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For small unguided space interceptors, the interception probability is an important index to evaluate their strike capability.
However, the Monte Carlo (MC) based simulation method not only consumes a lot of computation time but also theoretically
lacks interpretability. In this regard, this paper proposes an analytical method that can quickly and accurately calculate the
short-term space interception probability. Firstly, by considering the effect of perturbation force on spacecraft as the effect of
external force acceleration, the analytical calculation formula of the short-term state error covariance propagation of space target
and interceptor is deduced. Next, by projecting the state error and rotating the coordinate system, the joint error distribution of
the target and the interceptor in the calculation coordinate system at the time of closest approach (TCA) is obtained. Thereby
convert the calculation of the space interception probability into the integral of the 2-dimensional probability density function
in the circular domain. Then, the Laplace transform and Taylor expansion are used to obtain the exact power series expression
and the maximum truncation error of the integral calculation, and the analytical calculation of the short-term space
interception probability is realized. Finally, the effectiveness of the proposed method is verified by a simulation example. The
proposed method can directly calculate the space interception probability according to the initial state error distribution of the
target and interceptor, and the whole calculation process does not contain double integral operation. The proposed method has
high computational efficiency, is suitable for on-orbit calculation, and provides effective support for the rapid evaluation of the
strike capability of the space interceptor.

1. Introduction

The interceptor can be mounted on a satellite platform as a
payload and to perform orbital interceptor missions such as
space debris removal. Small nonguided interceptors (such
as projectiles) have the advantages of lightweight and can
be fired continuously, but due to the lack of guidance, it is
necessary to make a reasonable assessment of their strike
capability. As an important index to evaluate the striking
ability of small unguided interceptors, interception probabil-
ity plays an important role in the design, optimization, and
performance evaluation of interceptors. Literature [1] sys-
tematically compares the calculation methods of circular
error probability (CEP). Literature [2] applied the bootstrap
method to resample small samples and calculated the cyclic
error caused by repeated sampling, so as to analyze the

influence of various error sources on the shooting accuracy
of electromagnetic railgun (EMRG). In literature [3], the
ground strike accuracy of EMRG is analyzed with Latin
hypercube design (LHD). However, all the above researches
are based on ground tests. Due to the unique motion of the
interceptor in space, the above research methods are no
longer applicable.

When calculating the probability of intercept in space,
the initial error of interceptor should be analyzed first. The
source of the interceptor’s initial error can be classified
into two categories. One is the position error of interceptor
caused by the position error of the satellite platform. The
other is the interceptor velocity error caused by satellite
velocity error, attitude adjustment error, launch velocity
error, and other factors. Therefore, the initial error of the
interceptor can be simplified into the state error of the
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interceptor after launching in orbit. Different from the
ground strike test, the initial state of the target will have some
initial errors due to the limited ground observation ability.
Due to the influence of gravity and various kinds of perturba-
tion, the initial states of the target and the interceptor will
change continuously throughout the interception process.
Therefore, it is necessary to study the distribution of state
errors at TCA according to the initial state error distribution
of the target and the interceptor. Then, when calculating the
space interception probability, we first need to study the
uncertainty propagation problem in orbit mechanics.

As for the uncertainty propagation problem in orbital
mechanics, there is much relevant research literature [4–6].
For the linear propagation process of error, the literature
[7] used linear covariance analysis to study the orbit error
propagation. When the error propagation time is too long
and the system has strong nonlinearity, the literature [8, 9]
uses Monte Carlo to study the error propagation problem.
In order to reduce the computational cost of MC, some
related techniques for error propagation have been pro-
posed, such as unscented transformation (UT) [10], poly-
nomial chaos (PC) [11, 12], differential algebraic (DA)
[13, 14], and Gaussian mixture model (GMM) [15–17].
For the short-term space interception task, the propaga-
tion time of the state errors of the target and the intercep-
tor is short during the whole interception process. After the
propagation, the orbital deviations of both are small, so the
Tschauner-Hempel (TH) equation can be used to describe
the relative motion between the “mean orbit” and the
“deviation orbit” of the target and the interceptor, so as
to obtain the analytical solution of the target and intercep-
tor state error propagation.

After error propagation, target and interceptor reach the
closest position at the TCA. At this point, there is a high rel-
ative speed between the target and the interceptor and the
overall contact time between them is extremely short during
the encounter. Therefore, short-term encounter model can
be used to define the encounter process between the target
and the interceptor [18]. The motion trajectories between
the target and the interceptor in the encounter process are
assumed to be straight lines, and the uncertainty of the veloc-
ities of the target and the interceptor in the encounter process
is ignored. So, the probability calculation can be converted to
solve the integral of the two-dimensional probability density
function in the encounter plane. For this double integral, the
literature [19] uses the Monte Carlo method for calculation.
In order to speed up the calculation efficiency, Foster and
Estes [20], Patera [21], and Alfano [22] proposed different
numerical integration models, respectively. Besides, Chan
[23] proposed an analytical method to approximate the inte-
gral formula. The method approximates the integral domain.
When the probability density function (PDF) is close to the
circular distribution, it can well approximate the actual prob-
ability value. However, when the ratio of the semiminor axis
length of PDF elliptic distribution is large, the probability cal-
culation will be biased. Compared with Chan’s method, the
analytical calculationmethod based on the Laplace transform
[24] avoids the approximation of the integral domain and is
more suitable for the calculation of interception probability.

In summary, the calculation of space interception proba-
bility is a complex multistage problem. In this issue, uncertain
propagation calculation of orbit and collision probability cal-
culation is involved. Although an exact solution to the space
interception probability can be obtained by a large number
of Monte Carlo simulations, it often requires a large amount
of computational cost and time cost. In this regard, this paper
combines the characteristics of short-term space interception
task to define “short-term” from two aspects: The first is that
the overall time of the interception process is short. The sec-
ond is that the overall contact time between the target and
the interceptor is short. Based on the above definition, this
paper presents an analytical method to calculate the short-
time space interception probability. This method divides the
space interception task into two stages: error propagation
and instantaneous collision, and realizes the analytical calcula-
tion of the short-term space interception probability by
modeling the two phases separately. In the error propagation
phase, we establish the state error uncertainty propagation
model for the target and interceptor based on the TH equa-
tion. By considering the perturbation effect as the external
force acceleration, the analytical calculation formula of the
uncertainty propagation is obtained. By formula, we can
directly calculate the error covariance matrices of the state of
the target and interceptor at the TCA. In the transient collision
phase, we unify the state vectors and state errors of the target
and interceptor at the TCA into the calculation coordinate
system, thereby transforming the calculation of the intercep-
tion probability from the 3-dimensional problem to the 2-
dimensional problem. The Laplace transform and Taylor
expansion are used to obtain the expression of the power
series of the space interception probability, which realizes
the accurate analytical calculation of the space interception
probability. The main innovation of this paper is to pro-
vide a precise method to solve short-term space intercep-
tion probability in a pure analytic way. The advantage of
this method is that it combines the uncertainty propaga-
tion calculation of orbit with the space collision probability
calculation. Through the multistage modeling, an accurate
analytical method for calculating the short-term space inter-
ception probability is given. Using this method, the short-
term space interception probability can be calculated directly
according to the initial state distribution of the target and
the interceptor. The Laplace transform method used in the
modeling avoids the double integral operation required in
the final probability calculation, which makes the method
more suitable for on-orbit calculation and provides the effec-
tive support for the rapid evaluation of the interception capa-
bility of the space interceptor.

2. State Transition Matrix and Analytical
Solution for Uncertainty
Propagation Calculation

For the space interception probability problem, the error
uncertainty propagation of target orbit and interceptor orbit
should be considered first. In this section, the relative motion
theory is used to study the error propagation of the two
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orbits. The mean orbit and deviation orbit of the spacecraft
are regarded as two close space objects of “real” and “virtual,”
respectively, so the propagation rule of orbital error can be
described by relative motion theory.

2.1. Relative Motion Model and State Transition Matrix under
the Elliptical Orbit. In this section, Local Vertical Local Hori-
zontal (LVLH) coordinate system of spacecraft mean orbit is
used to establish the relative motion equation. The origin of
the coordinate system lies at the center of mass of the “real
object.” The x-axis points the center of the mass of the “real
object” along the center of the earth. The y-axis points to the
direction of movement of the “real object” and is perpendicu-
lar to the x-axis in the mean orbital plane of the spacecraft.
The z-axis satisfies the right-hand rule. Figure 1 shows the
LVLH coordinate system of the spacecraft mean orbit.

In Figure 1, R represents the distance between the “real
object” and the center of the earth.

In the LVLH coordinate system of the spacecraft mean
orbit, the relative motion of the “virtual object” and “real
object” is

_X tð Þ =A tð ÞX tð Þ + Bu tð Þ, ð1Þ

where XðtÞ = ½XðtÞ, YðtÞ, ZðtÞ, _XðtÞ, _YðtÞ, _ZðtÞ�T represents
the position-velocity relationship of the “virtual object” with
respect to the “real object” in the LVLH coordinate system at
time t (the orbital deviation of the spacecraft), uðtÞ =
½uxðtÞ, uyðtÞ, uzðtÞ�T represents the external force accelera-
tion, and AðtÞ and B are the coefficient matrices, specifically
expressed as follows:

A tð Þ =
03×3 I3×3
A1 tð Þ A2 tð Þ

" #
,

B =
03×3
I3×3

" #
,

A1 tð Þ =

ω2 tð Þ + 2μ
R3 _ω tð Þ 0

− _ω tð Þ ω2 tð Þ − μ

R3 0

0 0 −
μ

R3

2
6666664

3
7777775
,

A2 tð Þ =
0 2ω tð Þ 0

−2ω tð Þ 0 0

0 0 0

2
664

3
775,

8>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð2Þ

where μ is the gravitational constant; ωðtÞ = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aμð1 − e2Þp

/R2

is the orbital angular velocity of the “real object,” a is the
semimajor axis of the “real object orbit,” and e is the orbital
eccentricity of the “real object.”

In order to express the relative motion relationship
between the space objects more simply, Tschauner and Hem-
pel converted the independent variable of their relative

motion state into the true anomaly of the “real object” and
thus obtained the TH equation:

~X′ fð Þ = ~A fð Þ~X fð Þ + ~B fð Þu fð Þ, ð3Þ

where ~X′ð f Þ = ½~Xð f Þ, ~Yð f Þ, ~Zð f Þ, ~X ′ð f Þ, ~Y ′ð f Þ, ~Z ′ð f Þ�T and
uð f Þ = ½uxð f Þ, uyð f Þ, uzð f Þ�T. The expressions of AðtÞ and B
are as follows:

~A fð Þ =
03x3 I3x3
~A1 fð Þ ~A2

" #
,

~B fð Þ =
03x3
1

ω fð Þ3/2
I3x3

2
64

3
75,

~A1 fð Þ =

3
ρ fð Þ 0 0

0 0 0

0 0 −1

2
6664

3
7775,

~A2 =

0 2 0

−2 0 0

0 0 0

2
664

3
775,

8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð4Þ

where ρð f Þ = 1 + e cos f and ωð f Þ = ρ2ð f Þμ2/h3 [25], where
h is the orbital angular momentum of the “real object.”

According to the literature [26], the transition matrix
from the relative state ~Xð f Þ to XðtÞ is

T fð Þ =
h3/2

μρ
I3×3 03×3

μe sin fð Þ
h3/2

I3×3
μρ

h3/2
I3×3

2
6664

3
7775: ð5Þ

The state transition matrix for ~Xð f Þ is ψð f , f0Þ =Φð f Þ
Φ−1ð f0Þ, where the expression of Φð f Þ is as follows:

Φ fð Þ =

0 −c 0 −s 3esJ − 2 0

1 s 1 +
1
ρ

� �
0 −c 1 +

1
ρ

� �
3ρ2 J 0

0 0
c
ρ

0 0
s
ρ

0 −c′ 0 −s′ 3e s′ J + s
ρ2

� �
0

0 2c − e 0 2s 3 1 − 2esJð Þ 0

0 0
−s
ρ

0 0
c
ρ

2
666666666666666666664

3
777777777777777777775

=
H3×6

H3×6′

" #
,

ð6Þ
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where s = ρ sin f , c = ρ cos f , s′ = cos f + e cos 2f , and J =Ð f
f0
1/ρ2ðτÞdτ.
So,

X tð Þ = T fð Þψ f , f0ð ÞT−1 f0ð ÞX t0ð Þ = Γ t, t0ð ÞX t0ð Þ, ð7Þ

where Γðt, t0Þ is the state transition matrix in regard to XðtÞ.
2.2. Uncertainty Propagation of Errors. In the process of error
uncertainty propagation, the influence of perturbation force
on spacecraft is considered as the external acceleration. Since
the main perturbations such as solar pressure and atmo-
spheric resistance are modeled according to the white Gauss-
ian noise process [27], the external acceleration uðtÞ in
equation (1) can be assumed to be a random Gaussian pro-
cess with mean 03×1 and intensity U3×3:

E u tð Þf g = 03×1,

E u tð ÞuT t ′
� �n o

=Uδ t − t ′
� �

:
ð8Þ

Assuming that initial states of Xðt0Þ and uðtÞ are inde-
pendent of each other and follow the Gaussian distribu-
tion in equation (9), then according to equation (1), the
orbital error uncertainty of the spacecraft will be propa-
gated by Xðt0Þ and uðtÞ.

X t0ð Þ ∼ℕ X t0ð Þ ;X0, C0ð Þ, ð9Þ

where X0 represents the mean of initial relative state dis-
tribution and C0 is the covariance matrix of the initial
relative state.

Further, the formula (1) is presented as a form of the sto-
chastic differential equation:

dX tð Þ =A tð ÞX tð Þdt + Bdβ tð Þ, ð10Þ

where βðtÞ has the following properties:

E β tð Þf g = 03×1,

E β t2ð Þ − β t1ð Þ½ � β t2ð Þ − β t1ð Þ½ �T
n o

=
ðt2
t1

Udt, t1 < t2:

8><
>:

ð11Þ

Therefore, by solving equation (10), the relative state
XðtÞ at time t can be expressed as follows:

X tð Þ = Γ t, t0ð ÞX t0ð Þ +
ðt
t0

Γ t, τð ÞBdβ τð Þ: ð12Þ

Since X0 satisfies the Gaussian distribution and uðtÞ is a
random Gaussian process, XðtÞ at any moment is a Gaussian
random variable:

X tð Þ ∼ℕ X tð Þ ;m tð Þ,C tð Þð Þ, ð13Þ

where mðtÞ and CðtÞ are distribution mean and covariance
matrix of relative state XðtÞ at time t, respectively.

According to equation (12),mðtÞ andCðtÞ can be divided
into combinatorial forms, namely,mðtÞ =m1ðtÞ +m2ðtÞ and
CðtÞ =C1ðtÞ +C2ðtÞ, where m1ðtÞ and C1ðtÞ are calculated
according to the distribution propagation of X0, and m2ðtÞ
and C2ðtÞ are calculated according to the process propaga-
tion of uðtÞ.

First, analyze the calculations of m1ðtÞ and C1ðtÞ. Since
LVLH is a moving coordinate system, the orbital velocity
deviation of spacecraft in equation (7) is the product of rela-
tive derivative, namely,

X tð Þ = X tð Þ, Y tð Þ, Z tð Þ, _X tð Þ, _Y tð Þ, _Z tð Þ
h iT

= r,
δr
δt

� �T
:

ð14Þ

In the actual process, the measured orbital velocity devi-
ation of the spacecraft corresponds to the absolute derivative
in the Local Vertical Local Horizontal Inertial (LVLHI) coor-
dinate system. Here, the LVLHI coordinate system is an

X

Y

Z

RVirtual object

Real object

Nominal orbit

Figure 1: The LVLH coordinate system of the spacecraft mean orbit.
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inertial coordinate system, which coincides with the instan-
taneous LVLH coordinate system, but remains unchanged
in the inertial space. Therefore, the orbital deviation of the
spacecraft in LVLHI coordinate system can be expressed
as follows:

X LIð Þ tð Þ = X tð Þ, Y tð Þ, Z tð Þ, ΔX tð Þ, ΔY tð Þ, ΔZ tð Þ½ �T = r,
dr
dt

� �T
:

ð15Þ

dr/dt and δr/δt satisfy

dr
dt

=
δr
δt

+ ω × r = _X tð Þ − ω tð ÞY tð Þ, _Y tð Þ + ω tð ÞX tð Þ, _Z tð Þ
h iT

:

ð16Þ

So,

X LIð Þ tð Þ =ML→LI ω tð Þð ÞX tð Þ =
I3×3 03×3
M21 I3×3

" #
,

M21 =

0 −ω tð Þ 0

ω tð Þ 0 0

0 0 0

2
664

3
775:

8>>>>>>>><
>>>>>>>>:

ð17Þ

Suppose that the orbital deviation of the spacecraft
measured at the initial moment satisfies the Gaussian distri-

bution XðLIÞðt0Þ ∼ℕðXðLIÞðt0Þ ;XðLIÞ
0 , CðLIÞ

0 Þ, then m1ðtÞ and
C1ðtÞ can be calculated according to the following equation:

According to equations (11) and (12), m2ðtÞ and C2ðtÞ
are, respectively,

m2 tð Þ = 06×1,

C2 tð Þ =
ðt
t0

Γ t, τð ÞBUBTΓT t, τð Þdτ:

8><
>: ð19Þ

Since the calculation of Γðt, τÞ is complicated and con-
tains integral operations, it is difficult to solve C2ðtÞ by
using equation (19) directly. For this purpose, this paper
completes the analytical calculation of C2ðtÞ by transforming
the computational domain (convert uðtÞ in the time domain
to uð f Þ in the true anomaly domain).

Similar to equation (11), we can get

E ~β fð Þ
n o

= 03×1,

E ~β f2ð Þ − ~β f1ð Þ
h i

~β f2ð Þ − ~β f1ð Þ
h iT	 


=
ð f2
f1

~U fð Þdf , f1 < f2,

8>><
>>:

ð20Þ

~C2 fð Þ =
ð f
f0

ψ f , σð Þ~B σð Þ~U σð Þ~BT
σð ÞψT f , σð Þdσ: ð21Þ

So, C2ðtÞ = Tð f Þ~C2ð f ÞTTð f Þ, and we can get

C2 tð Þ = T fð Þ
ð f
f0

ψ f , σð Þ~B σð Þ~U σð Þ~BT
σð ÞψT f , σð Þdσ

 !
TT fð Þ

= T fð ÞT−1 fð Þ
 ð f

f0

Γ t fð Þ, τ σð Þð ÞT σð Þ~B σð Þ~U σð Þ

⋅ ~BT
σð ÞTT σð ÞΓT t fð Þ, τ σð Þð Þdσ

!
T−1 fð Þ� �TTT fð Þ

=
ð f
f0

Γ t fð Þ, τ σð Þð ÞT σð Þ~B σð Þ~U σð Þ~BT
σð ÞTT σð ÞΓT t fð Þ, τ σð Þð Þdσ

=
ðt
t0

Γ t, τð Þ 1
ω σ τð Þð ÞB

~U σ τð Þð Þ 1
ω σ τð Þð ÞB

TΓT t, τð Þω σ τð Þð Þdτ

=
ðt
t0

Γ t, τð Þ 1
ω σ τð Þð ÞB

~U σ τð Þð ÞBTΓT t, τð Þdτ:

ð22Þ

According to equations (19) and (22), we can get

~U fð Þ = ω fð ÞU: ð23Þ

Therefore, we can first convert uðtÞ into uð f Þ according
to equation (23), which is converted into the calculation of

m1 tð Þ = E ML→LI ω tð Þð ÞΓ t, t0ð ÞMLI→L ω t0ð Þð ÞX LIð Þ t0ð Þ
n o

=ML→LI ω tð Þð ÞΓ t, t0ð ÞMLI→L ω t0ð Þð ÞE X LIð Þ t0ð Þ
n o

= φ t, t0ð ÞX LIð Þ
0 ,

C1 tð Þ = E φ t, t0ð ÞX LIð Þ t0ð Þ −m1 tð Þ
h i

φ t, t0ð ÞX LIð Þ t0ð Þ −m1 tð Þ
h iT	 


= φ t, t0ð ÞE X LIð Þ t0ð Þ
h i

X LIð Þ t0ð Þ
h iT	 


φT t, t0ð Þ −m1 tð ÞmT
1 tð Þ = φ t, t0ð ÞC LIð Þ

0 φT t, t0ð Þ −m1 tð ÞmT
1 tð Þ:

8>><
>>:

ð18Þ

5International Journal of Aerospace Engineering



~C2ð f Þ. And then, C2ðtÞ is obtained by state transformation.
The analytical calculation method for ~C2ð f Þ will be given in
Section 2.3.

2.3. Analytical Calculation of Error Uncertainty Propagation.
As can be seen from Section 2.2, the calculation of uncer-
tainty propagation of spacecraft orbit can be converted into
the calculation of m1ðtÞ, C1ðtÞ, m2ðtÞ, and C2ðtÞ. It is gener-
ally assumed that the deviation means of the spacecraft orbit
at the initial moment are zeros, then according to equation
(18), we can get

m1 tð Þ = 06×1,

C1 tð Þ = φ t, t0ð ÞC LIð Þ
0 φT t, t0ð Þ:

(
ð24Þ

From equations (7) and (18), we can get

C1 tð Þ =ML→LI ω tð Þð ÞT fð Þψ f , f0ð ÞT−1 f0ð ÞMLI→L ω t0ð Þð ÞC LIð Þ
0

⋅ ML→LI ω tð Þð ÞT fð Þψ f , f0ð ÞT−1 f0ð ÞMLI→L ω t0ð Þð Þ� �T
:

ð25Þ

The calculation for C2ðtÞ is converted to solve for ~C2ð f Þ
firstly. Since ψð f , f0Þ =Φð f ÞΦ−1ð f0Þ, equation (21) can be
converted as follows:

~C2 fð Þ =Φ fð Þ
ð f
f0

Φ−1 σð Þ~B σð Þ~U σð Þ~BT
σð Þ Φ−1 σð Þ� �T

dσ

 !
ΦT fð Þ:

ð26Þ

The calculation of Φ−1ð f Þ requires the introduction of
an adjoint system. According to the literature [28], we can
get that

G = γT fð ÞΦ fð Þ, ð27Þ

where G is a constant matrix.

γ fð Þ =
~A2H3×6 −H3×6′

H3×6

" #
: ð28Þ

Therefore, the specific expressions of γð f Þ and G can
be obtained as follows:

γ fð Þ =

2
3s
ρ

0
−3c
ρ

− e 3J 3ρ − 1 + e2
� �

−
3es
ρ2

0

0 e 0 0 1 0

0 0
s
ρ

0 0
−c
ρ

0 −c 0 −s 3esJ − 2 0

1 s 1 +
1
ρ

� �
0 −c 1 +

1
ρ

� �
3ρ2 J 0

0 0
c
ρ

0 0
s
ρ

2
666666666666666664

3
777777777777777775

,

G =

0 −e 0 0 −1 0

e 0 0 1 0 0

0 0 0 0 0 1

0 −1 0 0 −e 0

1 0 0 e 0 0

0 0 −1 0 0 0

2
666666666664

3
777777777775
:

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð29Þ

By inverting the constant matrix G, we can get

G−1 =
1

1 − e2

0 −e 0 0 1 0

e 0 0 −1 0 0

0 0 0 0 0 e2 − 1

0 1 0 0 −e 0

−1 0 0 e 0 0

0 0 1 − e2 0 0 0

2
666666666664

3
777777777775
:

ð30Þ

Then, substituting Φ−1ð f Þ =G−1γTð f Þ into equation
(26), we can get

~C2 fð Þ =Φ fð ÞG−1
ð f
f0

γT σð Þ~B σð Þ~U σð Þ ⋅ ~BT
σð Þγ σð Þdσ

 !
G−1� �TΦT fð Þ

=Φ fð ÞG−1
ð f
f0

1
ω3 σð ÞH

T σð Þ~U σð ÞH σð Þdσ
 !

G−1� �TΦT fð Þ:

ð31Þ

Further, simplify the integral equation in equation
(31). Substituting equation (23) into equation (31), we
can get

ð f
f0

1
ω3 σð ÞH

T σð Þ~U σð ÞH σð Þdσ =
h6

μ4

ð f
f0

1
ρ4 σð ÞH

T σð ÞUH σð Þdσ:

ð32Þ

Since matrix Hð f Þ contains the calculation of J , direct
calculation of equation (32) requires multiple integral opera-
tions. To simplify the calculation, the equation (32) is con-
verted to the eccentric anomaly domain for operation.
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According to the literature [25], it can be obtained that

df =
1 − e2
� �1/2
1 − e cos E

dE,

cos f =
cos E − e
1 − e cos E

,

sin f =
1 − e2
� �1/2 sin E

1 − e cos E
,

ρ fð Þ = 1 − e2

1 − e cos E
,

J = 1 − e2
� �−3/2

E − e sin E − E0 + e sin E0ð Þ,

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð33Þ

where E represents the eccentric anomaly of the “real object
orbit” and E0 is the eccentric anomaly of the “real object
orbit” at the initial moment.

Substituting equation (33) into equation (32) to simplify
integral operation, we can get

ð f
f0

1
ρ4 σð ÞH

T σð ÞUH σð Þdσ =
ðE
E0

K εð Þdε, ð34Þ

where KðEÞ is the integrand matrix, whose specific expres-
sion is given in the appendix [29].

Then, combining equations (22), (31), (32), and (34),
C2ðtÞ can be directly calculated as follows:

C2 tð Þ = h6

μ4
T fð ÞΦ fð ÞG−1

ðE
E0

K εð Þdε
 !

G−1� �TΦT fð ÞTT fð Þ:

ð35Þ

Finally, according to equations (19), (24), (25), and (35),
the spacecraft orbit error distribution at any time can be
obtained directly by analytical calculation:

3. The Calculation Method of Space
Interception Probability

According to the analytical calculation method for the uncer-
tainty propagation of spacecraft orbits given in Section 2, the
error covariance matrices of the target state and interceptor
state at the TCA can be obtained. This section will use the
states and state errors of the target and interceptor at the
TCA to give a calculation method of the space interception
probability. First, according to the interception task, we give
the basic assumptions and define the encounter coordinate
system. Next, a method of calculating the space interception
probability is given in the calculation coordinate system by
state error projection and coordinate system rotation.

3.1. Basic Assumptions and the Encounter Coordinate System.
The following four calculation parameters are involved in the
calculation of the space interception probability:

(1) The TCA of the target and the interceptor

(2) The Miss Distance (MD) between the target and the
interceptor at the TCA

(3) Position and velocity vectors of target and interceptor
at the TCA

(4) Error covariance matrices of the target and intercep-
tor at the TCA

For parameters 1, 2, and 3, they can be obtained in
advance through the orbit extrapolation of the target and
the interceptor according to the space interception mission.
The 4th parameter can be calculated by error propagation
according to the initial state error distribution of the target
and the interceptor (see Section 2).

Since the contact process between the target and the
interceptor is very complicated, the state error covariance
matrices of the target and the interceptor will change during
the contact process. Therefore, in order to ensure the accu-
racy of the calculation and simplify the calculation reason-
ably, we will make some reasonable assumptions about the
contact process of the target and the interceptor according
to the characteristics of the interception task.

In the interception mission, the relative speed between
the target and the interceptor is very large (generally in km
magnitude according to the different tasks) and the joint
radius is small (generally in m level determined by the vol-
umes of the target and interceptor). Therefore, the overall
contact time between the target and the interceptor is very
small. At the same time, ignoring the influence of the shape
of the target and the interceptor, the following assumptions
can be made:

m tð Þ =m1 tð Þ +m2 tð Þ = 06×1,

C tð Þ =C1 tð Þ +C2 tð Þ = φ t, t0ð ÞC LIð Þ
0 φT t, t0ð Þ + h6

μ4
T fð ÞΦ fð ÞG−1

ðE
E0

K εð Þdε
 !

G−1� �TΦT fð ÞTT fð Þ:

8>><
>>: ð36Þ
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(1) The motion of the target and the interceptor in the
contact process can be assumed to be the linear
motion with the constant velocity

(2) The uncertainty of target and interceptor speed dur-
ing the contact process can be ignored

(3) The error ellipsoids of the target and the interceptor
remain unchanged during the contact process

(4) The target and the interceptor are spheres with the
known radius

When the relative distance between the target and the
interceptor is less than its joint radius, the interception is
considered as a success.

Since the interception process is linearized, the error ellip-
soid can be projected onto the two-dimensional plane for
calculation. The position error covariance matrix CpðtTCAÞ
at the TCA will be used in the calculation. Divide CðtTCAÞ
as shown in Figure 2, then

Cp tTCAð Þ =
C11 C12 C13

C21 C22 C23

C31 C32 C33

2
664

3
775: ð37Þ

At the TCA, the relative position vector between the
target distribution center and the interceptor distribution
center is rTCA. According to the assumptions 1, 2, and 3, it
can be obtained that the rTCA and the relative velocity vTCA
are perpendicular to each other at the TCA. The plane
that is perpendicular to vTCA and passes through rTCA can
be regarded as the encounter plane. Establishing an encoun-
ter coordinate system in this plane can eliminate the error in
the velocity direction so that the space interception probabil-
ity can be calculated.

The encounter coordinate system takes the target O1 as
the origin, the xe-axis points to the projection point of the
interceptor O2 in the encounter plane, the ze-axis points to
the vTCA direction, and the ye-axis satisfies the right-hand

rule (as shown in Figure 3). The unit vectors of the three axes
can be expressed as follows:

ie =
rTCA
rTCAj j ,

ke =
vTCA
vTCAj j ,

je = ke × ie:

ð38Þ

Then, the transition matrix from the Earth Centered
Inertial (ECI) coordinate system to the encounter coordinate
system is

MECI→ECS = ie je ke½ �T: ð39Þ

Let the transition matrix from the LVLHI coordinate sys-
tem to the ECI coordinate system beMLI→ECI, then the posi-
tion vectors of the target and the interceptor in the encounter
coordinate system are

Re1 =MECI→ECSMLI1→ECIR1,

Re2 =MECI→ECSMLI2→ECIR2,

(
ð40Þ

whereRe1 andRe2 are the position vectors of the target and the
interceptor in the encounter coordinate system, respectively,
and R1 and R2 are the position vectors of the target and the
interceptor in the LVLHI coordinate system, respectively.

In Figure 3, O1xeye is the encounter plane between the
target and the interceptor.

3.2. Interception Probability Calculation Model. Through the
calculation of error propagation in Section 2, the position
error covariance matrices of target and interceptor in LVLHI
coordinate system at the TCA can be obtained. After project-
ing the respective position errors of the target and the inter-
ceptor onto the encounter coordinate system, the position
error covariance matrices can be expressed as follows:

Cpe1 tTCAð Þ =MECI→ECSMLI1→ECICp1 tTCAð ÞMT
LI1→ECIMT

ECI→ECS,

Cpe2 tTCAð Þ =MECI→ECSMLI2→ECICp2 tTCAð ÞMT
LI2→ECIMT

ECI→ECS,

8<
:

ð41Þ
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Figure 3: The encounter coordinate system.
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Figure 2: Partition of CðtÞ.
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where Cp1ðtTCAÞ and Cp2ðtTCAÞ are, respectively, the position
error covariance matrices of the target and the interceptor in
the LVLHI coordinate system at the TCA and Cpe1ðtTCAÞ and
Cpe2ðtTCAÞ are the position error covariance matrices of tar-
get and interceptor in the encounter coordinate system at
the TCA, respectively.

Since the position distribution of the target and the inter-
ceptor is independent of each other, the projected positions
of the target and the interceptor in the encounter plane
still satisfy the Gaussian distribution. So, the relative position
vector between the target and the interceptor obeys the 2-
dimensional Gaussian distribution in the encounter plane.
Then, at the TCA, let the position vectors of the distribution
center of the target and the interceptor in the encounter
plane be Rep1 and Rep2, respectively. So, the mean value of
the relative position vector rep between the distribution cen-
ters of the target and interceptor in the encounter plane can
be expressed as follows:

E rep
� �

= E Rep2 − Rep1
� �

= re tTCAð Þ 0½ �T, ð42Þ

where re is the relative distance between the distribution
centers of the target and interceptor in the encounter plane.

Let the position error covariance matrices of the target
and the interceptor in the encounter plane at the TCA be
Cpep1ðtTCAÞ and Cpep2ðtTCAÞ, respectively. Then, refer to the
composition of CðtÞ (as shown in Figure 2), the expressions
of Cpep1ðtTCAÞ and Cpep2ðtTCAÞ are as follows:

Cpep1 tTCAð Þ =
C 11ð Þ
pe1 C 12ð Þ

pe1

C 21ð Þ
pe1 C 22ð Þ

pe1

2
4

3
5,

Cpep2 tTCAð Þ =
C 11ð Þ
pe2 C 12ð Þ

pe2

C 21ð Þ
pe2 C 22ð Þ

pe2

2
4

3
5,

8>>>>>>><
>>>>>>>:

ð43Þ

where CðijÞ
pe1 and CðijÞ

pe2 represent the elements at the posi-
tions of the ith row and the jth column in the Cpe1ðtTCAÞ
and Cpe2ðtTCAÞ, respectively, Cð12Þ

pe1 is equal to Cð21Þ
pe1 , and

Cð12Þ
pe2 is equal to Cð21Þ

pe2 .
Then, at the TCA, the error covariance matrix of the

relative position vector rep between the target and the inter-
ceptor in the encounter plane is

Cpep tTCAð Þ = var rep
� �

= var Rep2 − Rep1
� �

=Cpep2 tTCAð Þ +Cpep1 tTCAð Þ − 2 cov Rep2,Rep1
� �

=Cpep2 tTCAð Þ +Cpep1 tTCAð Þ:
ð44Þ

According to equations (42) and (44), the position error
ellipsoids of the target and the interceptor at the TCA can be
projected into the encounter plane to form a joint error ellip-
tic domain. According to the assumption 4 in Section 3.1,

set the target’s diameter and the interceptor’s diameter to d1
and d2, respectively. The joint sphere composed of the target
and the interceptor can be projected into the encounter plane
to form a joint circular domain (the diameter of the circular
domain is d = d1 + d2). Figure 4 shows the joint error elliptic
domain and the joint circular domain.

When the relative distance between the target and the
interceptor in the encounter plane is less than the radius of
the joint circle domain, the interception can be considered
as a success. Therefore, it can be seen from Figure 4 that solv-
ing the space interception probability can be converted into
solving the probability that the relative position vector of
the target and the interceptor in the encounter plane is
located in the joint circle domain.

According to equations (43) and (44), CpepðtTCAÞ is a
symmetric matrix. So, the joint error covariance matrix in
the encounter plane at the TCA is

Cpep tTCAð Þ =
C2
xe κCxeCye

κCxeCye C2
ye

2
4

3
5, ð45Þ

where κ ∈ �−1, 1½ is the correlation coefficient. Cxe, Cye ∈ℝ+

are the standard deviations of the joint error ellipse along
the xe-axis and ye-axis, respectively.

It can be seen from Figure 4 that when κ is not 0, the prin-
cipal axis direction of the joint error ellipse domain is incon-
sistent with the orientation of the encounter coordinate
system. Therefore, in order to facilitate the calculation, the
encounter coordinate system needs to be rotated, so that
the x-axis of the rotating coordinate system is aligned with
the long semiaxis of the error ellipse domain. The rotated
coordinate system is called the calculation coordinate system
O1xcyc. Figure 5 shows the rotation process.

In Figure 5, mxc and myc are the expected values of the
joint error ellipse along the xc-axis and yc-axis directions,
respectively. θ ∈ �−π/2, π/2� is the rotation angle, and its cal-
culation method is discussed in the following three cases:

(1) If κ = 0 and Cxe ≥ Cye, then θ = 0

(2) If κ = 0 and Cxe < Cye, then θ = π/2

d
O

1

y
e

x
e

Figure 4: The joint error elliptic domain and the joint circular
domain.
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(3) If κ ≠ 0, then θ is calculated by

θ = − arctan
C2
ye − C2

xe

2κCxeCye
+ sign κð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

C2
ye − C2

xe

2κCxeCye

 !2
vuut

0
@

1
A:

ð46Þ

After rotation, the joint error covariance matrix CpcðtTCAÞ
in the calculation coordinate system is

Cpc tTCAð Þ =
C2
xc 0

0 C2
yc

" #
, ð47Þ

where Cxc and Cyc are the standard deviations of the joint
error ellipse along with the xc-axis and yc-axis directions,
respectively. At this time, the distribution parameters of the
joint error in the calculation coordinate system are

mxc = re cos θ,

myc = re sin θ,

C2
xc = C2

xe cos
2θ − κCxeCye sin 2θ + C2

ye sin
2θ,

C2
yc = C2

xe sin
2θ + κCxeCye sin 2θ + C2

ye cos
2θ:

8>>>>>><
>>>>>>:

ð48Þ

Then, the 2-D PDF can be expressed as follows:

f xc, ycð Þ = 1
2πCxcCyc

exp −
1
2

xc −mxcð Þ2
C2
xc

+
yc −myc

� �2
C2
yc

 !" #
:

ð49Þ

The interception probability Pc can be expressed as the
integral of the PDF in the joint circle domain:

Pc =∬
x2c+y2c≤d

2/4f xc, ycð Þdxcdyc: ð50Þ

4. Space Interception Probability Calculation
Model Based on the Laplace Transform

In Section 3, the calculation of space interception probability
has been transformed into solving the integral of 2-D PDF in
the circle domain. For the calculation of the double integral,
a suitable analytical method is needed to ensure the accuracy
of the interception solution. In this regard, in view of the
advantages of Laplace transform method for double integral
calculation in reference [24], this section references litera-
ture [24] to give an analytical solution for the space intercept
probability calculation.

4.1. Laplace Transform of the Integral Formula. First, the
interception probability calculation formula represented
by equation (50) is rewritten as a functional form of Pc =
gðλÞ, where λ = d2/4. The form of function g : ℝ+ ↦ℝ+ is
as follows:

g λð Þ = 1
2πCxcCyc

∬
x2c+y2c≤λ

2 exp
"
−
1
2

 
xc −mxcð Þ2

C2
xc

+
yc −myc

� �2
C2
yc

!#
dxcdyc:

ð51Þ

Since each of the terms obtained by the function gðλÞ
after the series expansion is similar in size and opposite in
sign, it will cause the sum of the series term to become 0
for certain precision. At this point, the function q should be
set before the operation. Replacing g with q ⋅ g can avoid
the elimination phenomenon. From the perspective of the
Laplace transform, we use the form of function q as q = epλ,
where p is the regulatory factor. According to the literature
[24, 30], the selectable factor p is 1/ð2C2

ycÞ.
According to the Laplace transform theorem, the Laplace

transform of function gðλÞ can be expressed as follows:

Lg sð Þ =
ð+∞
0

g λð Þ exp −sλð Þdλ

= 1
2πCxcCyc

⋅
ð+∞
0

∬
x2c+y2c≤λ

2 exp
"
−sλ

−
1
2

xc −mxcð Þ2
C2
xc

+
yc −myc

� �2
C2
yc

 !#
dxcdycdλ

=
1

2πCxcCycs

ð
ℝ2

exp
"
−s x2c + y2c
� �

−
1
2

xc −mxcð Þ2
C2
xc

+
yc −myc

� �2
C2
yc

 !#
dxcdyc

=
1

2πCxcCycs
⋅
ð
ℝ2

exp
�
−sx2c

−
1
2

xc −mxcð Þ2
C2
xc

#
exp −sy2c −

1
2

yc −myc

� �2
C2
yc

" #
dxcdyc,

ð52Þ

where s is a complex variable.
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𝜃

Figure 5: Rotation of the encounter coordinate system to the
calculation coordinate system.
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According to the Fubini theorem [31], when fðxc, ycÞ =
f1ðxcÞf2ðycÞ, there is

ð
ℝ2
f xc, ycð Þdxcdyc =

ð+∞
−∞

f1 xcð Þdxc
ð+∞
−∞

f2 ycð Þdyc: ð53Þ

And the final expression for LgðsÞ can be

Lg sð Þ =
exp −s m2

xc/ 2sC2
xc + 1

� �� �
+ m2

yc/ 2sC2
yc + 1

� �� �� �h i
s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2sC2

xc + 1
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2sC2
yc + 1

q :

ð54Þ

Define the function hðλÞ: ℝ+ ↦ℝ+ as follows:

h λð Þ = epλg λð Þ: ð55Þ

Then, the Laplace transform of function hðλÞ can be
expressed as follows:

Lh sð Þ =
ð+∞
0

g λð Þ exp pλð Þ exp −sλð Þdλ

=
ð+∞
0

g λð Þ exp − s − pð Þλð Þdλ = Lg s − pð Þ

=
exp − s − pð Þ m2

xc/ 2 s − pð ÞC2
xc + 1

� �� �
+ m2

yc/ 2 s − pð ÞC2
yc + 1

� �� �� �h i
s − pð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 s − pð ÞC2

xc + 1
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 s − pð ÞC2
yc + 1

q ,

ð56Þ

where jsj > p. Convert equation (56) to

Lh sð Þ = b0 exp Qx/ s − pηð Þð Þ + Qy/s
� �� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s s − pηð Þp

s − pð Þ
, ð57Þ

where the expressions of η, Qx, Qy, and b0 are as follows:

η = 1 −
C2
yc

C2
xc

,

Qx =
m2

xc

4C4
xc

,

Qy =
m2

yc

4C4
yc

,

b0 =
1

2CxcCyc
exp −

1
2

m2
xc

C2
xc

+
m2

yc

C2
yc

 !" #
:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð58Þ

Next, we perform the Taylor expansion on LhðsÞ and
achieve the Laplace inverse transformation on each term of
the expansions. Through a series of calculations, the power
series expression of the calculation formula of space intercep-
tion probability can be obtained.

4.2. Power Series Expression of Space Interception Probability
Calculation Formula. Let the value of Lhðs−1Þ be

Lh s−1
� �

=
s2b0 exp sQx/ 1 − pηsð Þ + sQy

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − pηs

p
1 − psð Þ : ð59Þ

Define ~LhðsÞ = s−2Lhðs−1Þ, then the derivative of ~LhðsÞ is

d~Lh
ds

=
b0 exp sQx/ 1 − pηsð Þð Þ + sQy

� �
1 − pηsð Þ 1 − psð Þ2

"
Qx

1 − pηsð Þ2 +Qy

 !

⋅ 1 − pηsð Þ1/2 1 − psð Þ − pη ps − 1ð Þ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − pηs

p − p 1 − pηsð Þ1/2
� �#

= ~Lh sð Þ Qy +
Qx

1 − pηsð Þ2 +
pη

2 1 − pηsð Þ +
p

1 − ps

" #
:

ð60Þ

According to ~Lhð0Þ = b0 and equation (60), ~LhðsÞ is dif-
ferentiable in the complex plane. According to the defini-
tion of power series, ~LhðsÞ can be expanded into the form
of power series:

~Lh sð Þ = 〠
∞

n=0
bns

n, ð61Þ

where

b0 =
1

2CxcCyc
exp −

1
2

m2
xc

C2
xc

+
m2

yc

C2
yc

 !" #
,

b1 = b0p 1 +
η

2
+
Qx +Qy

p

� �
,

b2 =
b0
2
p2 1 +

η

2
+
Qx +Qy

p

� �2
+

η2

2
+ 1 +

2ηQx

p

� �" #
,

b3 =
b0
6
p3 1 +

η

2
+
Qx +Qy

p

� �3
+ 3 1 +

η

2
+
Qx +Qy

p

� �
⋅

η2

2
+ 1 +

2ηQx

p

� �
+ 2

η3

2
+ 1 +

3η2Qx

p

� �" #
,

bn+4 =
−p3η2Qybn

n + 4
+
p2η pη n + 2:5ð Þ + 2Qy η/2 + 1ð Þ� �

bn+1
n + 4

−
p pη η/2 + 1ð Þ 2n + 5ð Þ + η 2Qy + 1:5p

� �
+Qx +Qy

� �
bn+2

n + 4
+

p 2η + 1ð Þ n + 3ð Þ + p η/2 + 1ð Þ +Qx +Qy

� �
bn+3

n + 4
:

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

ð62Þ
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Since ~LhðsÞ = s−2Lhðs−1Þ, the power series expression of
LhðsÞ is

Lh sð Þ = 1
s2
〠
∞

n=0
bn

1
sn

= 〠
∞

n=0

bn
sn+2

: ð63Þ

Performing the Laplace inverse transformation on
each term in equation (63), the power series form of
the space interception probability calculation formula
can be obtained:

Pc = g λð Þ = e−pλh λð Þ = e−pλL−1h sð Þ = e−pd
2/4 〠

+∞

n=0

bnd
2n+2

4n+1 n + 1ð Þ! :

ð64Þ

Let cn = bnd
2n+2/ð4n+1ðn + 1Þ!Þ, then (63) can be writ-

ten as follows:

Pc = e−pd
2/4 〠

+∞

n=0
cn, ð65Þ

where

1. Input:

Orbital information and orbital error distribution of target and interceptor at the initial moment XðLIÞ
T ðt0Þ ∼ℕðXðLIÞ

T ðt0Þ ;XðLIÞ
T0 ,

CðLIÞ
T0 Þ, XðLIÞ

I ðt0Þ ∼ℕðXðLIÞ
I ðt0Þ ;XðLIÞ

I0 ,CðLIÞ
I0 Þ; Target and interceptor diameter d1, d2; The number of items of power series N.

2. Error propagation calculation
1) Get the TCA and MD from the orbit extrapolation according to the initial orbit information of the target and interceptor;
2) Calculate the true anomaly f T of the target orbit and the true anomaly f I of the interceptor orbit corresponding to the TCA;
3) Calculate CT1ðtTCAÞ and CI1ðtTCAÞ according to formula (25);
4) Calculate the eccentric anomaly ET of the target orbit and the eccentric anomaly EI of the interceptor orbit corresponding to the

TCA;
5) Calculate CT2ðtTCAÞ, CI2ðtTCAÞ according to the appendix, formula (6), formula (30), and formula (35);
6) According to equation (36), the state error covariance matrix CTðtTCAÞ and CIðtTCAÞ of the target and the interceptor at the TCA

are obtained from CT1ðtTCAÞ +CT2ðtTCAÞ and CI1ðtTCAÞ +CI2ðtTCAÞ.
3. Error projection and coordinate system rotation

1) According to equations (41), (43), and (44), calculate the joint error covariance matrix CpepðtTCAÞ of the target and the interceptor
at the TCA in the encounter plane;

2) Calculate the rotation angle θ according to equation (46), and obtain the joint error distribution parametersmxc,myc, Cxc, and Cyc

in the calculation coordinate system according to equation (48).
4. Space interception probability calculation

1) Calculate η, Qx , Qy , and b0 according to equation (58), and calculate c0~cN according to equation (66) and the term number N of
power series;

2) Calculate space interception probability Pc and maximum truncation error �S according to equations (65) and (75).
5. Output:

Space interception probability Pc and maximum truncation error �S.

Algorithm 1: The complete process of analytical calculation of short-term space interception probability.
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b0d
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� �
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36864
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2
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� �" #
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cn+4 =
−d8p3η2Qycn

256 n + 2ð Þ n + 3ð Þ n + 4ð Þ2 n + 5ð Þ +
d6p2η pη n + 2:5ð Þ + 2Qy η/2 + 1ð Þ� �

cn+1
64 n + 3ð Þ n + 4ð Þ2 n + 5ð Þ −

d4p pη η/2 + 1ð Þ 2n + 5ð Þ + η 2Qy + 1:5p
� �

+Qx +Qy

� �
cn+2

16 n + 4ð Þ2 n + 5ð Þ +
d2 p 2η + 1ð Þ n + 3ð Þ + p η/2 + 1ð Þ +Qx +Qy

� �
cn+3

4 n + 4ð Þ n + 5ð Þ :

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

ð66Þ
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If the sum of the first n terms of the power series is taken
as the calculated value of the interception probability, there
will be a truncation error. Let the sum of the first n terms
of the power series be Pc′, then the truncation error Sn is

Sn = Pc − Pc′= e−pd
2/4 〠

+∞

ℓ=n

bℓd
2ℓ+2

4ℓ+1 ℓ + 1ð Þ! : ð67Þ

According to equation (67), when the number n of terms
of the power series and the diameter d of the joint domain is
given, Sn is only related to bℓ. Define the variables �bℓ and ~bℓ as
follows:

�bℓ = b0p
ℓ 1 +

η

2
+
Qx +Qy

p

� �ℓ

, ~bℓ = b0p
ℓ

(
: ð68Þ

According to equation (62), the following relationship
can be obtained:

n + 1ð Þbn+1 = 〠
n

ℓ=0
χℓbn−ℓ, ð69Þ

where the expression of χℓ is as follows:

χℓ = pℓ+1 1 + ηℓ
Qx ℓ + 1ð Þ

p
+
η

2

� �� �
+

0 ℓ > 0

Qy ℓ = 0

(
:

ð70Þ

Since p, η, Qx, and Qy are nonnegative, we can get

b0χℓ
~bℓ+1

≥ 1 ≥
b0χℓ
�bℓ+1

: ð71Þ

According to equation (71), we can get

n + 1ð Þ~bn+1 ≤ ~bn+1 〠
n

ℓ=0

b0χℓ
~bℓ+1

= 〠
n

ℓ=0
χℓ
~bn−ℓ,

n + 1ð Þ�bn+1 ≥ �bn+1 〠
n

ℓ=0

b0χℓ
�bℓ+1

= 〠
n

ℓ=0
χℓ
�bn−ℓ:

8>>>><
>>>>:

ð72Þ

Therefore, ~bℓ ≤ bℓ ≤ �bℓ can be easily obtained by proof by
contradiction and the value range of truncation error Sn in
the calculation of space interception probability is

e−pd
2/4 〠

+∞

ℓ=n

~bℓd
2ℓ+2

4ℓ+1 ℓ + 1ð Þ! ≤ Sn ≤ e−pd
2/4 〠

+∞

ℓ=n

�bℓd
2ℓ+2

4ℓ+1 ℓ + 1ð Þ! : ð73Þ

If ℘>0, then the following relations hold

℘ d2/4
� �� �n+1
℘ n + 1ð Þ! ≤ 〠

∞

ℓ=n

℘ℓ d2/4
� �ℓ+1
ℓ + 1ð Þ! ≤

e℘ d2/4ð Þ ℘ d2/4
� �� �n+1

℘ n + 1ð Þ! :

ð74Þ

Table 1: Initial orbital parameters of the target and interceptor.

Orbital parameter Target orbit Interceptor orbit

Semimajor axis að Þ kmð Þ 16545 36834.9

Eccentricity eð Þ 0.4 0.676229

Orbit inclination ið Þ °ð Þ 63 114.433

RAAN Ωð Þ °ð Þ 25 191.606

Argument of perigee ϖð Þ °ð Þ 20 111.057

Initial true anomaly fð Þ °ð Þ 30 287.59

Target orbit

Interception orbit
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Figure 6: Interception process of interceptor to target in the J2000
coordinate system.

Table 2: Location parameters of the target and interceptor at the
TCA.

Location in the J2000
coordinate system

x (km) y (km) z (km)

Target -4291.771159 4390.710760 11366.515836

Interceptor -4291.821845 4390.691209 11366.550420

Table 3: Velocity parameters of the target and interceptor at the
TCA.

Velocity in the J2000
coordinate system

vx (km/s) vy (km/s) vz (km/s)

Target -5.681314 -2.060952 1.042846

Interceptor 6.981309 1.460946 0.057147
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Therefore, equation (73) can be rewritten as follows:

where �S is the maximum truncation error.
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Figure 7: Variation of the position error mean square error of the target and interceptor in the LVLHI coordinate system. (a) Position error
mean square error propagation curves of the target and interceptor in the x-axis direction in the LVLHI coordinate system. (b) Position error
mean square error propagation curves of the target and interceptor in the y-axis direction in the LVLHI coordinate system. (c) Position error
mean square error propagation curves of the target and interceptor in the z-axis direction in the LVLHI coordinate system.
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Therefore, by combining Sections 2 and 4 of this paper,
we can obtain the entire calculation process of space inter-
ception probability, as shown in Algorithm 1.

5. Simulation Example

In this section, a simulation example is given to illustrate the
correctness of the proposed algorithm. Take the gravitational
constant μ for 398600:4418 km3/s2, and the initial orbital
parameters of the target and interceptor are given in Table 1.

Select the integration step size to 0.1 s, and the intercep-
tion process of the interceptor to the target can be obtained
by the high precision orbit prediction (HPOP) model in the

Satellite Tool Kit (STK). Figure 6 shows the entire intercep-
tion process.

The TCA of the target and the interceptor is 1500 sec-
onds, which can be obtained from orbit extrapolation.
Tables 2 and 3, respectively, show the positions and velocities
of the target and interceptor at this time.

At this point, the relative distance and velocity between
the target and the interceptor are 64.4006m and 13.18 km/s,
respectively.

In order to verify the error propagation calculation
method in Section 2, the comparative analysis is performed
by Monte Carlo simulation. Suppose the initial error distri-
bution of the target and the interceptor is
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Figure 8: Variation of the velocity error mean square error of the target and interceptor in the LVLHI coordinate system. (a) Velocity error
mean square error propagation curves of the target and interceptor in the x-axis direction in the LVLHI coordinate system. (b) Velocity error
mean square error propagation curves of the target and interceptor in the y-axis direction in the LVLHI coordinate system. (c) Velocity error
mean square error propagation curves of the target and interceptor in the z-axis direction in the LVLHI coordinate system.
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According to the literature [32], the intensity of U is

U = diag 10−5 10−5 10−5
� �

m2/s4
� �

: ð77Þ

Take a time step of 15 s, and Monte Carlo has a sample
size of 1000. The HPOP orbit extrapolation model is used
for shooting simulation. The position and velocity error dis-
tribution of the target and interceptor corresponding to each
time step in the 1500 seconds in the three axes of the LVLHI
coordinate system are calculated. The simulation results and
the analytical calculation results of this paper are displayed in
Figures 7 and 8.

It can be seen from Figures 7 and 8 that, at the 1500
seconds, the target state error mean square errors through
the analytical calculation are 47.782m, 35.552m, 24.469m,
29.127mm/s, 14.899mm/s, and 13.248mm/s. The target
state error mean square errors through the Monte Carlo
simulation are 47.439m, 35.053m, 24.116m, 28.886mm/s,
14.852mm/s, and 13.422mm/s. The relative errors between
the analytical calculation results and the Monte Carlo simu-
lation results are, respectively, -0.72%, -1.42%, -1.46%,
-0.83%, -0.32%, and 1.30%. Figure 9 shows the change of
the relative error of the position error mean square error
(REPEMSE) and the relative error of the velocity error mean
square error (REVEMSE) of the target during the entire
interception process.

Similarly, it can be obtained that, at the 1500 seconds,
the interceptor state error mean square errors through the
analytical calculation are 163.041m, 145.838m, 143.022m,
132.027mm/s, 87.486mm/s and 83.769mm/s; The inter-
ceptor state error mean square errors through the Monte
Carlo simulation are 165.590m, 144.780m, 141.210m,
134.125mm/s, 87.132mm/s, and 83.002mm/s; The relative
errors between the analytical calculation results and the
Monte Carlo simulation results are, respectively, 1.54%,
-0.73%, -1.28%, 1.56%, -0.41%, and -0.92%. Figure 10 shows
the change of the REPEMSE and the REVEMSE of the inter-
ceptor during the entire interception process.

It can be seen from Figures 9 and 10 that the theoretical
calculation errors of the state error of the target and the inter-
ceptor do not exceed 2% in the whole interception process.
The validity of the error propagation calculation method in
Section 2 is verified. In order to show the calculation results
more clearly, Figures 11 and 12 further show the confidence
ellipses of the position error of the target and the interceptor
at the 1500 seconds. The confidence ellipses contain 95% of
the Monte Carlo calculation samples.

From Figures 11 and 12, it can be seen that, up to plot
accuracy, the error confidence ellipse obtained by the analyt-

ical calculation at the TCA almost coincides with the error
confidence ellipse obtained by the Monte Carlo simulation.
Therefore, in the process of calculating the space interception
probability, the error propagation analytical calculation
method in Section 2 can be directly used to obtain the error
covariance matrices of the target and the interceptor state
at the TCA.

Next, the error projection and coordinate system rotation
are performed on the obtained error covariance matrices of
the target and the interceptor. First, according to equations
(41), (43), and (44), the joint error covariance matrix

Cpep tTCAð Þ =
0:02519 −0:00325

−0:00325 0:02362

" #
km2, ð78Þ

of the target and the interceptor in the encounter plane at the
TCA can be calculated. Then, according to equation (46), the
rotation angle θ = 38:21057° of the coordinate system can be
calculated. Finally, the joint error distribution parameters
mxc = 0:02427 km, myc = 0:01911km, C2

xc = 0:02775 km2,
and C2

yc = 0:02106 km2 of the target and interceptor in the
calculation coordinate system can be calculated by equation
(48). Set the target diameter and interceptor diameter to
10m and 0.2m, respectively. Then, the joint error ellipse
(95% confidence interval) and the joint circular domain of
the target and the interceptor in the calculation coordinate
system can be obtained. Figure 13 shows the joint error
ellipse and joint circular domain in the calculation coordi-
nate system.

According to equation (58), parameters η = 0:24123,Qx =
0:19127 km−2, Qy = 0:20589 km−2, and b0 = 20:28845km−2

can be calculated. Take the power series terms number
N = 1, 2,⋯, 8. According to equations (65) and (75), the
space interception probability Pc and maximum truncation
error �S are calculated, respectively. Table 4 shows the cal-
culation results.

It can be seen from Table 4 that as the number of terms of
the power series increases, the truncation error of the inter-
ception probability obtained by the Laplace calculation
method decreases continuously. When N is greater than 4,
the space interception probability obtained by the analytical
calculation remains substantially unchanged. Therefore, for
the example in this section, the number N of power series
items can be taken as 4.

In order to verify the correctness of the Laplace calcula-
tion method, the results are compared with the Monte Carlo
method and the Chan method [23]. Take the term num-
ber of the infinite series and the term number of the

X LIð Þ
T0 = 06×6 X LIð Þ

I0 = 06×6,

C LIð Þ
T0 = diag 302m2 302m2 302m2 0:012m2/s2 0:012m2/s2 0:012m2/s2

� �
,

C LIð Þ
I0 = diag 102m2 102m2 102m2 0:12m2/s2 0:12m2/s2 0:12m2/s2

� �
:

8>>><
>>>:

ð76Þ
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power series to be 4, and the simulation numbers of MC
method to be 20 million. Table 5 gives the calculation results
of the three methods. It needs to be explained that the Monte
Carlo simulation used here is only for testing the double inte-
gral calculation method for solving the equation (50) but not

for testing the whole space interception probability calcula-
tion method in this paper. During the simulation, 20 million
sets of samples are randomly generated according to the joint
error distribution of the target and the interceptor in the cal-
culation coordinate system. Count the number of samples in
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Figure 9: The change of the REPEMSE and the REVEMSE of the target.
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the joint circle domain, so as to obtain the Monte Carlo sim-
ulation results of the interception probability calculation.

It can be seen from Table 5 that the interception proba-
bilities obtained by the three methods are very close. The
computational error between the Laplace method and the
Chan method is almost zero that verifies the validity of the
Laplace algorithm. Next, the calculation results obtained by
the Laplace method and the Chan method are further com-
pared in Table 6 below.

Table 6 shows the relative error of Chan’s and Laplace’s
methods with respect to MC and the calculation time spent

by the Laplace method and Chan method. It can be seen that
the Laplace method is superior to the Chan method belong-
ing to the analytical method in terms of accuracy and time.

Finally, in order to test the effectiveness of the proposed
algorithm, a complete Monte Carlo simulation is per-
formed. According to the state error distribution of the tar-
get and interceptor at the initial moment, 20 million sets of
target and interceptor state samples are randomly gener-
ated. The orbit extrapolation is performed by the HPOP
model to obtain the position coordinates of the target and
the interceptor in the J2000 coordinate system at the 1500
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Figure 11: Contrast display of the confidence ellipse of the position error of the target at the TCA. (a) Confidence ellipse of the position error
of the target on the XY plane at the 1500 seconds. (b) Confidence ellipse of the position error of the target on the XZ plane at the 1500 seconds.
(c) Confidence ellipse of the position error of the target on the YZ plane at the 1500 seconds.
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seconds. Calculate the relative position vector between the
target and the interceptor in each group, and count the
number of groups in the 20 million group that satisfy the
relative position vector magnitude is smaller than the joint
radius between the target and the interceptor. Figure 14
shows the distribution of 20 million relative position vectors
and the confidence error ellipsoid containing 99.73% of
samples at the 1500 seconds.

According to statistics, the number of relative position
vectors smaller than the combined sphere radius in the
20 million groups is 10659. The interception probability is
5:3295 × 10−4. The relative error between the analytical result

and the Monte Carlo result is 1.011%, which proves the effec-
tiveness of the proposed method.

6. Conclusion

In this paper, an analytical method for calculating the
probability of space interception in short term is given
by multistage modeling. Firstly, using the relative motion
theory, the analytical formulas for the error propagation of
the space target and the interceptor in short term are derived.
Then, by unifying the state vectors and state errors of the
target and the interceptor at the TCA into the calculation
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Figure 12: Contrast display of the confidence ellipse of the position error of the interceptor at the TCA. (a) Confidence ellipse of the position
error of the interceptor on the XY plane at the 1500 seconds. (b) Confidence ellipse of the position error of the interceptor on the XZ plane at
the 1500 seconds. (c) Confidence ellipse of the position error of the interceptor on the YZ plane at the 1500 seconds.
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coordinate system, the calculation of space interception
probability is transformed into solving the integral of 2-
D PDF in the circle domain. Finally, the power series
expression of space interception probability is obtained by
the Laplace transform and Taylor expansion, which yields
an accurate analytical calculation method for space intercep-
tion probability.

Simulation examples show the following:

(1) In the short-term interception process, the orbital
deviations of the target and the interceptor are rela-
tively small. The accurate state distribution of the tar-
get and interceptor at the TCA can be obtained by
using the analytical formula of uncertainty propaga-
tion derived from the TH equation

(2) During the instantaneous collision, there is a high
relative speed between the target and the interceptor.
The short-term encounter model can accurately
define the encountering process between the target
and the interceptor

(3) When the interception probability is calculated, the
analytical calculation method based on the Laplace
transform is used to transform the integral calcula-
tion into the complex plane, which avoids the
approximation of the integral domain. Compared
with the Chan method, the calculation accuracy is
improved, which can meet the calculation require-
ments of the space intercept probability

(4) The method proposed in this paper can calculate the
short-term space interception probability only by
using the initial state distribution and joint diameter
of the target and the interceptor. And the calculation
process does not contain double integral operation,
leading to high computational efficiency
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Figure 13: The joint error ellipse and joint circular domain in the
calculation coordinate system.

Table 4: Space interception probability Pc and maximum
truncation error �S through the Laplace transform.

N Pc
�S

1 5:273768358 × 10−4 3:089214758 × 10−8

2 5:275620585 × 10−4 1:084979020 × 10−11

3 5:275621365 × 10−4 2:540407118 × 10−15

4 5:275621366 × 10−4 4:461147316 × 10−19

5 5:275621366 × 10−4 6:267290068 × 10−23

6 5:275621366 × 10−4 7:337224040 × 10−27

7 5:275621366 × 10−4 7:362697802 × 10−31

8 5:275621366 × 10−4 6:464727505 × 10−35

Table 5: Interception probability Pc obtained by the three methods.

Pc

Monte Carlo 5:274333333 × 10−4

Chan 5:275634633 × 10−4

Laplace transform 5:275621366 × 10−4

Table 6: The relative error of Chan’s and Laplace’s methods with
respect to MC and the calculation time spent by the Laplace
method and Chan method.

Relative error with respect
to MC method (%)

Computing
time (ms)

Chan 0.02467 0.71333

Laplace
transform

0.02442 0.67015
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Figure 14: Relative position vector distribution between target and
interceptor in the J2000 coordinate system.
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Appendix

A. The Expression of KðEÞ
Define the symmetric matrix U as follows:

U =

U11 U12 U13

U12 U22 U23

U13 U23 U33

2
664

3
775: ðA:1Þ

Then, the expression of the specific element in KðEÞ is
as follows:

K11 = ξ1U22,

K12 = K21 = −ξ2U12 + ξ3 + ξ4ð ÞU22,

K13 = K31 = ξ5U23,

K14 = K41 = −ξ3U12 − ξ2 + ξ5ð ÞU22,

K15 = K51 = 3eξ6 − 2ξ1ð ÞU12 + 3ξ7U22,

K16 = K61 = ξ4U23,

K22 = ξ8U11 − 2 ξ9 + ξ10ð ÞU12 + ξ11 + 2ξ12 + ξ13ð ÞU22,

K23 = K32 = −ξ14U13 + ξ10 + ξ15ð ÞU23,

K24 = K42 = ξ9U11 + ξ8 − ξ11 − ξ12 + ξ14ð ÞU12

− ξ9 + 2ξ10 + ξ15ð ÞU22,

K25 = K52 = 2ξ2 − 3eξ16ð ÞU11 + 3eξ17 − 2ξ4 − 3ξ18ð
− 2ξ3 + 3eξ19ÞU12 + 3 ξ20 + ξ21ð ÞU22,

K26 = K62 = −ξ10U13 + ξ12 + ξ13ð ÞU23, K33 = ξ22U33,

K34 = K43 = −ξ10U13 − ξ14 + ξ22ð ÞU23,

K35 = K53 = 3eξ23 − 2ξ5ð ÞU13 + 3ξ24U23,

K36 = K63 = ξ15U33,

K44 = ξ11U11 + 2 ξ9 + ξ10ð ÞU12 + ξ8 + 2ξ14 + ξ22ð ÞU22,

K45 = K54 = 2ξ3 − 3eξ17ð ÞU11 + 2ξ2 + 2ξ5 − 3ξ20ð
− 3eξ16 − 3eξ23ÞU12 − 3 ξ18 + ξ24ð ÞU22,

K46 = K64 = −ξ12U13 − ξ10 + ξ15ð ÞU23,

K55 = 4ξ1 − 12eξ6 + 9e2ξ25
� �

U11

+ 18eξ26 − 12ξ7ð ÞU12 + 9ξ27U22,

K56 = K65 = 3eξ19 − 2ξ4ð ÞU13 + 3ξ21U23, K66 = ξ13U33,

ðA:2Þ

where

ξ1 =
− e cos E − 1ð Þ3

1 − e2ð Þ7/2
,

ξ2 =
e − cos Eð Þ e cos E − 1ð Þ

1 − e2ð Þ5/2
,

ξ3 =
−sin E e cos E − 1ð Þ

1 − e2ð Þ2
,

ξ4 =
sin E e cos E − 1ð Þ2

1 − e2ð Þ3
,

ξ5 =
− e − cos Eð Þ e cos E − 1ð Þ2

1 − e2ð Þ7/2
,

ξ6 =
sin E e cos E − 1ð Þ E0 − E − e sin E0 + e sin Eð Þ

1 − e2ð Þ7/2
,

ξ7 =
e cos E − 1ð Þ E0 − E − e sin E0 + e sin Eð Þ

1 − e2ð Þ3
,

ξ8 =
− e − cos Eð Þ2

1 − e2ð Þ3/2 e cos E − 1ð Þ
,

ξ9 =
sin E e − cos Eð Þ
1 − e2ð Þ e cos E − 1ð Þ ,

ξ10 =
−sin E e − cos Eð Þ

1 − e2ð Þ2
,

ξ11 =
cos2E − 1

1 − e2ð Þ1/2 e cos E − 1ð Þ
,

ξ12 =
sin2E

1 − e2ð Þ3/2
,

ξ13 =
cos2E − 1
� �

e cos E − 1ð Þ
1 − e2ð Þ5/2

,

ξ14 =
e − cos Eð Þ2
1 − e2ð Þ5/2

,

ξ15 =
sin E e − cos Eð Þ e cos E − 1ð Þ

1 − e2ð Þ3
,

ξ16 =
−sin E e − cos Eð Þ E0 − E − e sin E0 + e sin Eð Þ

1 − e2ð Þ5/2 e cos E − 1ð Þ
,

ξ17 =
sin2E E0 − Eð Þ − e sin2E sin E0 − sin Eð Þ

1 − e2ð Þ2 e cos E − 1ð Þ
,

ξ18 =
− e − cos Eð Þ E0 − E − e sin E0 + e sin Eð Þ

1 − e2ð Þ2 e cos E − 1ð Þ
,
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ξ19 =
−sin2E E0 − Eð Þ + e sin2E sin E0 − sin Eð Þ

1 − e2ð Þ3
,

ξ20 =
sin E E0 − E − e sin E0 + e sin Eð Þ

1 − e2ð Þ3/2 e cos E − 1ð Þ
,

ξ21 =
−sin E E0 − E − e sin E0 + e sin Eð Þ

1 − e2ð Þ5/2
,

ξ22 =
− e − cos Eð Þ2 e cos E − 1ð Þ

1 − e2ð Þ7/2
,

ξ23 =
sin E e − cos Eð Þ E0 − E − e sin E0 + e sin Eð Þ

1 − e2ð Þ7/2
,

ξ24 =
e − cos Eð Þ E0 − E − e sin E0 + e sin Eð Þ

1 − e2ð Þ3
,

ξ25 =
−sin2E E0 − E − e sin E0 + e sin Eð Þ2

1 − e2ð Þ7/2 e cos E − 1ð Þ
,

ξ26 =
−sin E E0 − E − e sin E0 + e sin Eð Þ2

1 − e2ð Þ3 e cos E − 1ð Þ
,

ξ27 =
− E0 − E − e sin E0 + e sin Eð Þ2

1 − e2ð Þ5/2 e cos E − 1ð Þ
:

ðA:3Þ
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