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This paper presents a dynamical recurrent neural network- (RNN-) based model predictive control (MPC) structure for the
formation flight of multiple unmanned quadrotors. A distributed hierarchical control system with the translation subsystem and
rotational subsystem is proposed to handle the formation-tracking problem for each quadrotor. The RNN-based MPC is
proposed for each subsystem, where the RNN is introduced as the predictive model in MPC. And to improve the modeling
accuracy, an adaptive updating law is developed to tune weights online for the RNN. Besides, the adaptive differential evolution
(DE) algorithm is utilized to solve the optimization problem for MPC. Furthermore, the closed-loop stability is analyzed;
meanwhile, the convergence of the DE algorithm is discussed as well. Finally, some simulation examples are provided to
illustrate the validity of the proposed control structure.

1. Introduction

The unmanned quadrotor is a class of pilot-less aerial vehi-
cles which enable to hover, take off, and land vertically with
aerodynamic and propulsion characteristics. Due to the capa-
bilities of simplicity, maneuverability, and payload [1, 2],
the unmanned quadrotor has been gaining extensive atten-
tion and plays an important role in the military and civilian
fields, such as real-time reconnaissance, surveillance, search
and rescue missions, bush fire monitoring, agricultural crop
dusting, and different airborne operations [3–5]. These flight
missions not only impose stringent requirements over the
modeling and control of quadrotor dynamics but also
increasingly require multiple quadrotors to coordinate in a
formation. Here, the basis of these flight missions is the tra-
jectory tracking. However, the dynamics of the quadrotor
are highly nonlinear and subject to uncertain disturbances,
so it is a challenge to design a desirable control system for
the unmanned quadrotor.

To solve the above problems, several control approaches
have been investigated in recent years, such as proportional-
integral-derivative (PID) control and linear quadratic regu-
lator (LQR) control [6], sliding mode control [7], and

backstepping control [8]. However, these methods only con-
sider the control effects and often neglect the actual flight con-
straints. Besides, the optimality of the path cannot be ensured,
as the selection of reactive parameters is aimless or blind.

To solve the problems further, a new developing method,
the model predictive control (MPC), has been proposed for
the unmanned quadrotor system [9, 10], where the physical
constraints of the system inputs and outputs could be easily
solved by using the proper penalty terms in cost function.
In [11], the MPC method was proposed to solve the path-
tracking problem for the unmanned quadrotor, where a
future control sequence was computed in a defined horizon,
such that the prediction of the quadrotor output was driven
close to the reference. In [12], a novel control strategy which
combined the active disturbance rejection control and model
predictive control was presented for the unmanned quadro-
tor. The proposed method improved the robustness for the
modeling error and disturbances while performing a smooth
trajectory tracking.

The performance of MPC highly depends on the accuracy
of the described predictive model. Conventional techniques of
system identification such as the maximum likelihood esti-
mation method, modified maximum likelihood estimation
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method, and Kalman filtering method [13–15] have been
widely used in system identification. However, these methods
require the known structure of the mathematical model,
which is difficult for the unmanned quadrotor to know its
accurate mathematical model, considering uncertain distur-
bances in the complex environment.

As a nonconventional method, the neural network (NN)
does not explicitly need an accurate mathematical model
[16–19]. Based on that, some works on NN-based MPC have
improvedmodeling performance for many different nonlinear
systems. In [20], Nikdel et al. presented a model predictive
controller with the feedforward neural network (FNN) model
for a single degree of freedom-rotary manipulator achieving
well closed-loop performance. In [21], a model predictive con-
troller based on the FNN model was utilized to improve the
transient stability of a power system. However, themain draw-
back of FNNs considered in [20, 21] is that they essentially
own static input-to-output maps and their capability of repre-
senting complex and time-varying nonlinear systems is lim-
ited. Besides, they can only provide predetermined finite
predictions [22, 23]. To overcome the above drawbacks, a
recurrent neural network (RNN) is introduced for MPC,
which can capture the system behavior dynamically and pro-
vide long-range predictions even in the presence of distur-
bances [24–26]. In a RNN, the current control signal and
state are given as the inputs to obtain the outputs which are
fed back as new states. Therefore, RNN is more suitable to
model the quadrotor system for MPC in this paper.

On the other hand, the performance of MPC also relies
on the local optimization problem in MPC, which can be
solved by either analytical or numerical solutions. The solu-
tion depends on the structure of the cost function. For the
tracking problem of the multiquadrotor formation in this
paper, the corresponding cost function is complex and non-
differentiable. Traditional search techniques using the char-
acteristics of the problem to determine the next sampling
point (gradients, Hessians, and linearity) are not feasible,
because the characteristics of tracking performance are
affected by mismatched disturbances. Nevertheless, stochas-
tic search techniques, such as the genetic algorithm (GA),
particle swarm optimization (PSO) algorithm, and chaotic
predator prey biogeography-based optimization (CPPBBO)
algorithm [27–29], make no such solutions. Instead, the next
point is determined by the stochastic decision rules. There-
fore, this paper proposes a stochastic search technique based
on the differential evolution (DE) algorithm [30] to solve the
optimization problem in MPC, which has been successfully
applied in many fields recently [31, 32].

Although the concept of NN-based MPC is not new
[33, 34], the application of RNN-based MPC in multiqua-
drotor formation flight is rather scarce. Motivated by this
fact, this paper presents the dynamical RNN-based MPC
strategy for the multiquadrotor formation flight. The main
contributions are summarized as follows:

(i) A distributed hierarchical control system with the
translation subsystem and rotational subsystem is
proposed to simplify the control process for the
unmanned quadrotor

(ii) To overcome the drawbacks of conventional MPC,
RNN is introduced as the predictive model in MPC
to deal with the mismatched modeling for both
subsystems

(iii) The composite control structure based on RNN and
MPC is novel for multiquadrotor formation flight,
which shows a good control performance in simula-
tion results as well as in theoretical analysis

The remainder of this paper is organized as follows. In
Section 2, the problem formulation is introduced briefly.
Section 3 models the MPC-based tracking problem. In
Section 4, the RNN-based prediction model is presented.
The control structure is provided in Section 5. In Section 6,
the main results concerning stability of the proposed con-
trol scheme are analyzed. Simulation results are shown in
Section 7. Section 8 includes the conclusion.

2. Problem Formulation

Suppose that there are N (N > 1) unmanned quadrotors with
the same dynamic characteristics moving in R3, which
together compose a multiquadrotor formation system. In
what follows, the unmanned quadrotor is a miniature four-
rotor quadrotor [35]. Each quadrotor can be viewed as a
6 Degree-of-Freedom (DOF) rigid body with generalized
coordinates xi = xi, yi, zi, ϕi, θi, ψi

T ∈R6, where xi, yi, zi
T

denotes the ith quadrotor’s positions with reference to the
earth-fixed frame (E-frame) and ϕi, θi, ψi

T represents the
attitudes with reference to the body-fixed frame (B-Frame)
(i = 1,⋯,N). Furthermore, the flight motion is controlled
by a total thrust U1

i and three control torques U2
i , U

3
i , and

U4
i . And the dynamical model of the ith quadrotor can be

defined by the nonlinear state-space function xi = f xi xi, xi,
U1

i ,U2
i ,U3

i ,U4
i . To simplify the control process, the quadro-

tor system can be decomposed into two subsystems in
Figure 1: the translational subsystem and the rotational sub-
system [36].

Define the system state of the translational subsystem as

xζi = xi, xi, yi, yi, zi, zi
T ∈R6 and its control input as uζi =

U1
i , uxi , u

y
i
T ∈R3 [37], where uxi and uyi are two intermediate

control inputs, given by

uxi = cos ϕi sin θi cos ψi + sin ϕi sin ψi,

uyi = cos ϕi sin θi sin ψi − sin ϕi cos ψi

1

Then, the dynamics of translational subsystem can be
described as

xζi = f ζi xζi , uζi + dζi ,

yζi =Cζxζi ,
2
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where f ζi : R
6 ×R3 →R6 is a nonlinear function, dζi ∈R6 is

the bounded disturbance, yζi = xi, yi, zi
T is the translational

subsystem output, and

Cζ =

1, 0, 0, 0, 0, 0

0, 0, 1, 0, 0, 0

0, 0, 0, 0, 1, 0

3

Similarly, the system state and control input of rotational
subsystem are represented by xηi = ϕi, ϕi, θi,θi, ψi, ψi

T ∈R6

and uηi = U2
i ,U3

i ,U4
i
T ∈R3, respectively [37]. Then, the

dynamic equation is described as

xηi = f ηi xηi , u
η
i + dηi ,

yηi =Cηxηi ,
4

where f ηi : R
6 ×R3 →R6 is a nonlinear function, dηi ∈R6 is

the bounded disturbance, yηi = ϕi, θi, ψi
T is the rotational

subsystem output, and

Cη =

1, 0, 0, 0, 0, 0

0, 0, 1, 0, 0, 0

0, 0, 0, 0, 1, 0

5

Based on (2) and (4), both subsystems can be expressed
in the discrete-time domain as follows:

xζi k + 1 = f ζi xζi k , uζi k , T + dζi k ,

yζi k =Cζxζi k ,

xηi k + 1 = f ηi xηi k , uηi k , T + dηi k ,

yηi k =Cηxηi k ,

6

where f ζi and f ηi are discrete nonlinear functions and T is the
sampling time.

As shown in Figure 2, the leader-follower structure is
introduced for the multiquadrotor system. Define a quadro-
tor as the leader in the formation, and its state vector is rep-
resented by xL. Each quadrotor is equipped with a complete
set of communication equipment and controllers. Assuming
that the information exchange topology is undirected and
connected, each follower receives the control commands
from the leader directly or indirectly, then executes the corre-
sponding maneuvers to keep the relative state to the leader,
where Δxi,L = xi − xL denotes the relative state of the ith
follower.

The distance between the ith quadrotor and the rth quad-
rotor can be described as follows:

dir t = xi t − xr t 2 + yi t − yr t 2 + zi t − zr t 2

7

In order to avoid collision among quadrotors, dir t
should be greater than the safe anti-collision distance Dsafe,
i.e.,

dir t ≥Dsafe, ∀t ∈ 0, T , ∀i≠r i, r ∈ 1,⋯,N 8
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Figure 2: Multiquadrotor system.
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Also, to ensure the real-time direct communication of
adjacent quadrotors, dir t would be less than the communi-
cation distance Dcom, i.e.,

dir t ≤Dcom, ∀t ∈ 0, T , ∃
i≠r
i, r ∈ 1,⋯,N 9

3. Model Predictive Control

Generally, MPC is a control process based on predicting future
outputs and obtaining nonlinear model outputs at each time
horizon [38]. In this paper, a distributed MPC feedback sys-
tem is designed for each quadrotor in Figure 3. It is mainly
composed of the predictive model, reference planning, feed-
back compensation, and rolling optimization, where ui k ,
yi k , ri k , yim k , yip k , and di k denote the control input,
output state, reference, predictive output, revised predictive
output, and disturbance input, respectively.

At each time horizon, the predictive output yim k is
obtained by the predictive model, to determine the revised
predictive output yip k by feedback compensation. Then,
the control input ui k is optimally determined by compar-
ing the revised predictive output yip k and the reference
ri k . Based on that, the system output yi k is obtained.
Meanwhile, the next time horizon is starting and the new
predictive output yim k + 1 is predicted by the predictive
model. The whole process will be online iterative until the
output of system reaches the reference ri.

Due to the nonlinearity and time-variant characteristic,
the predictive output yim k is hard to match the real output
yi k . The predictive errors between the actual output and
predictive output are used to revise the predictive output.
The formulation can be described as

yip k = yim k + E yi k − 1 − yim k − 1 , 10

where E = I3×3 is the weight coefficient matrix.
Considering that the quadrotor system decomposed into

two subsystems, MPC is introduced separately for both sub-
systems. In the outer loop, the translational subsystem is con-
trolled to follow a sequence of reference xri, yri, zri

T. The
optimal control inputs U1

i , u
x
i , and uyi are obtained by mini-

mizing the trajectory tracking errors. With ψri = π/6, the

desired attitudes θri and ϕri are calculated using (1). Then,
the rotational subsystem’s attitudes ϕi, θi, ψi

T are adjusted

to achieve the reference ϕri, θri, ψri
T in the inner loop. By

minimizing attitude errors, the optimal controls U2
i , U

3
i ,

and U4
i are calculated. Finally, the optimal control inputs

U1
i , U

2
i , U

3
i , and U4

i are applied to the ith quadrotor.
Consider the MPC formulation based on the constrained

finite-horizon optimization of tracking problem for transla-
tional subsystem [39]:

min Jζi k = 〠
Hp

j=1
yζip k + j − rζi k + j

2

Qζ

+ ρ〠
Hu

j=1
Δuζi k + j − 1

2

Rζ
,

11a

subject to

yζmin ≤ yζip k + j ≤ yζmax, 11b

uζmin ≤ uζi k + j − 1 ≤ uζmax, 11c

Δuζmin ≤ Δuζi k + j − 1 ≤ Δuζmax, 11d

where yζip k + j is the revised predictive output and uζi k +
j − 1 and Δuζi k + j − 1 are control inputs and incremental

control moves, respectively. rζi k + j = xri k + j , yri k + j ,
zri k + j T is the reference position. yζmin ≥ yζmax and uζmax ≥
uζmin are the upper and lower bounds of the system states
and control inputs, respectively. ⋅ 2

Qζ and ⋅ 2
Rζ are

two 2-norms weighted by positive definite matrices Qζ and
Rζ, respectively. Hp is the prediction horizon, Hu is the
control prediction horizon (Hp ≥Hu), and ρ represents
the penalty factor.

Remark 1. The tracking problem of the quadrotor formation
is decomposed into two phases. Firstly, the leader tracks a
given trajectory in a certain state. Then, the followers regard
the leader as the trace point to track and further achieve
keeping formation. Therefore, if the ith quadrotor is the

Reference
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Feedback
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Optimization

Predictive
model

ri (k)

yip (k)

ui (k)

di (k)

yi (k)

yim (k)

Practical
process

−
+

Figure 3: Flowchart of typical MPC.
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leader, rζi k + j denotes reference trajectory; otherwise, it
represents the position of the leader for the followers.

Similarly, for the rotational subsystem, the MPC optimi-
zation problem is described as

min Jηi k = 〠
Hp

j=1
yηip k + j − rηi k + j

2
Qζ

+ ρ〠
Hu

j=1
Δuηi k + j − 1 2

Rζ ,

12a

subject to

yηmin ≤ yηip k + j ≤ yηmax, 12b

uηmin ≤ uηi k + j − 1 ≤ uηmax, 12c

Δuηmin ≤ Δuηi k + j − 1 ≤ Δuηmax, 12d

where rηi k + j = ϕri k + j , θri k + j , ψri k + j T represents
the reference attitude.

In addition, the nonlinear constraints of (11a) and (12a)
should be considered further. A feasible approach is to intro-
duce a penalty cost, transforming the constrained problem
to an alternative unconstrained form [39]. Taking the trans-
lational subsystem for example, we substitute lζ1 k + j =
yζmax − yζip k + j and lζ2 k + j = yζip k + j − yζmin (inequality

constraint (11b)), mζ
1 k + j − 1 = uζmax − uζi k + j − 1 and mζ

2
k + j − 1 = uζi k + j − 1 − uζmin (inequality constraint (11c)),

and hζ1 k + j − 1 = Δuζmax − Δuζi k + j − 1 and hζ2 k + j − 1
= Δuζi k + j − 1 − Δuζmin (inequality constraint (11d)), then
the penalty cost function can be defined as follows:

Jζi k = Jζi k + μ〠
Hp

j=1
lζ1 k + j

2

S lζ1 k+j
+ lζ2 k + j

2

S lζ2 k+ j

+ λ〠
Hu

j=1
mζ

1 k + j − 1
2

S mζ
1 k+j−1

+ mζ
2 k + j − 1

2

S mζ
2 k+j−1

+ α〠
Hu

j=1
hζ1 k + j − 1

2

S hζ1 k+j−1
+ hζ2 k + j − 1

2

S hζ2 k+j−1
,

13

where

S a =

s1 0 0

0 s2 0

0 0 s3

, 14

with a = a1, a2, a3
T and si = 105, if ai < 0; otherwise, si = 0

and i = 1, 2, 3. The introduction of S a makes it possible to
consider the inequality constraints during the optimization.

Similarly, the penalty cost function of the rotational sub-
system can be given by

Jηi k = Jηi k + μ〠
Hp

j=1
lη1 k + j

2
S lη1 k+j + lη2 k + j

2
S lη2 k+j

+ λ〠
Hu

j=1
mη

1 k + j − 1 2
S mη

1 k+j−1 + mη
2 k + j − 1 2

S mη
2 k+j−1

+ α〠
Hu

j=1
hη1 k + j − 1 2

S hη1 k+j−1 + hη2 k + j − 1 2
S hη2 k+j−1

15

Based on (8) and (9), the constraints ofDsafe andDcom are
also taken into account. The corresponding auxiliary optimi-
zation term is described as

L k = σ ⋅ 〠
Hp

j=1
〠
i≠r

max 0,Dsafe − dir k + j

+max 0, dir k + j −Dcom
2,

16

where σ = 105 and L k as a penalty term is added in (13)
according to the flight conditions of the multiquadrotor.

Remark 2. The cost functions of (13) and (15) are complex
and nondifferentiable. So the optimization problem using
traditional search techniques is not feasible. In this study,
the DE algorithm [30] as a probabilistic search technique is
proposed to solve the optimization problem for MPC. The
corresponding details will be presented in Section 5.

4. RNN-Based Prediction Models

Although the feedback mechanism of MPC tolerates some
model mismatches for multiquadrotor system, MPC still
demands that the prediction model be sufficiently accurate.
In this section, RNN is considered as the prediction model
for MPC, due to its superiority in comparison with other
conventional modeling methods [40].

4.1. Dynamical RNN. Generally, in a RNN, there is usually
a feedback from the hidden layer output to the hidden
layer input. This recurrent connection allows the NN to
detect and generate time-varying patterns [41]. In this
paper, the RNN predictive model is separately developed
for the translational subsystem and rotational subsystem.
Both subsystems belong to the class of multi-input/mul-
tioutput square nonlinear dynamical systems (that is, the
systems with as many inputs as outputs), which have the
general form of

x = f x + 〠
m

i=1
gi x ui = f x +G x u, 17

y =Cx, 18

where x ∈Rn is the state, u ∈Rm is the control input,
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y ∈Rm is the system output, f Rn →Rn is a smooth func-
tion, C is a m × n constant matrix, and G x is a matrix
with columns gi; note that f and gi contain parametric
uncertainties.

This paper deals with the control of both subsystems
described by (17), i.e., m = 3 and n = 6. However, due to the
complex environment and disturbances, the system (17) is
difficult to use if the functions f and gi cannot be accurately
known. Therefore, in order to provide a solution to this prob-
lem, a dynamical RNN is chosen to obtain a more accurate
model of (17) in Figure 4.

This RNN contains n = 6 dynamical hidden neurons, i.e.,
a number of neurons equal to the dimension of the state vec-
tor of subsystem dynamics. And it can be described by the
following system [42, 43]:

x̂ =Ax̂ + BW1Φ x̂ + BW2Ξ x̂ u, 19

ŷ = Cx̂, 20

with the state x̂ ∈R6, the input u ∈R3, the output ŷ ∈R3,W1
is a 6 × 6 matrix of adjustable synaptic weights, A is a 6 × 6
diagonal matrix with negative eigenvalues ai, B is a 6 × 6
diagonal matrix with scalar elements bi, and W2 is a 6 × 6
diagonal matrix with adjustable synaptic weights. Φ x̂ is a
6-dimensional vector with elements of φ x̂i , and Ξ x̂ is a
6 × 3matrix with elements of ξ x̂i . φ x̂i and ξ x̂i are repre-
sented by sigmoids of the form

φ x̂i =
m1

1 + e−δ1x∧i
,

ξ x̂i =
m2

1 + e−δ2x∧i
+ κ,

 i = 1,⋯, 6,

21

where m1, m2, δ1, and δ2 are constants representing the
bound and slope of the sigmoid’s curvature and κ > 0 is a
constant that shifts the sigmoid, such that ξ x̂i > 0 for all
i = 1,⋯, 6. In this paper, the designed parameters are chosen
as m1 = 0 5, m2 = 1 3, δ1 = δ2 = 0 1, and κ = 0 4.

4.2. Online Updating for RNN. Based on the above analysis,
suppose that both subsystems of the quadrotor can be accu-
rately described by the dynamical RNN (19) plus a modelling

error term ω x, u as follows:

x =Ax + BW∗
1Φ x + BW∗

2Ξ x u + ω x, u , 22

y = Cx 23

where W∗
1 and W∗

2 are the corresponding weight values.
Note that the optimal control input is applied to both the

real system and the predictive model. Define the error
between the predictive model (19) and the real system (22)
as e = ŷ − y =C x̂ − x . Assuming ω x, u is zero, we obtain

e = CAC−1e +CBW1Φ x +CBW2Ξ x u, 24

where W1 =W1 −W∗
1 and W2 =W2 −W∗

2 , which are
substituted online through the appropriate updating laws.

To obtain the stable updating laws, the Lyapunov syn-
thesis method is introduced. Consider a Lyapunov function
candidate as

V =
1
2

⋅ eTPe + tr WT
1W1 + tr WT

2W2 , 25

where P > 0 satisfies the Lyapunov equation PCA +ATCT

P = −C.
Differentiating (25) along the solution of (24), there exists

V = −
1
2
⋅ eTe +ΦT x WT

1BCTPe + uTΞT x W2BCTPe

+ tr WT
1W1 + tr WT

2W2

26

By choosing

tr WT
1W1 = −ΦT x WT

1BCTPe,

tr WT
2W2 = −uTΞT x W2BCTPe,

27

then

V = −
1
2
⋅ eTe = −

1
2
⋅ e 2 ≤ 0 28

Consequently, based on (27), the weight matrices can be
updated online over time horizons.

Theorem 1. The updating laws (27) can guarantee the follow-
ing properties:

(i) lim
t→∞

e t = 0,

(ii) lim
t→∞

W1 t = 0,

(iii) lim
t→∞

W2 t = 0

B

W2

W1

A

ˆ(x)

ˆФ(x)

u

x̂ x̂ʃdt
++

+ +

×

Figure 4: The block diagram of the dynamical RNN.
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Proof 1. Since V in (28) is negative semidefinite, we have V ∈
L∞, which implies e ∈ L∞, W1 ∈ L∞, and W2 ∈ L∞.
Furthermore, x̂ = x + C−1e isbounded.SinceV is anonincreas-
ing function of time and bounded from below, there exists
lim
t→∞

V t =V ∞ . By integratingV from 0 to∞, we obtain

∞

0

1
2

e 2dt =V ∞ −V 0 <∞, 29

which implies e ∈ L2. By definition, φ xi and ξ xi are
bounded for all xi and all inputs to RNN are also bounded by
assumption. From (24), we conclude e ∈ L∞. Since e ∈ L2 ∩
L∞ and e ∈ L∞, based on Barbalat’s lemma, there exists lim

t→∞
e

t = 0. Due to the boundedness of u,Φ x ,Ξ x , and the con-

vergence of e t to zero, we have thatW1 andW2 also conver-
gence to zero.

Remark 3. Combined with the MPC, updating online for
RNN is executed over time horizons. With the actual outputs
yζi k and yηi k obtained at the kth time horizon, the weight
matrices of the RNNs are updated online to predict the sub-
system output for the next time horizon.

5. Control Structure

The composite control structure based on RNN and MPC is
proposed in Figure 5 for each quadrotor, which consists of
three main parts: the predictive model based on RNN, the
designed cost function, and the evolutionary algorithm. In
this figure, the RNN1 and RNN2 blocks represent the predic-
tive models of the translational subsystem and the rotational

subsystem, respectively. Uζ
i k ≜ arg min Jζi k and Uη

i k ≜

arg min Jηi k are the optimal control sequence of the
translational subsystem and the rotational subsystem, respec-
tively, where the first elements, i.e., uξ k and uη k , are taken
as the control inputs for both subsystems.

The evolutionary algorithm to introduce in this paper
is the DE algorithm. It is an optimization algorithm which
searches randomly in continuous space with three evolu-
tionary operations, namely, mutation, recombination, and
selection. Suppose that the initial population has NP
individuals inside the given D-dimensional search space.
The solution vector in continuous space can be repre-
sented by vGi = vi1, vi2,⋯, viD , i = 1,⋯, NP, G = 1,⋯, NC
[30]. The optimization goal of the DE algorithm is to find
the proper control variable that minimizes the cost (13)
and (15).

5.1. Mutation Operation. As shown in Figure 6, for each vGi
in the parent population, the mutation individual v̂G+1i is
produced by

v̂G+1i = vGr1 + F × vGr2 − vGr3 , 30

where r1, r2, and r3 are randomly chosen and different
from the running index i and F is a real constant scaling
factor within 0, 1 , which controls the amplification of the
differential variation vGr2 − vGr3 .

5.2. Recombination Operation. For each vGi , a trial individual
vG+1i is generated by coping components from the mutation
vector v̂G+1i and the target vector vGi in dependence, as shown

Cost function Unmanned
quadrotor

Optimization di (k)

Adaptive DE
algorithm

[xi(k), yi(k), zi(k)]T

[𝜙i(k), 𝜃i(k), 𝜓i(k)]T

RNN1

RNN2

Model predictive control

[Ui
𝜁 (k)]NP×1

ri
𝜁 (k)ri

𝜂 (k)

[Ui
𝜂 (k)]NP×1

ui
𝜂 (k)

ui
𝜁 (k)

[Ji𝜂]NP×1

[Ji𝜁]NP×1

Figure 5: MPC structure based on RNN for each unmanned quadrotor.
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in Figure 7. It can be formulated as follows:

vG+1ij =
v̂G+1ij , if randb ≤ CR,

vGij , otherwise,

 i = 1,⋯, NP, j = 1,⋯,D,

31

where randb ∈ 0, 1 is a uniform random number and the
recombination control parameter CR is a constant in the
interval 0, 1 .

5.3. Selection Operation. Offspring vG+1i competes one to one
with its parent vGi . The selection operation is expressed by

vG+1i =
vG+1i , if f vG+1i ≤ f vGi ,

vGi , otherwise
32

This selection scheme ensures that the best control vari-
able with the minimum cost can be retained when moving
from one generation to the next, which results in a fast con-
vergence behavior.

Generally, the DE algorithm has been successfully applied
in some fields due to its high search accuracy, robustness, and
good convergence speed. However, when the optimization
problem of multi-UAV tracking is complex and time-varying,
selecting suitable mutation strategies and control parameters
at different evolution stages is difficult. Therefore, in this
paper, we adopt the ZEPDE algorithm [44], where the
appropriate mutation strategy can be gradually adjusted by
a roulette wheel, and suitable combinations of F and CR
can be generated by zoning evolution. Each individual has

its own control parameter combination and mutation strat-
egy. And the corresponding details can be found in [44].

The control algorithm can be summarized as follows:

Step 1. Load the state of the ith quadrotor and its corre-
sponding reference. Initialize the solution and generate NP
individuals randomly.

Step 2. The decoded values of each individual Uζ
i k and

Uη
i k in the population carried out the RNN1 and RNN2

models to predict the values of xi k + j , yi k + j , zi k + j T

and ϕi k + j , θi k + j , ψi k + j T , j = 1,⋯,Hp. Whereas,
consecutive inputs to the RNN models can change their
internal state in a detrimental way. Then, the DE algorithm
is executed at fault due to this situation, leading the optimal
control variables to not be found. To avoid this problem,
the RNN models should return their initial condition before
each individual carries out the RNN models.

Step 3. Calculate the fitness value of each individual using
the predicted states of xi k + j yi k + j , zi k + j T and
ϕi k + j , θi k + j , ψi k + j T , j = 1,⋯,Hp.

Step 4. The individual which has the best fitness value is
recorded. Perform the selection method based on the fit-
ness of individuals, and in this way, the population remains
better individuals.

Step 5. Execute mutation, recombination to create new indi-
viduals in the population.

Step 6. Produce the prediction values for each new individual
in the population and calculate their fitness values based on
procedures in Steps 2 and 3. The best individual that has been
recorded previously is located in the new generation instead
of the individual with the worst fitness value.

Step 7. Repeat Steps 4-7 until convergence criteria of the eval-
uation function are met.

Step 8. The first elements uζi k and uηi k of the best individ-

ualsUζ
i k andUη

i k apply both the RNNmodels and the real
quadrotor system. The corresponding outputs are obtained.

Step 9. Perform the feedback compensation in MPC and
online updating for RNN. Then, go to Step 2 for the next
time horizon.

6. Stability Analysis

In this section, we first give the stability of the proposed
RNN-based MPC. Meanwhile, the convergence analysis of
the DE algorithm is also discussed.

6.1. Stability Analysis of RNN-Based MPC. The quadrotor
system in this paper is represented in state space, and the cost
functions (11a) and (12a) are also based on states. Therefore,

Optimum

Fitness contour

F × (𝜈r2
G – 𝜈r3

G)

𝜈r2
G 

𝜈r3
G

𝜈r1
G

�̂�i
G+1

Figure 6: Mutation process of the DE algorithm.
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𝜈
i
G �̂�

i
G+1 𝜈

i
G+1–

Figure 7: Recombination process of the DE algorithm.
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the stability of the proposed predictive scheme is investigated
by checking the monotonicity of the cost function with
respect to time [39].

Problems (11a) and (12a) can be given in the following
general form:

Ji k = 〠
Hp

j=1
yip k + j − ri k + j

2

Q

+ ρ〠
Hu

j=1
Δui k + j − 1 2

R

= 〠
Hp

j=1
eip k + j 2

Q + ρ〠
Hu

j=1
Δui k + j − 1 2

R,

33a

s t  ymin ≤ yip k + i ≤ ymax, 33b

umin ≤ ui k + j − 1 ≤ umax, 33c

Δumin ≤ Δui k + j − 1 ≤ Δumax, 33d

eip k +Hp + j = 0, ∀j ≥ 1, 33e

Δui k +Hu + j = 0, ∀j ≥ 0 33f

Assume that Ui k = ui k ,⋯, ui k +Hu − 1 T is the
optimal control sequence at time k. Then, the corresponding
cost function is

Ji k = 〠
Hp

j=1
yip k + j − ri k + j

2

Q
+ ρ〠

Hu

j=1
Δui k + j − 1 2

R

= 〠
Hp

j=1
eip k + j 2

Q + ρ〠
Hu

j=1
Δui k + j − 1 2

R

34

Then, at time k + 1, based on the optimal control
sequence of time k, a suboptimal control sequence U∗

i k + 1
is postulated as

U∗
i k + 1 =

u∗i k + 1

⋮

u∗i k +Hu − 1

u∗i k +Hu

=

ui k
⋮

ui k +Hu − 1

ui k +Hu − 1
35

For the suboptimal control U∗
i k + 1 , the cost function

can be described as

J
∗
i k + 1 = 〠

Hp+1

j=2
y∗ip k + j − ri k + j

2

Q

+ ρ〠
Hu

j=1
Δu∗i k + j 2

R

= 〠
Hp+1

j=2
e∗ip k + j

2

Q
+ ρ〠

Hu

j=1
Δu∗i k + j 2

R

36

Assuming that with the same control input, the predic-
tions yip k + j at time k + 1 are the same as ones derived at

time k, the difference between the Ji k and J
∗
i k + 1 can be

defined as

J
∗
i k + 1 − Ji k = e∗ip k +Hp + 1

2

Q

− eip k + 1 2
Q − ρ Δui k 2

R

37

Taking into account the terminal equality constraints
(33e), it is obvious that e∗ip k +Hp + 1 = 0, then

J
∗
i k + 1 − Ji k = − eip k + 1 2

Q − ρ Δui k 2
R ≤ 0 38

Furthermore, introduce Ui k + 1 as the optimal solution
further. It is obvious that J

∗
i k + 1 < Ji k + 1 , so

Ji k + 1 − Ji k < − eip k + 1 2
Q − ρ Δui k 2

R 39

It is clear that for ρ ≠ 0, the cost is monotonically
decreased with respect to time while the proposed control sys-
tem is stable.

6.2. Convergence Analysis of DE Algorithm. It is known that
the MPC method divides the global control problem into a
series of local optimizations and each local optimization
problem is solved by the adaptive DE algorithm. In this sec-
tion, the asymptotic convergence of the local optimization
is first analyzed; on this basis, the global convergence analysis
is presented as well.

6.2.1. Local Convergence Analysis [45]. Suppose that at the k
th time horizon, the optimal solution set of the cost function
J k can be defined as follows:

S∗ k = v∗ J v∗ ∣ k =min J v ∣ k : v ∈ S k , 40

where S k is a measurable search space and v∗ represents the
optimal solution individual.

However, condition (40) is hard to satisfy in the actual
process. Thus, an expanded optimal solution set is
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considered as follows:

S∗ε k = v ∈ S k : J v ∣ k − J v∗ ∣ k < ε , 41

where ε > 0 is a small positive real number. Denoting μ as the
Lebesgue measure, we suppose that the μ S∗ε k > 0 for each

ε. And the expanded optimal solution (41) can be approxi-
mately regarded as the optimal one.

Before analyzing the convergence of the local optimiza-
tion, we need to introduce a concept of the convergence in
probability as follows:

Define VG,G = 1, 2,⋯ as a population sequence gen-
erated by the adaptive DE algorithm for the local optimiza-
tion problem, where VG = vGi , i = 1, 2,⋯NP . It is required
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Figure 8: One sample of the training data sets: (a) control inputs and system outputs of translation subsystem; (b) control inputs and system
outputs of the rotation subsystem.
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that the algorithm converges to the optimal solution set in
probability if and only if

lim
G→∞

P VG ∩ S∗ε k ≠∅ = 1, 42

where P denotes the probability of an event.

Assumption 1. Based on the above definition, it is assumed
that for each population VG of the adaptive DE algorithm,
there exists at least one individual vG such that

P vG ∈ S∗ε k ≥ α > 0, 43

where α is a small positive value.

Proof 2. Suppose that an individual vGrand is generated ran-
domly in each population VG. The probability that vGrand
belongs to the optimal solution set is given by
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Figure 9: Test performance of RNN.

Table 1: Quadrotor dynamic parameters.

Parameters Value

Mass ms (kg) 2.14

Arm length la (m) 0.24

Inertia around x-axis Ixx (kg ⋅m2) 1.25

Inertia around y-axis Iyy (kg ⋅m2) 1.25

Inertia around z-axis Izz (kg ⋅m2) 2.5

Thrust factor b (N ⋅ s2) 0.3

Drag factor d (Nm ⋅ s2) 0.014

Table 3: DE-run parameters and weights of the cost function.

Parameters NP NC μ λ α ρ Q R
Value 50 50 1 1 1 0.5 I3×3 I3×3

5 m

5 m

5 m

5 m

x

y

z

Figure 10: Initial formation of five quadrotors.

Table 2: Constraints of the system states and control inputs.

Parameters Value

Range of roll angle ϕ (rad) −π/2, π/2

Range of pitch angle θ (rad) −π/2, π/2

Range of yaw angle ψ (rad) −π, π

Range of turn rates ϕ, θ, and ψ (rad/s) −1, 1

Range of the main thrust U1 (N) 0, 60

Range of the torque U2 (M) −50, 50

Range of the torque U3 (M) −50, 50

Range of the torque U4 (M) −10, 10
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Figure 11: Comparison results: (a) the variation of attitudes; (b) the variation of positions.
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P vGrand ∈ S∗ε k =
μ S∗ε k
μ S k

= α > 0 44

It means that P vGrand ∉ S∗ε k = 1 − α > 0. And the prob-
ability that the first d populations do not include an individ-
ual vG ∈ S∗ε k can be estimated by

d

G=1
P VG ∩ S∗ε k =∅ ≤ 1 − α d 45

Based on basic ideas of the DE algorithm, the best indi-
vidual in the population VG has the same or better fitness
value than the best one from all the previous populations,
implying

lim
G→∞

P VG ∩ S∗ε k =∅ = lim
d→∞

d

G=1
P VG ∩ S∗ε k =∅

≤ lim
d→∞

1 − α d = 0,

46

in other words,

lim
G→∞

P VG ∩ S∗ε k ≠∅ = 1 − lim
d→∞

d

G=1
P VG ∩ S∗ε k =∅

= 1 − 0 = 1,
47

which proves (42).

6.2.2. Global Convergence Analysis. Based on the basic ideas
of the MPC approach, the local optimizations follow the
same control algorithm by using the adaptive DE algorithm.
Therefore, the local convergence analysis of the kth time
horizon can be applicable for the k + j th time horizon, j =
1, 2,⋯. Furthermore, the local optimization of the k + j th
time horizon is executed on the basis of the optimization
results of the k + j − 1 th time horizon. Finally, this local
convergence of each time horizon leads to the global conver-
gence of the entire control process.

7. Simulation Analysis

The performance of RNN-based MPC for quadrotor forma-
tion flight is evaluated by computer simulations. All the sim-
ulations are programmed with MATLAB, version 2015, and
are run on a PC with a clock speed of 2.8GHz and 4GB
RAM, in a Microsoft Windows 8.1 environment.

7.1. Offline Training for RNN. Before the experiment, the
weights of RNN should be determined preliminarily. The
input output data for RNN training is obtained by simulating
a quadrotor model [35] with a PID controller. A large train-
ing data set spanning over 1000 seconds is generated by using
the random step references ranging from 5 seconds to 15 sec-

onds. All system states and control inputs are restricted
within the corresponding ranges. To enable the RNN model
to learn the noisy dynamics in the presence of sensor
noises, wind gusts and aerodynamic coupling effects, addi-
tive disturbances are included for data generation during
the simulation. The disturbances dζi and dηi are in the form
of white noise with various intensity. And the network is
adopted in the form of (19). Figure 8 shows one sample
of the training data sets. Based on the test data, the training
performance of RNN is tested in Figure 9, compared with
the FNN model [20] and nonlinear partial-differential-
equation-based model [35]. From the figures, the apparent
advantage of the RNN model is the prediction accuracy.
In other words, these results show the success of the dynamic
RNN structure.

7.2. Results and Discussion. A scenario is constructed to
simulate a certain flight condition for the multiquadrotor for-
mation. Assuming that a square formation is composed of
five quadrotors, the relative position of each quadrotor is
described in Figure 10, and their initial positions are 0, 5, 0
m, 10, 5, 0 m, 5, 0, 0 m, 0,−5, 0 m, and 10,−5, 0 m. Besides,
the initial attitudes of all quadrotors are supposed to be
ϕi, θi, ψi = 0, 0, 0 . Define the 3rd quadrotor as the leader
flying along a reference trajectory called “elliptical”: x = 5 ⋅
cos πt/4 , y = 5 ⋅ sin πt/4 , z = 0 5 ⋅ t, and t ∈ 0, 50 . And
the other quadrotors as the followers fly with the follow-
ing relative states: Δx1,3 = −5, 5, 0, 0, 0, 0 , Δx2,3 = 5, 5, 0, 0,
0, 0 , Δx3,4 = −5,−5, 0, 0, 0, 0 , and Δx3,5 = 5,−5, 0, 0, 0, 0 .
To simulate the real flight environment, the bounded distur-
bances are introduced in rotation subsystem (white noise
of intensity 0.3 rad/sec) and transition subsystem (white
noise of intensity 0.5m/sec). Moreover, the quadrotor’s safe
anticollision and communication regions are Dsafe = 1m,
Dcom = 50m, respectively.

The parameter settings of the proposed system condition
are as follows: the dynamic parameters of unmanned quadro-
tor system in this paper are represented in Table 1. The limits
on the system states including the range of ϕ, θ, and ψ; the
corresponding turn rates ϕ, θ, and ψ; and the control inputs
U1, U2, U3, and U4 are shown in Table 2. Table 3 shows
the DE algorithm-run parameters and the associated weight
values of the fitness function.

In such a case, the MPC with the RNN online model is
introduced for the formation-tracking problem over the pre-
diction horizons, compared with the conventional MPC and
traditional PID, where the parameters of the PID controller
are kP = 106 3, kI = 530 9, and kD = 414 5. For both conven-
tional MPC and RNN-based MPC, the prediction horizon
and control horizon are Hp = 3 and Hu = 2 and the sampling
frequency f s is 4Hz. In Figure 11, taking the tracking

Table 4: IAEs of the proposed RNN-based MPC and conventional
MPC.

Method RNN-based MPC Conventional MPC

IAE 1.3983 2.3453
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performance of the leader as an example, the results of three
different control methods are presented. It is obvious that the
performances of the RNN-based MPC approach with smal-
lest tracking errors are better than the other two approaches.
In particular, the control inputs of the PID controller are out
of constraints at some time horizons.

In order to reflect the control results intuitively, the
tracking performance of the quadrotor formation can be
measured using the integral of absolute error (IAE) [46].

IAE =
1

N ⋅HT
〠
N

i=1
〠
HT

k=1
yζi k − rζi k

2

I3×3

+ yηi k − rηi k
2
I3×3

,

48

where N is the total number of quadrotors andHT is the total
number of time horizons.

The IAEs of the conventional MPC and RNN-based
MPC are presented in Table 4. Based on that, the tracking
performance controlled by RNN-based MPC is better with
the smaller errors. This is because the RNN is trained based
on the test data and has learned the influences of unknown
disturbances before experiments. On the other hand, due to
the updating online for RNN, the proposed MPC method
could estimate in a timely manner the disturbances improv-
ing the control performance.

The 3-D performance of formation tracking with RNN-
based MPC are depicted graphically in Figure 12. The overall
variations of attitude and position are shown in Figure 13.
The corresponding errors of relative attitude (Figure 14(a))
and position (Figure 14(b)) between the leader quadrotor
and followers are within the anticipated range. Generally,
the proposed control system manages to accurately achieve
formation tracking with fast and precise responses and effec-
tively attenuate the mismatched disturbances within the
acceptable error range.

8. Conclusion

In this paper, a novel predictive control scheme based on
RNNs was proposed for the multiquadrotor system to
achieve trajectory tracking and formation keeping simulta-
neously. Different from the conventional MPC, the proposed
control approach designed the RNNs as the predictive model
and used the adaptive DE algorithm to solve the local optimi-
zation problem for both subsystems of each quadrotor.
Moreover, the closed-loop stability was analyzed; meanwhile,
the convergence of the DE algorithm was discussed as well.
Finally, the effectiveness of the designed control strategy
was illustrated through comparative simulation results.
However, the applicability of the proposed control structure
is limited to the high computation burden of receding opti-
mization. Therefore, an appealing extension of this work
could focus on the time efficiency of whole control process.
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