density functions, which

consume much more manpower
and material resources.

Interval nonprobabilistic
reliability

The interval values of the
mechanical parameters.

The interval values of the
parameters are easy to get

without the need of probability
density functions; the reliability

index can be obtained.

By substituting the mean value and deviation of 𝑐 and 𝜑
into (28) and using the method introduced in Section 3, the
interval nonprobabilistic reliability index can be solved, and
the interval nonprobabilistic reliability index 𝛽was obtained.

𝑍 = 𝑀𝑅 − 𝑀𝑆
= 103.936 × (0.0239 + 0.0127𝛿𝑐) + 1.99601 × 106

× (0.42325 + 0.40405𝛿𝑓) − 789.469,
𝛽 = 1.04654.

(29)

The random and fuzzy random reliability of the tailing
dam were also calculated. The results show that the random
and fuzzy random reliability are 0.9639 and 0.8555, respec-
tively, which means that the two kinds of reliability indexes
are 1.8 and 1.06.The interval nonprobabilistic reliability index
is less than those two reliability indexes but bigger than the
threshold 1. The results suggest that the tailing dam is in a
reliable status. Actually, a serious earthquake with themagni-
tude of 6.1 occurred in the juncture of Panzhihua and Liang-
shan on August 30, 2008. The tailing dam is stable during
the earthquake and no crack occurs. It also proved that the
established interval nonprobabilistic reliability model is a
reliable one. Although the three reliability indexes are all
bigger than 1, note that the fuzzy random reliability index and
the interval nonprobabilistic reliability index are too close to
the threshold 1; the monitoring of the tailing dam should be
taken seriously in case that disaster happens.

The safety factor can be applied when the data is sufficient
using the mean values of the parameters. However, the
uncertainty of the mechanical parameters is not consid-
ered. The random reliability is the preferred method when
sufficient data are available to describe the uncertainty of
the mechanical parameters; the random reliability is heavily

dependent on the probability distributions, but a probability
density function obtained according to insufficient data is
inaccuracy; therefore, the results obtained may be unreliable.
The interval nonprobabilistic reliability model is appropriate
when there is not a sufficient amount of data to determine
the probability density distribution and also the conditions
that the data is sufficient. Furthermore, the uncertainty of
the mechanical parameters is considered when determining
the interval values. The advantages and disadvantages of the
safety factor, the random reliability, and the nonprobabilistic
reliability are listed in Table 5.

The established model of the interval nonprobabilistic
reliability of the tailing damprovides a beneficial complement
to the safety factor and the random reliability method and
is not meant to replace them. The interval nonprobabilistic
reliability model is appropriate when there is not a sufficient
amount of data to determine the probability density distri-
bution. Therefore, a strict data requirement is unnecessary
because the uncertainty of the parameter value can be used
when there is not a sufficient amount of data.

5. Sensitive Analysis

To compare and analyze the sensitivity of each interval
parameter on the interval nonprobabilistic reliability, make
the deviation of parameters 𝑐1 and 𝑓1 of the tailing dam
change 0.002 toward both sides each time based on the pre-
vious deviation when calculating the interval nonprobabilis-
tic reliability. The analysis process for the tailing dam of
Hengyang can be classified into 2 conditions:

(1) 𝑐𝑐1 , 𝑐𝑟1 , and 𝑓𝑐1 are set as constant values, and 𝑓𝑟1 is
set to 0.08075, 0.08275, 0.08475, 0.08675, 0.08875, 0.09075,
0.09275, 0.09475, 0.09675, 0.09875, and 0.10075.These values
are substituted into (20); the corresponding interval non-
probabilistic reliabilities are obtained according to (13) and
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Figure 5: (a) Sensitivity analysis for the deviation of 𝑐1 (𝑐𝑟1) and of 𝑓1 (𝑓𝑟1 ) and (b) box charts for INRs under changes of 𝑐1 (𝑐𝑟1) and 𝑓1 (𝑓𝑟1 ).

(14). The change regulation is shown as solid blue star in
Figure 5(a). A slight change in 𝑓𝑟1 can change the stability of
a tailing dam considerably.

(2) 𝑐𝑐1 , 𝑓𝑐1 , and 𝑓𝑟1 are set as constant values, and 𝑐𝑟1 is set to
0.0145, 0.0165, 0.0185, 0.0205, 0.0225, 0.0245, 0.0265, 0.0285,
0.0305, 0.0325, and 0.0345. With the same solution as (1),
the relationship between 𝑐𝑟 and the interval nonprobabilistic
reliabilities of the tailing dam are obtained, as the solid red
circle shown in Figure 5(a). FromFigure 5(a), the relationship
between 𝑐𝑟 and the interval nonprobabilistic reliabilities is
found to be a nearly linear dependence, and the changes in𝑐𝑟1 have a minor effect on the interval nonprobabilistic relia-
bilities.

The relationship between shear strength (𝑐 and𝑓) and the
interval nonprobabilistic reliability can be obtained through
the box chart in Figure 5(b). From Figure 5(b), it can be also
clearly seen that the interval nonprobabilistic reliability is
more sensitive to the change of 𝑓 than to the change of 𝑐.

To compare and analyze the sensitivity of each interval
parameter on the interval nonprobabilistic reliability, make
the deviation of parameters 𝑓2 and 𝑐12 of the tailing dam
change 0.002 toward both sides each time based on the pre-
vious deviation when calculating the interval nonprobabilis-
tic reliability. The analysis process for the tailing dam of
Panzhihua can be classified into 2 conditions:

(1) 𝑐𝑐2 , 𝑐𝑟2 , and 𝑓𝑐2 are set as constant values, and 𝑓𝑟2 is
set to 0.39405, 0.39605, 0.39805, 0.40005, 0.40205, 0.40405,
0.40605, 0.40805, 0.41005, 0.41205, and 0.41405.These values
are substituted into (28); the corresponding interval non-
probabilistic reliabilities are obtained according to (13) and
(14). The change regulation is shown as solid blue star in
Figure 6(a). A slight change in 𝑓𝑟2 can change the stability of
a tailing dam considerably.

(2) 𝑐𝑐2 , 𝑓𝑐2 , and 𝑓𝑟2 are set as constant values, and 𝑐𝑟2 is set
to 0.0027, 0.0047, 0.0067, 0.0087, 0.0107, 0.0127, 0.0147, 0.0167,
0.0187, 0.0207, and 0.0227. With the same solution as (1),
the relationship between 𝑐𝑟2 and the interval nonprobabilistic
reliabilities of the tailing dam is obtained, as the solid red cir-
cle shown in Figure 6(a). From Figure 6(a), the relationship
between 𝑐𝑟2 and the interval nonprobabilistic reliabilities is
found to be a horizontal dependence. By analyzing the values
of the parameter 𝑐2 we can find that the values of 𝑐2 are much
less than that of 𝑐1, which resulted in a very small deviation.
From Figure 6(a) we can discover that the changes in 𝑐𝑟2 have
a minor effect on the interval nonprobabilistic reliabilities.

The relationship between shear strength (𝑐 and𝑓) and the
interval nonprobabilistic reliability can be obtained through
the box chart in Figure 6(b). From Figure 6(b), it can be also
clearly seen that the interval nonprobabilistic reliability is
more sensitive to the change of 𝑓 than to the change of 𝑐.
6. Conclusions

Thephreatic line significantly affects the stability of the tailing
dam; a new interval nonprobabilistic reliability measurement
and analysis method for tailing dam with the consideration
of the existence of phreatic line was proposed based on the
interval theory. This proposed method requires the values of
the bounds of the uncertain parameters but not their specific
distributions. As a result, the initial data requirements are
reduced considerably.

The developed interval nonprobabilistic reliability
method was used to evaluate the stability of two tailing dams
in China. The calculation results of the interval nonprob-
abilistic reliability are found to be in agreement with actual
situations. It is concluded that the interval nonprobabilistic
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Figure 6: (a) Sensitivity analysis deviation of 𝑐2 (𝑐𝑟2) and 𝑓2 (𝑓𝑟2 ) and (b) box charts for INRs under changes of 𝑐2 (𝑐𝑟2) and 𝑓2 (𝑓𝑟2 ).

reliability method can be used when the amount of data is
scarce.

The most sensitive mechanical parameters of the tailing
dam failure can be determined through a sensitivity analysis
of the mechanical parameters toward the interval nonprob-
abilistic reliability, thereby providing instructions for the
support of the tailing dam slope.

It is noted that the nonprobabilistic reliability method is
not designed to replace the probabilistic reliability method
but instead serves as a useful complement to the probabilistic
reliability method. The probability reliability method can be
used when there is a sufficient amount of data to describe the
probability properties of the uncertain parameters, and the
interval nonprobabilistic reliability models can be used when
the uncertainty in the data is scare.
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