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Parallel mechanisms with redundant actuation are attracting numerous scholars’ research interest due to their inherent advantages.
In this paper, an efficient trajectory tracking control scheme for the new redundantly actuated parallel mechanism by integrating
force/position hybrid control with the combination of inertia feed-forward control and back propagation (BP) neural network
PID control is proposed. The dynamic models including the joint space and task space are formulated explicitly in efficient and
compact form by means of the principle of virtual work and d’Alembert formulations. The force/position hybrid control is
implemented to perform trajectory tracking and optimize the driving force configuration in MATLAB/Simulink environment,
before being applied to an actual parallel mechanism. The illustrative simulation results demonstrate that the force/position
hybrid control scheme is available to provide good trajectory tracking performance. Simultaneously, the feasibility of the
proposed control scheme is verified by comparison analysis with the aforementioned conventional control method.

1. Introduction

Compared to counterpart serial mechanisms, parallel mech-
anisms exhibit much greater advantages such as high stiff-
ness, lower inertia, high loading capability, high precision,
large acceleration, and high dexterity, which are desirable
properties for use in high speed machine, high precision
assisted surgery, high speed pick and place of delta robots,
and some other applications [1–3]. However, small work-
space and many singularities within the workspace limit their
wide applications. Under such circumstance, parallel mecha-
nisms with redundant actuation are expected to tackle their
shortcomings, as redundant actuation can eliminate or
decrease singularities, increase the dexterous workspace,
optimize the configuration of driving force, and so on. At
present, the research works on redundant actuation are
mainly focused on the singularities and the workspace. How-
ever, the intelligent control strategies in the existing literature
are seldom studied [4–6], which has just gotten more atten-
tion to make the most use of their advantages; in particular,
for high speed, high accuracy machine tools, trajectory track-

ing control, for instance, adaptive control and robust control,
is very essential for more prosperous applications [7–11].

Redundant actuation can be achieved in a different
method; one is to add the kinematic chain including noncon-
strained subchains or constrained subchains without increas-
ing the degree of freedom, and the other is to change the
passive joint into active joint [12]. Gosselin and Schreiber
[13] increased a kinematically redundant leg in order to pre-
serve the force transmission properties of the well-known
Gough-Stewart parallel mechanism, which can avoid singu-
larities and extend the rotational workspace. Liu et al. [14]
studied exhaustively the force/motion transmissibility of
redundantly actuated parallel mechanisms, and six simula-
tion examples illustrate that the actuation redundancy can
significantly improve the kinematic performance and enlarge
the singularity-free workspace. Yao et al. [15] presented a
redundant actuated 5UPS-PRPU parallel mechanism by add-
ing an actuator for the middle PRPU passive constraint
branch; the simulations illustrated that redundant actuation
can greatly improve the performance and ability of the parallel
mechanism. Boudreau et al. [16, 17] presented the dynamic
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model of a cinematically redundant planar parallel mecha-
nism and an optimization to minimize the torques when
the end-effector performs the trajectory tracking. Wang
et al. [18] derived the inverse dynamic model of a spatial 3-
DOF parallel mechanism with redundant actuation by add-
ing actuators to passive rotational joints, and the driving
force was optimized in terms of the Moore-Penrose inverse
matrix. The motion control is very complicated for the
coupled dynamics of the parallel mechanism with redundant
actuation. Wen et al. [19] investigated a new hybrid control
algorithm for the redundantly actuated 6PUS-UPU parallel
robot, i.e., the inner model control in the position loop and
the fractional order fuzzy proportional-integral derivative
control in the force loop. In addition, in [20], two model pre-
dictive controllers including proportional, integral, and dif-
ferential algorithm and fuzzy algorithm were proposed for a
five-degree-of-freedom redundantly actuated parallel mecha-
nism. And the simulation results showed that the fuzzy
model predictive control can effectively improve real-time
performance of the control system compared with the tradi-
tional PID model predictive control algorithm. Liu et al. [21]
proposed a model-based driving force synchronous control
method with neural network, which can effectively reduce
the driving force errors of the parallel mechanism. Similarly,
Luces et al. [22] presented an in-depth discussion of past
research on parallel mechanism kinematic redundancy and
indicated that primary advantages of the parallel mechanism
with redundant actuation contain workspace enlargement,
singularity elimination/avoidance, and joint-torque optimum
distribution, yet redundant actuation is facing a valuable
opportunity as well as great challenges, such as motion plan-
ning and control and calibration. Flohic et al. [23] adopted
a hybrid force/position control algorithm to conduct parallel
kinematic machine for mechanical testing, and the control
algorithm is illustrated on a Nooru-Mohammed test per-
formed on a Gough-Stewart platform and validated exper-
imentally on a five-bar parallel mechanism. Cazalilla et al.
[24, 25] developed an adaptive controller for the 3-PRS par-
allel mechanism with consideration of some uncertainties;
the simulation results show that the adaptive controller can
greatly improve the trajectory tracking precision compared
with the passivity-based controllers. Urrea and Kern [26]
presented a summary of the controllers considering for the
evaluation of the redundant robot model with their actuators
and corresponding performance. Callegari et al. [27] pre-
sented the inverse dynamic model by means of the principle
of virtual work; three control strategies were employed and
the results show that hybrid position/force schemes should
be able to provide better performance than the other posi-
tion control or force control. Achievements that are both
important and probably of a very scientific perspective
were achieved by Siciliano in [28]; in these recent works,
they took profit from a general solution for the inverse
dynamic of parallel mechanism with redundant actuation
to construct a computationally efficient control scheme com-
pared with a conventional control one, which makes it avail-
able in control applications with singularity avoidance. In
this paper, the conventional PID control algorithm is unavail-
able to be implemented on the proposed parallel mechanism,

so the force/position hybrid control algorithm is carried out
on the redundantly actuated parallel mechanism to perform
trajectory tracking.

The remainder of this paper is organized as follows: Sec-
tion 2 describes the structure of the redundantly actuated
2RPU-2SPR parallel mechanism and the coordinate frames.
The kinematic relations of the parallel mechanism are devel-
oped in detail in Section 3. In Section 4, the explicit dynamic
model is derived in terms of the principle of virtual work and
d’Alembert formulation. Next, in Section 5, the force/posi-
tion hybrid control algorithm is presented. In Section 6, a for-
ce/position hybrid control simulation case is given. Finally,
some brief contributions and future works are presented.

2. System Description

The serial-parallel hybrid kinematic machine (HKM) struc-
ture was selected as a candidate architecture for complicated
surface milling in aerospace domain [29] (as shown in
Figure 1), whose parallel module is a 2RPU-2SPR parallel
mechanism with redundant actuation (R, P, U, and S standing
for rotational, prismatic, universal, and spherical kinematic
joint, respectively). The underline format (P) represents
the actuated joint. The structural diagram is depicted in
Figure 2. The new parallel mechanism mainly consists of
the fixed platform, the moving platform, and four limbs with
two of the same identical kinematic configuration. The pris-
matic joints described by the linear joint variables di connects
the lower platform to the upper platform by a rotational joint
followed by a universal joint or a spherical joint followed by a
rotational joint. It is worth noting that the used spherical
joint is designed by means of three mutually perpendicular
rotational joints so as to enlarge the rotation range.

For modeling purposes, as shown in Figure 2, we assume
a fixed coordinate system B‐xyz at the centered point B of the
fixed platform and amoving coordinate system A‐uvw on the
square moving platform at the centered point A, along with
the z-axis and w-axis perpendicular to the platform, and
the x-axis and y-axis parallel to the u-axis and v-axis, respec-
tively. Both A1A2A3A4 and B1B2B3B4 are designed to be

Figure 1: A five-axis hybrid kinematic machine tool.
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squares so as to yield a symmetric architecture of the parallel
mechanism. With these geometric conditions satisfied, the
moving platform of parallel mechanism will pose with three
independent degrees of freedom in the Cartesian space by
controlling the movement of four servo actuators, that is,
two rotational degrees of freedom around the x-axis and
v-axis and one translational degree of freedom along the
z-axis; in this case, the spatial rotations are coupled with
the change of four nonidentical limbs [30]. What is more,
as the number of actuated joints is greater than that of the
degree of freedom, it belongs to a redundantly actuated par-
allel mechanism. Nevertheless, if the fourth limb, i.e., the SPR
limb, is removed, the parallel mechanism will turn into a gen-
eral nonredundant parallel mechanism.

3. Kinematic Analysis

The moving platform can move along the z direction and
rotate around the x-axis and v-axis with the consideration
of mobility characteristics. The homogeneous transforma-
tion matrix T of the reference coordinate point A can be
expressed as follows:

T =
R p

0 1

" #
= Rot x, αð ÞTrans z, dð ÞRot v, βð Þ

=

cos β 0 sin β x

sin α sin β cos α −sin α cos β y

−sin β cos α sin α cos α cos β z

0 0 0 1

2
6666664

3
7777775
,

ð1Þ

where p = ½x, y, z�T is the position coordinates of point A
in the fixed coordinate system, α is the rotation angle
around the x-axis, and β is the rotation angle around
the v-axis.

Additionally, once the rotation matrix R is obtained, then
the rotational Euler angles will be obtained by the following
(2), which are important for achieving the orientation angles
in the feedback control proposed in this paper:

α = arc tan 2 R 3, 2ð Þ, R 2, 2ð Þð Þ,
β = arc tan 2 R 1, 3ð Þ, R 1, 1ð Þð Þ,

(
ð2Þ

where Rð⋅ , ⋅Þrepresents the row and column elements of the
rotation matrix R.

The inverse Jacobian matrix relationship between input
and output can be represented as follows:

_q = J0 _X = JqJp _X, ð3Þ

where _q = ½ _d1, _d2, _d3, _d4�
T
, J0is the velocity Jacobian matrix,

and

Jq =

sT1 a1 × s1½ �T

sT2 a2 × s2½ �T

sT3 a3 × s3½ �T

sT4 a4 × s4½ �T

2
666664

3
777775,

Jp =
Jvp
Jwp

" #
=

0 0 0

−tan α −z ⋅ sec2α 0

1 0 0

0 1 0

0 0 cos α

0 0 sin α

2
666666666664

3
777777777775
,

ð4Þ

where si denotes the direction vector of i-th limb, ai = R ⋅ Aai,
Aai is the description of the position vector in the moving
coordinate system, and X = z α β½ �T is the independent
motion degree of freedom parameters.

By differentiating both sides of (3), the acceleration
between the actuated joints and corresponding end-effector
can be expressed as

€q = _J0 _X + J0 €X ð5Þ

where
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Figure 2: Schematic diagram of the 2RPU-2SPR parallel mechanism.
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where wi is the angular velocity of the i-th limb defined in the
fixed coordinate system.

The determination of _J0 is actually very important for the
next section about dynamic analysis.

It is analogous to (3); the forward Jacobian matrix Jf which
characterized the relationship between the end-effector and
corresponding actuating joints can be expressed as

_X = Jf _q, Jf = J0+, ð7Þ

where ½⋅�+ denotes the Moore-Penrose inverse matrix. The
Moore-Penrose inverse of the matrix J0 can be denoted as

ðJ0Þ+ = JT0 ðJ0JT0 Þ−1 and the condition J0J0+ = I should be
satisfied.

Hence, the following relationship should be satisfied:

Jf ⋅ J0 = J0 ⋅ Jf : ð8Þ

Taking the derivative of (8) with respect to time, yield

d
dt

Jf ⋅ J0
� �

= 0⇒ _Jf ⋅ J0 + Jf ⋅ _J0 = 0⇒ _Jf

= −J0−1 ⋅ _J0 ⋅ J0−1:
ð9Þ

The structural diagram of the i-th limb is depicted in
Figure 2; each of that consists of an upper sublimb and a lower
sublimb. Let e1 be the distance between the centroid Bi and the
center of mass of the lower sublimb, while e2 be the distance of
the centroid Ai and the center of mass of the upper sublimb.
The position vectors of the centers of mass of the i-th limb
are given with respect to the fixed coordinate system:

r1i = bi + e1si, ð10Þ

r2i = bi + di − e2ð Þsi: ð11Þ

The inverse kinematics should be differentiated with
respect to time, and the velocity of kinematic joints Ai con-
nected to the moving platform can be obtained in the fixed
coordinate system:

vai = vp + ωp × ai = Jai ⋅ Jp ⋅ _X, ð12Þ

where

Jai =

1 0 0 0 aiz −aiy
0 1 0 −aiz 0 aix

0 0 1 aiy −aix 0

2
664

3
775: ð13Þ

The angular velocity of the i-th limb

ωi =
si × vai
di

= Jwi _X, ð14Þ

where Jwi =~siJaiJp/di, and ~si is antisymmetric operator corre-
sponding to the vector si.

Taking the derivative of (10) and (11) with respect to
time, the velocity of the center of mass of the lower sub-
limb and upper sublimb can be obtained in the fixed coor-
dinate system.

v1i = e1ωi × si = Jv1i _X, ð15Þ

where Jv1i = −e1 ⋅~siJwi

v2i = di − e2ð Þωi × si + _di ⋅ si = Jv2i _X ð16Þ

Jv2i = e2 − dið Þ ⋅~siJwi + siJdiJp ð17Þ

_J0 =

w1 × s1½ �T wp × a1
� �

× s1 + a1 × w1 × s1ð Þ� �T
w2 × s2½ �T wp × a2

� �
× s2 + a2 × w2 × s2ð Þ� �T

w3 × s3½ �T wp × a3
� �

× s3 + a3 × w3 × s3ð Þ� �T
w4 × s4½ �T wp × a4

� �
× s4 + a4 × w4 × s4ð Þ� �T

2
666666664

3
777777775
⋅ Jp + Jq

⋅

0 0 0

−1 − tan2α
� �

⋅ _α − _z ⋅ sec2α +
2z ⋅ sin α

cos3α
⋅ _α

� �
0

0 0 0

0 0 0

0 0 −sin α ⋅ _α

0 0 cos α ⋅ _α

2
6666666666666664

3
7777777777777775

,

ð6Þ
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Turning to accelerations, the acceleration of the point
Ai can be carried out by differentiating (12) with respect
to time:

_vai = _vp + _ωp × ai + ωp × ωp × ai
� �

: ð18Þ

The angular acceleration velocity of the i-th limb can
be expressed as

_ωi =
si × _vai − 2 _diωi

di
= Jwi €X + _Jwi _X, ð19Þ

where

_Jwi =
~si _Jvp − ~ai _Jwp

� �
− Jwp _X

� �
×

� �
~aiJwp

� �
− 2JdiJ0 _XJwi

di
: ð20Þ

Finally, the acceleration of the centers of mass of the
i-th limb can be obtained by differentiating once again (15)
and (16) with respect to time:

_v1i = e1 _ωi × si + e1ωi × ωi × sið Þ = Jv1i €X + _Jv1i _X, ð21Þ

where

_Jv1i = −e1~si _Jwi − e1si ⋅ Jwi _X
� �T Jwi,

_v2i = €di ⋅ si + 2 _di ωi × sið Þ + di − e2ð Þ _ωi × si
+ di − e2ð Þωi × ωi × sið Þ = Jv2i €X + _Jv2i _X,

_Jv2i = si ⋅ _J0i − 2J0i ⋅ _X ⋅~si ⋅ Jwi
+ e2 − dið Þ ~si ⋅ _Jwi + Jwi _X

� �
×

� �
~s ⋅ _Jwi

� �
:

ð22Þ

The detailed kinematic analysis has been developed in-
depth in our previous work [31], so herein, we do not repeat it.

4. Dynamic Analysis

The inverse dynamic problem of the parallel mechanism is to
determine the required driving force under the requirement
to generate a prescribed motion trajectory. For the 2RPU-
2SPR parallel mechanism, the dynamic model in the task
space can be deduced by applying the principle of virtual
work and d’Alembert’s formulation stated as follows [32, 33]:

FX =M Xð Þ€X +C _X,X
� �

_X +N Xð Þ, ð23Þ

where

M Xð Þ =
(

JTp
maJvp
BIpJwp

2
4

3
5 + 〠

4

i

JTvω1i
m1iJv1i
BI1iJwi

" #

+ 〠
4

i

JTvω2i
m2iJv2i
BI2iJwi

" #)
,

C _X,X
� �

=

(
JTp

ma
_Jvp

BIp _Jwp + Jwp _X
� �

×
� � BIpJwp

� 	
2
64

3
75

+〠
i

JTvω1i
m1i _Jv1i

BI1i _Jwi + Jwi _X
� �

×
� � BI1iJwi

� �
2
4

3
5

+〠
i

JTvω2i
m2i _Jv2i

BI2i _Jwi + Jwi _X
� �

×
� � BI2iJwi

� �
2
4

3
5
)

,N Xð Þ

=
(
JTp

mag

0

" #
+〠

i

JTvw1
m1ig

0

" #

+〠
i

JTvw2
m2ig

0

" #)
− JTp

fe

ne

" #
,

ð24Þ

whereMðqÞ is the positive definite inertia matrix, CðqÞ is the
nonlinear matrix including the centrifugal and the Coriolis
terms, and NðXÞ is the sum of gravitational f and external
generalized force terms.

To facilitate force control, it is usually necessary to trans-
form the dynamic formulation in the task operational space
to that in the joint space.

In the static equilibrium state, the linear mapping rela-
tionship between the actuated joint force and corresponding
task operation space force can be expressed as

FX = JT0 τ: ð25Þ

Combining (23) and (25) leads to

JT0 τ =M Xð Þ J0+€q + _J0
+
_q

� 	
+ C _X,X

� �
J0+ _q +N Xð Þ: ð26Þ

Then, the dynamic formulation in the joint space can be
expressed with the deduced kinematic relations.

τ =M qð Þ€q + C _q, qð Þ _q +N qð Þ, ð27Þ

where

M qð Þ = J0T
� �+M Xð ÞJ0+,

C _q, qð Þ = J0T
� �+ C Xð Þ −M Xð ÞJ0+ _J0

� �
J0+,

N qð Þ = J0T
� �+N Xð Þ:

ð28Þ
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In addition, the dynamic model has several properties
that can be exploited to facilitate dynamic controller designs;
for example:

Property 1. The inertia matrix MðqÞ is symmetric and posi-
tive definite for any q ∈ Rn.

Proof.

M qð ÞT = J0+ð ÞTM Xð ÞJ0+
h iT

= J0+ð ÞTM Xð ÞJ0+ =M qð Þ:
ð29Þ

Property 2. _MðqÞ − 2Cð _q, qÞ is skew symmetric for any X,
and the condition should be satisfied

XT _M qð Þ − 2C _q, qð Þ� �
X = 0: ð30Þ

Proof.

_M qð Þ − 2C _q, qð Þ = _J0
+� 	T

M Xð ÞJ0+ + J0+ð ÞT _M Xð ÞJ0+

+ J0+ð ÞTM Xð Þ_J0+

− 2 J0+ð ÞT C Xð Þ −M Xð ÞJ0+ _J0
� �

J0+

= J0+ð ÞT _M Xð Þ − 2C Xð Þ� �
J0+

+ _J0
+� 	T

M Xð ÞJ0+ − J0+ð ÞTM Xð Þ_J0+,
ð31Þ

due to

_J0
+� 	T

M Xð ÞJ0+ − J0+ð ÞTM Xð Þ_J0+

+ _J0
+� 	T

M Xð ÞJ0+ − J0+ð ÞTM Xð Þ_J0+

 �T

= 0,
ð32Þ

and _MðXÞ − 2CðXÞ is skew symmetric matrix.
Hence, _MðqÞ − 2Cð _q, qÞ can be proven that it is a skew

symmetric matrix.

5. Control Design

With due consideration of the fact that the dynamic for-
mulations of the parallel mechanisms possess the same
abovementioned properties as those of serial robots, we can
apply the control scheme utilized for serial robots to parallel
mechanisms with redundant actuation [34–36]. In order to
achieve a good performance of parallel mechanism in trajec-
tory tracking problem, an effective control scheme based on
the nonlinear control theory is required. In this paper, we
proposed a force/position hybrid control scheme to improve
the trajectory tracking performance. Details are as follows:

5.1. Task Space PID (Proportional-Integral-Derivative)
Position Control. Nonredundant limb (the 1st, 2nd, and 3rd

limbs) adopts position control law combining inertia feed-
forward control and back propagation (BP) neural network
(NN) PID control to guarantee the transient tracking preci-
sion performance. The control law for the proposed scheme
can be expressed as follows:

up =M Xð Þ€Xd + C _X,X
� �

_Xd +N Xð Þ

+Kpe +Ki

ðt
0
edt +Kd _e,

ð33Þ

in which Xd is the desired trajectory in the task (operational)
workspace; _Xdand€Xd are the desired velocity and accelera-
tion, respectively; and Kp, Ki, and Kd are positive definite
suitable gain matrices.

Combining (31) and (41), and simplifying, we can get

M Xð Þ €Xd − €X
� �

+ C _X,X
� �

_Xd − _X
� �

+Kpe

+Ki

ðt
0
edt +Kd _e = 0,

ð34Þ

namely,

M Xð Þ€e + C _X,X
� �

_e +Kpe +Ki

ðt
0
edt +Kd _e = 0, ð35Þ

where e =Xd −X and _e = _Xd − _X; if time is infinity, and the
error e will evolve towards zero, then the derivative of the
error _e will evolve towards zero as well.

Position control can guarantee the trajectory movement
precision. The nonredundant limbs are controlled by the
BP neural network PID controller. Figure 3 shows the block
diagram of the BP neural network model which is employed
in the intelligent gain tuning by online learning [37–41]. In
this model, the NN has four input layers, eight hidden layers,
and three output layers, and wo and wi are the weight factors
of input layers and output layers that can be continuously
updated by machine learning. The BP neural network PID
controller is implemented by resorting to the “S-Function.”

Here, the input of the control function is considered as
the output of the NN, which can be formulated as follows:

wi(k−2), wo(k−2)
u(k−1)
r(k)

y(k−1)
y(k)

e(k−2)

e(k−1)
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r(k)
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u(k)
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du/
dt
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Kd

Terminator

PID u
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Figure 3: The diagram of the BP neural network PID controller.
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where uðkÞ is the output of the controller in time k and eðkÞ is
the control error between input rðkÞ and output yðkÞ. It is
worth noting that the variables uðkÞ, rðkÞ, and yðkÞ are all
in the range between zero and one, so we do not have to nor-
malize them. However, we should define an amplification
gain factor K that can modify the magnitude of PID, and
Kp, Ki, and Kd are the gain matrices of proportion, integra-
tion, and differentiation, respectively.

5.2. Joint Space P (Proportional) Force Control. Utilizing the
force control as input function of the redundantly actuated
limb (the 4th limb), the proportion control law can be defined
as follows:

uf = τd +Kv τd − τð Þ, ð37Þ

where τd is the desired driving force, τ is the actual joint
force, and KV is the positive gain matrices.

Force control can guarantee the distribution of the driv-
ing forces for preventing the damage of unexpected dash.
Because the forces in joint space can be more easily measured
than in the task space, so we select the dynamic control in
joint space.

Up to now, the whole hybrid control law applied to the
parallel mechanism with redundant actuation can hence be
described as

Γ = Srm × J0+½ �Tup + Sr f × uf

= Srm × J0+½ �T


M Xð Þ€Xd +C _X,X

� �
_Xd +N Xð Þ

+Kpe +Ki

ðt
0
edt +Kd _e

�
+ Sr f × τd +Kv τd − τð Þ½ �,

ð38Þ

where

Srm =

1 0 0

0 1 0

0 0 1

0 0 0

2
666664

3
777775,

Sr f =

0

0

0

1

2
666664

3
777775:

ð39Þ

Therefore, Srm determines the nonredundantly actu-
ated joint to be controlled with position control, while
Sr f determines the redundant actuated joint to be controlled
with force/torque control. The integrated control scheme can
guarantee the stability at high speed and high acceleration
engineering application.

In order to validate the stability of the control law, the
following candidate Lyapunov function is proposed:

V = 1
2
_eTM Xð Þ_e + 1

2
eTKpe: ð40Þ

Taking into consideration positive defined matrices of
MðXÞ and Kp, leads to

V ≥ 0: ð41Þ

Differentiating V with regard to time, meanwhile, not-
ing (31) and (38), yields

_V = _eTM Xð Þ€e + 1
2
_eT _M Xð Þ_e + _eTKpe

= _eT M Xð Þ€e + C _X,X
� �

_e +Kpe
� �

= −_eTKd _e − _eTKi

ðt
0
edt ≤ −_eTKd _e ≤ 0:

ð42Þ

The parallel mechanism system will be stable, and e→ 0
and _e→ 0, as the time is infinity.

In order to demonstrate that the force/position hybrid
control scheme combining the BP neural network PID con-
trol can effectively improve the trajectory tracking accuracy
performance, the traditional PID also has been formulated
for comparison analysis, as shown in Figure 4. The parallel
manipulator is modeled by SolidWorks software, then is
imported to SimMechanics through the SimMechanics Link
plug-in; finally, Simulink module is established.

The desired trajectory parameter Xd can be obtained
once the trajectory function was given. Herein, we present
two methods to require the actual operational task space
parameter X. One is forward kinematics with the black
line depicted in Figure 4. In the forward kinematics, the
position of the actuated joints is known, then the position
and orientations of the moving platform can be obtained
by adopting the back propagation (BP) neural network
optimization method or Newton-Raphson iteration, which
converges rather quickly when the initial values are close
to the desired solution [42, 43]. However, the solving

u kð Þ = u k − 1ð Þ +K Kp e kð Þ − e k − 1ð Þ½ � +Kie kð Þ +Kd e kð Þ − 2e k − 1ð Þ + e k − 2ð Þ½ �� 
,

e kð Þ = r kð Þ − y kð Þ,

(
ð36Þ
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procedure for forward kinematics is very complicated and
the computational efficiency is very low. Another efficient
method to require the position and orientations of the
moving platform is exactly what we want to introduce in
this paper. We know that the position z. The rotation
matrix R defining the orientation of the moving platform
with respect to the fixed coordinate system can be
obtained by position sensors. We can obtain the rotational
Euler angles by interfacing with MATLAB in terms of the
relation equation (2), just as shown in Figure 4, the dot-
ted line within magenta. It is computationally simple and
it does not require measurement of the end-effector
velocity and acceleration as well. In fact, during the real
prototype test, we can measure the plane change of the
detected moving platform through the binocular version
sensors; that is to say, we can obtain the rotation matrix.
By resorting to the relationship equation (2), we can
directly obtain the orientation angles α and β in the
workspace. The advantage of the proposed simplified
method is that it can efficiently avoid the complex for-
ward kinematics.

6. Simulation Results

In order to validate the performance of the proposed control
method, first of all, the control scheme for the parallel
mechanism simulation examples has been actually imple-
mented within a modular MATLAB/Simulink program-
ming environment [44]. The geometric parameters used
for the parallel mechanism are listed as follows: the radius
of the fixed platform is ra = 0:2 m, the radius of the moving
platform is rb = 0:339 m, the mass of the moving platform
is ma = 12:75 kg, the mass of the lower sublimb is m1i =
0:95 kg, the mass of the upper sublimb is m2i = 1:1 kg, the
distance between the centroid of the lower sublimb and
the kinematic joint Bi is e1 = 0:23 m, the distance between
the centroid of the upper sublimb and the joint Ai is e2 =
0:22 m, the gravity acceleration is g = 0 0 −9:807½ �T ,
and the inertia matrix about the center of mass of the i-th

limb can be determined by the SolidWorks software as
follows (unit: kg×m2):

BIp =

0:77 0 0

0 1:07 0

0 0 1:83

2
664

3
775 × 10−1,

iI1i =

2:88 0 0

0 2:89 0

0 0 0:05

2
664

3
775 × 10−2,

iI2i =

2:65 0 0

0 2:67 0

0 0 0:03

2
664

3
775 × 10−2

ð43Þ

A prescribed trajectory in spatial space is tracked using the
proposed control scheme. Specifically, the desired trajectory
function of the moving platform in the workspace is defined
as follows:

α tð Þ = π

6
sin 2tð Þ,

β tð Þ = π

6
cos 2tð Þ,

z = 0:7 + 0:02 sin 2tð Þ:

8>>>><
>>>>:

ð44Þ

The following values can be determined with tuning in the
present traditional PID position control and P force control
simulations:

Kp = diag 1100,1100,1100,1100½ �,
Ki = 20,20,20,20½ �,
Kd = 20,20,20,20½ �,
Kv = diag 120,120,120,120½ �:

ð45Þ
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Figure 4: Force/position hybrid control scheme diagram of parallel mechanism with redundant actuation.
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In BP neural network PID simulations, the weight fac-
tors are initialized from zero, while BP neural network PID
(Kp, Ki, and Kd) control gain matrices are set to one, the
amplification gain matrix K is set as diag[8700,300,70], and
Kv is the same as the abovementioned. In the simulation pro-
cess, the fixed simulation step (fundamental sample time) is
set to 1ms, the model was simulated using the Bogacki-
Shampine method, and the simulation time is set to 5 seconds.

The Simulink simulation model and desired trajectory
are depicted in Figure 5.

First of all, the proposed control scheme is applied to
the parallel mechanism for the prescribed trajectory track-
ing control, and the position errors of the actuated joints
are drawn in Figures 6–9. When the control system reaches
a steady state, the errors will decrease gradually to zero,
although the errors oscillated at the beginning or within some
certain time.

From the figures above, we can see that the errors of the
actuated joints are very small, and the variation mainly
appears within one second. In the next four seconds, the
errors almost approach zero, especially in Figures 7 and 9,
while the errors in Figures 6 and 8 have small fluctuations
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Figure 5: Parallel mechanism model in Simulink and desired trajectory.
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that are approximately close to zero, which demonstrate that
the designed controller has the advantage of quick response
speed and excellent trajectory tracking results.

Similarly, the errors of driving forces are very important
to validate the controller performance, and the simulation
results including three nonredundant forces in the actuated
joints are illustrated in Figures 10–12.

From the figures above, we can see that the errors are get-
ting very fast, and they are close to zero after one second;
however, the errors have a large fluctuation within one second.
The unexpected dash may destroy the structural components,
so we should improve significantly and pay attention to this
problem in practical application.

The errors including actuated positions and actuated
forces in the above figures tend to zero as the control sys-
tem reaches a steady state. During the transient response
of the control system, the values of the errors produced will
be oscillating.

Figures 13 and 14 show the required movement posi-
tion and driving force for each actuated joint of the paral-
lel mechanism to follow the specified trajectory; herein, the
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force/position hybrid control scheme (the 1st limb, 2nd

limb, and 3rd limb utilized position control, while the 4th

limb employed force control) is adopted.
In Figure 13, the changes of the actuated joint distances

are stable and the amplitudes are approximately consistent.
However, in Figure 14, the changes of the driving force are
very apparent; what is more, the forces have a big difference
between the 1st driving force and the 4th one. The compar-
ison analysis demonstrates that the redundantly actuated
parallel mechanism has the advantage of optimizing the
driving force configuration over the movement process.
But most importantly, we should consider the force con-
trol in trajectory tracking process, and it is very significant
for the parallel mechanism with redundant actuation. In
addition, Figure 14 illustrates that the driving forces τ1, τ2,
τ3, and τ4 are the function about time. The values of actuator
forces can be applied to choose the ideal drive motor. Appar-

ently, the parallel mechanism with redundant actuation can
effectively decrease the magnitude of driving force and opti-
mize the force configuration, which is a feature of the pro-
posed new parallel mechanism.

In order to demonstrate the effectiveness of the proposed
force/position hybrid control scheme for the execution of
trajectory tracking, the two controllers, the BP neural net-
work PID controller, and the traditional PID controller have
been simulated simultaneously. As can readily be appreci-
ated in Figures 15–17, the simulation results presented with
both controllers are very similar. However, the traditional
PID controller response speed is much worse, and we can
see that the designed control scheme has a much better tra-
jectory tracking performance than the traditional PID con-
trol method. The variation of Euler angle α is not apparent
in the tracking process, as shown in Figure 16, but the
designed control scheme has a quick response through the
comparison analysis of Figures 15 and 17. The simulation
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results verify the trajectory tracking performance of the pro-
posed controller, which is available to control the parallel
mechanism with redundant actuation for the most impor-
tant application.

The kinematic and dynamic analyses established the the-
oretical foundation for intelligent control of the parallel
mechanism. In the short run, we will concentrate on calibrat-
ing the errors by experiments. The experimental prototype is
shown in Figure 18; the experimental system mainly consists
of the parallel mechanism, four driver controllers, a multiaxis
controller, and a master CPU controller. The real position
and velocity of the four actuators will be transmitted to the
computer for data monitoring and implementing control in
real time.

7. Conclusions

In this paper, the trajectory tracking control scheme for a
new 2RPU-2SPR parallel mechanism with redundant actua-
tion is systematically investigated, and the following contri-
butions can be obtained:

(1) The inverse kinematic analysis of the proposed paral-
lel mechanism has been formulated, and the mapping
relationship of velocity and acceleration between the
joint space and task space are straightforwardly
deduced including the inverse Jacobian matrix and
the forward Jacobian matrix

(2) In terms of the principle of virtual work and the
d’Alembert formulation, the inverse and forward
dynamic standard formulation of the proposed paral-
lel mechanism with redundant actuation is established
and the optimal driving force value is obtained by uti-
lizing the generalized Moore-Penrose inverse matrix

(3) On the basis of the kinematic and dynamic formula-
tions, the force/position hybrid control by means of
inertia feed-forward control and BP neural network
PID control was implemented in MATLAB/Simu-
link. As an illustrative case, the simulation results
verified the effectiveness of the force/position hybrid
control law which can possess good trajectory track-
ing performance as compared with the traditional
PID controller. Our future works will concentrate
upon the effective intelligent controllers for versatile
applications of high speed and high precision serial-
parallel hybrid kinematic machine tool
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