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Aeroengine is a complex mechanical equipment, and it works at high temperature, pressure, rotational-speed, and severe loads.
One of the core problems is that the vibration and mistuning of bladed disk lead to failure and affect the safety and reliability of
aeroengine. Previously, one sector taken as the research object is not suitable; the integrally mistuned bladed disk (blisk) is taken
as the research object is very necessary; however, the computational efficiency of mistuned blisk is very low. Therefore, a
reduced-order model approach, i.e., an improved dynamic substructure finite element model-based state-space technique
(IDSFEM-SST), is proposed to investigate the mistuned blisk. Firstly, the reduced-order substructure finite element model is
established by this method, and then, the modal frequencies and modal strain energy amplitudes are investigated. Secondly, the
maximum displacement responses are analyzed. Finally, the computational efficiency and accuracy of mistuned blisk via
IDSFEM-SST is compared with that of the classical dynamic substructure finite element model and the high-fidelity finite
element model to verify the effectiveness of this approach. This study has significance to the dynamic research and engineering
practices for complex mechanical structures.

1. Introduction

The bladed disk is a complex rotational mechanical structure,
which is one of the key functional transformation compo-
nents of aeroengine. The complex mistuning reduces the reli-
ability and durability of bladed disk. The influence of
mistuning on the vibration localization gradually becomes
one of the key problems to be solved urgently in engineering
practices. Therefore, the mistuned bladed disk is extensively
investigated by scholars.

Usually, the vibration characteristics of mistuned bladed
disk are closely related to the natural frequency and modal
shape. For example, the effect of bladed mistuning on the
blade-disk coupling regions, modal localization, and amplitude
magnification were investigated [1, 2]. The modal frequency
and modal shape of the mistuned bladed disk were studied [3,
4]. Based on the investigation of the modal, many researchers

studied the output response, including forced responses and
transient responses [5–7]. Furthermore, Bonhage et al. [8, 9]
proposed a semianalytical solution to calculate the transient
exceeding amplitudes. They established the lumped mass
model; although this model has certain directive effect to theo-
retical research, it has little application in engineering.

In these studies, the models mainly include lumped mass
model, continuous parameter model, and finite element
model. An electromechanical lumped mass model was estab-
lished to study the vibration suppression on a mistuned
bladed disk using a biperiodic piezoelectric network [10]. A
finite element model was built to initiate the sensitivity anal-
ysis; however, the computational efficiency of this model is
very low. Thus, a new methodology called reduced-order
model (ROM) is developed. For instance, Salas et al. [11]
considered bladed disk sector as individual substructure with
free-interface approach known as Craig-Chang. The ROM
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was extended and devoted to the development of small
geometric mistuning, which required only sector-level calcu-
lations [12]. To prevent damages caused by high cycle
fatigue, the ROM technique was used to investigate the non-
linear dynamic responses of bladed disk. The performances
of bladed disk were examined via ROMs [13]. In addition,
the stiffness and mass mistuning, pristine-rogue-interface
modal expansion, displacements and deformations, and
stress amplitude of bladed disk were investigated by estab-
lishing ROM [14–17]. These scholars have made positive
contributions to the development of ROM, but the sector is
taken as the research object. Although the computational effi-
ciency is improved, energy cannot be transferred in the whole
circumference direction due to the existence of mistuning;
therefore, it is not reasonable to take the sector as the
research object, and it is very necessary to take the integrally
bladed disk (blisk) as the research object.

Besides, different dampings, such as structural damping,
friction damping, synchronized switch damping, and ring
damping, were researched [18–22]. Moreover, Yu et al. [23]
introduced the random mistuning to predict the blade forced
response levels. Mokrani et al. [24] considered 4n lead zircon
ate titan ate patches and compared the numerical and experi-
mental test on a set of mistuned bladed drums. Joannin et al.
[25] established a nonlinear model and investigated the influ-
ence of dry friction on mistuned bladed disk. In addition to
the above researches, the contact interface of shrouded bladed
disk, localization of vibration energy, and probabilistic dynamic
behavior were analyzed [26–29]. The frequency-perturbation,
random excitations, optimization, identification, the dynamic
behaviors, aerodynamic effects, the robustness, interstage cou-
pling, and Coriolis force were conducted [30–38].

The design of the mistuned bladed disk is getting thinner
and thinner of modern aeroengine, the coupling between
blades and disk is getting stronger, the modal distributions
are denser, and it is very sensitive to the small mistuning. In
addition, the localization caused by mistuning will aggravate
the vibration of sectors, which makes a few blades appear
higher fatigue stress and even fracture. Therefore, the single
blade or sector is regarded as the research object using Camp-
bell diagram to avoid resonance is not suitable; the mistuned
blisk is regarded as the research object is necessary to study its
vibration response characteristics. Furthermore, it will take a
lot of time, and the requirement of the computer configura-
tion is very high if the high-fidelity finite element model
method (HFFEMM) is directly adopted. In order to improve
the computational efficiency in the condition of ensuring the
computational accuracy, a methodology termed as improved
dynamic substructure finite element model method based
on state-space technique (IDSFEM-SST) is proposed to ana-
lyze the vibration characteristics of the mistuned blisk for
aeroengine, which is of great significance to theoretical
research and engineering application.

2. Forced Vibration Equation-Based State-
Space Techniques

State-space techniques are not only used in modern control
theory but also can be used in vibration system.

2.1. Modal Equation. Assuming that the blisk with stiffness
and mass mistuning rotates in the airflow under the action
of simply harmonic excitation force, the steady-state
response equation is expressed as

K∧0 + ΔK̂ + iω Ĉ + Ĝ
� �

− ω2 M∧0 + ΔM̂
� �� �

u = f̂e + f̂m, ð1Þ

where K∧0 and M∧0 are, respectively, the stiffness and mass
matrix of tuned blisk;ΔK̂ and ΔM̂ are the changes of the stiff-
ness and mass matrix caused by mistuning, which are called
mistuned stiffness and mass matrices; Ĉ and Ĝ are, respec-
tively, the damping and gyro matrix; u is the vibration ampli-
tude; f̂e is the given excitation force; and f̂m is the
aerodynamic force associated with vibration.

In fact, Equation (1) is a nonlinear equation involving
aerodynamic force and damping, which is very complicated.
But the main purpose of this work is to verify the effective-
ness of the proposed method; the aerodynamic and mechan-
ical forces are considered periodically harmonic excitation
force; and the damping is regarded as a constant in order to
the convenience of research; thus, Equation (1) is simplified
as a linear equation in the application in Sections 3 and 4.

The characteristic equation of the tuned blisk is written as

K∧0Φ∧0 =M∧Φ∧0Λ0, ð2Þ

where Φ∧0 is the modal shape matrix; Λ0 is the eigenvalue
matrix. They are described as

Φ∧0 = φ0
1, φ0

2,⋯, φ0
i ,⋯, φ0

N

� �
i = 1, 2,⋯,Nð Þ, ð3Þ

Λ0 = diag λ01, λ02,⋯, λ0i ,⋯, λ0N
� �

i = 1, 2,⋯,Nð Þ, ð4Þ

where N is the number of degrees of freedom (DOFs) of
tuned blisk; φ0

i and λ0i are, respectively, the modal shape vec-
tor and eigenvalue of tuned blisk.

The corresponding modal subset is selected as the modal
change matrix Φ∧0, the amplitude vector u is expressed as

u =Φ∧0α, ð5Þ

and

Φ∧0 = φ0
d+1, φ0

d+2,⋯, φ0
d+n

� �
d = 0, 1, 2,⋯, N − nð Þ, ð6Þ

α = αd+1, αd+2,⋯, αj,⋯, αd+n
� �

j = d + 1, d + 2,⋯, d + nð Þ,
ð7Þ

where n is the number of nominal modes of selected modal
set; d is the number of low-order truncated modes; and αj

is the corresponding modal coordinates.
The aeroelastic load related to vibration is represented as

fm = P0
mα, ð8Þ
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and

P0
m = p φ0

d+1
� �

, p φ0
d+2

� �
,⋯, p φ0

j

� 	
,⋯, p φ0

d+n
� �h i

, ð9Þ

where pðφ0
j Þ is the unstable aeroelastic load vector caused by

the vibration amplitude.
Substituting Equation (5) and Equation (8) into Equation

(1), the reduced order modal equation of mistuned blisk can
be obtained, which is rewritten as

K0 + ΔK + iω C +Gð Þ − ω2 M0 + ΔM
� �

+ Zm

� �
α = f e, ð10Þ

where K0 and M0 are, respectively, the modal stiffness and
mass matrix of tuned blisk, and they are diagonal matrices;
ΔK and ΔM are the changes of modal stiffness and mass
matrix caused by mistuning, which are called mistuned
modal stiffness and mass matrices; C and G are, respectively,
the modal damping and gyro matrix; u is the vibration
amplitude; f̂ e is the modal excitation force; Zm is the reduced
order modal aerodynamic impedance matrix. They are
expressed as

ΔK =Φ0HΔK∧Φ∧0, ð11Þ

ΔM =Φ0HΔM̂Φ0, ð12Þ

C =Φ0HΔĈΦ0, ð13Þ

G =Φ0HΔĜΦ0, ð14Þ

f e =Φ0H f̂ e, ð15Þ

Zm = ‐Φ0HP0
m =Km + iωCm‐ω2Mm, ð16Þ

where Km, Cm, and Mm are, respectively, the modal aero-
dynamic stiffness, damping, and mass matrix; Φ0H is the
Hermitian of Φ0.

2.2. Forced Vibration Equation. State variables can
completely describe the motion of a system. The present state
variables can completely determine the motion state of sys-
tem at future time if the external input of system is known.
The relationship between internal state variables and external
input and output variables can be established by state vari-
able description. Thus, the state space equation of Equation
(10) can be described as

‐D + iωBð Þy = q, ð17Þ

where

D =
0 I

‐ K0 + ΔK +Km
� �

‐ C +G + Cmð Þ

" #
, ð18Þ

B =
I 0

0 M0 + ΔM +Mm

" #
, ð19Þ

y =
α

iωα

( )
, ð20Þ

q =
0
f e

( )
: ð21Þ

The state space equation of mistuned blisk, i.e., Equation
(17), is described by the reduced order modal equation of
tuned blisk. Although D and B are the full matrices, their
orders are reduced and the DOFs of model can be declined,
which simplifies the calculation process and significantly
improves the computational efficiency.

The modal eigenvalue equation of Equation (17) can be
obtained when q = 0, which is expressed as

‐d + iλjb
� �

rj = 0  j = 1, 2,⋯, 2nð Þ, ð22Þ

where rj is the right eigenvector of mistuned blisk state space;
λ j is the jth order characteristic value, and it is expressed as

λj = λR,j + iλI,j: ð23Þ

Equation (23) is a complex number consisting of the real
component and imaginary component. The jth order mis-
tuning modal has positive damping, and the vibration is sta-
ble when real component λR,j < 0; the jth order mistuning
modal has negative damping, and the blisk generates flutter
due to the transient response increasing with the rise of the
time when real component λR,j > 0.

Assuming that all λR,j < 0, the forced vibration response
of Equation (17) can be expressed as a linear combination
of the state space feature vectors rj, which is written as

y = 〠
2n

j=1
βjrj, ð24Þ

where βj is the mistuned modal amplitude caused by har-
monic vibration.

Substituting Equation (24) into Equation (17), the βj is
decoupled using the mode orthogonality and represented as

βj =
lTj q

lTj brj λj‐ω
� � i, ð25Þ

where lj is the jth order left eigenvector of mistuned blisk
state space of Equation (22), and

lTj ‐a + iλ jb
� �

rj = 0T : ð26Þ
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Then, the u in physical coordinates can be obtained com-
bining Equation (5), Equation (17), Equation (21), and Equa-
tion (25), which is rewritten as

u =Φ0Rdβ, ð27Þ

Rd = rd1, rd2,⋯, rdj,⋯, r2n
� �

, ð28Þ

where rdj is the displacement for the eigenvectors of state
space rj.

The state space techniques do not increase the complex-
ity of system with the rise of state variables, input variables,
and output variables. This method can reveal the relationship
between the internal and external variables of system; thus,
many important features of system, which have not been rec-
ognized in the past, can be found. It indicates that the
description of state variables to the input and output is more
comprehensive than that of transfer functions from the per-
spective of system structure.

3. Modal Analysis of Mistuned Blisk

3.1. Modeling.Mistuned blisk modeling is the foundation for
investigating the modal and response. According to the
actual situation, the accidents or failures of aeroengine com-
monly occur in blades and less in disk; therefore, the blade is
regarded as mistuned substructure, and disk is regarded as
tuned substructure. The model parameters are given at first,
which are listed in Table 1. The variations of blade stiffness
and density are shown in Figures 1 and 2.

The finite element model of mistuned blisk is established
by IDSFEM-SST, which is shown in Figure 3.

As seen in Figure 3, the disk is regarded as the superele-
ment, and its internal DOFs are reduced, the contact DOFs
between blades and disk are regarded as constraint modal,
and the internal DOFs of blades are regarded as the main
modal. Figure 3 indicates there are only 128208 units and
254712 nodes in improved dynamic substructure FEM, but
there are 2796984 units and 4218072 nodes in HFFEMM.
The number of units and nodes of the proposed model is only
4.58% and 6.04% of HFFEMM. So, the computational time of
IDSFEM-SST is cheaper than that of HFFEMM.

3.2. Verification of Effectiveness. To verify the rationality of
IDSFEM-SST, the first 40 modal frequencies of mistuned blisk

withw = 1060 rad · s–1, t = 1050°C are analyzed by this method
compared with that of by classical dynamic substructure finite
element model method (CDSFEMM) and HFFEMM in
Figure 4. The first 10, 20, 30, and 40 modal frequencies are,
respectively, calculated by IDSFEM-SST, CDSFEMM, and
HFFEMM in Figure 5 and Table 2 to study the influence of dif-
ferent order frequencies on the computational efficiency.

As seen in Figure 4, the errors of modal frequencies of
mistuned blisk are, respectively, 0.0035%~0.1146% and
0.0047%~0.1241% with IDSFEM-SST and CDSFEMM rela-
tive to that of HFFEMM which is regarded as a criterion.
The modal frequencies obtained by IDSFEM-SST and
CDSFEMM are almost consistent with that of HFFEMM.
Thus, the computational accuracy of IDSFEM-SST and
CDSFEMM is comparable to that of HFFEMM. Further-
more, the computational accuracy of IDSFEM-SST is higher
than that of CDSFEMM. Figure 5 and Table 2 indicate that
the computational time of mistuned blisk is, respectively,
reduced by 18.78%~23.98% and 19.06%~30.74% via
CDSFEMM and IDSFEM-SST compared with that of via
HFFEMM. It is obvious that the computational efficiency of
IDSFEM-SST is higher than that of CDSFEMM. Obviously,
the computational efficiency and accuracy of IDSFEM-SST
are superior to those of CDSFEMM. Therefore, the proposed
IDSFEM-SST is reasonable.

3.3. Natural Frequency Analysis

3.3.1. Influence of Stiffness on Natural Frequency for
Mistuned Blisk. The centrifugal force generated by rotational
speed causes blades to subject to the tensile action, and this
tensile force has a tendency to take it back to the equilibrium
position, which may result in increasing of stiffness, while the
high temperature may cause the decrease of elastic coefficient
for the material, which results in decreasing of the stiffness.
The first 40 order natural frequencies with stiffness mistun-
ing of blades are shown in Figure 6.

It can be seen from Figure 6 that the stiffness mistuning
has a greater influence on high-order natural frequencies
than that of low-order natural frequencies. Compared with
the modal of tuned blisk, the 1st modal decreases by
1.75Hz, 1.19Hz, and 0.7Hz, and the 40th modal decreases
by 29.9Hz, 20.3Hz, and 11.9Hz when the stiffness mistuning
is -5%, -3%, and -2%. However, the 1st modal increases by
1.68Hz, 1.00Hz, and 0.66Hz, and the 40th modal increases

Table 1: Parameters of mistuned turbine bladed disk.

Disk Blades Mistuned blisk

dend/×103 (kg/m3) 8.653 denb/×103 (kg/m3) 8.152 w 1046

ed/×1011 (Pa) 1.857 eb/×1011 (Pa) 1.7947 t 1050

prd 0.3126 prb 0.3279 — —

αd/×10-5 (°C-1) 1.417 αb/×10-5 (°C-1) 1.341 — —

kd/W (m·°C)-1 26.89 kb/W (m·°C)-1 28.48 — —

dend is the disk density; ed is the disk elasticity modulus; prd is the disk Poisson’s ratio; αd is the disk thermal expansion coefficient; kd is the disk thermal
conductivity. denb is the blade density; eb is the blade elasticity modulus; prb is the blade Poisson’s ratio; αb is the blade thermal expansion coefficient; kb is
the blade thermal conductivity; w is the rotational speed of mistuned blisk; t is the temperature of mistuned blisk.
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by 28.4Hz, 16.9Hz, and 11.2Hz when the mistuning stiffness
is +5%, +3%, and +2%. This manifests that the decrease of
stiffness has a slightly greater impact on the natural frequen-
cies than that of the increase of stiffness, which is unfavorable
to the aeroengine.

3.3.2. Influence of Density on Natural Frequency for Mistuned
Blisk. The processing, manufacturing, installation, and wear
may cause the uneven of quality for the mistuned blisk; fur-
thermore, the mistuned blisk works in severe environment;
thus, it is necessary to study the influence of the density on

natural frequencies of mistuned blisk. The first 40 order
natural frequencies with the density mistuning of the blade
are shown in Figure 7.

It can be seen from Figure 7 that the variation tendency of
density mistuning is the same as that of stiffness mistuning,
but the increase or decrease of density mistuning causes the
modal frequency to change, which is contrary to that of
stiffness mistuning. In addition, the mistuned blisk becomes
lighter, which results in widening of frequency band when
the wear of blade is severe, which increases vibration and is
unfavorable for aeroengine.
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(a) Superelement of disk (b) Contact DOFs between blades and disk (c) Interfaces of constraint modes

(d) Main modal (e) Reduced-order FEM

Figure 3: Improved dynamic substructure FEM of mistuned blisk.
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3.4. Modal Shape Amplitudes Analysis. The blisk is very sen-
sitive to mistuning which can trigger vibration localization,
high fatigue stress, and fracture. Therefore, it is very neces-
sary to investigate the modal shape under centrifugal force
and thermal load. The difference from previous studies
(localization factor as research object [39]) is that the maxi-
mummodal strain energy amplitudes (MMSEAs) is regarded
as the research object so as to make sure the variation ten-
dency of the most dangerous position and reasonably prevent
blisk from destroying by mistuning in this work.

3.4.1. Maximum Modal Strain Energy Amplitudes under
Centrifugal Force.Aeroengine works in high rotational speed,
and it is very necessary to investigate the effect of centrifugal
force on the maximum modal strain energy amplitudes; the
influence of centrifugal force on mistuned blisk is a nonnegli-
gible factor. The first 40 order MMSEAs are calculated using
IDSFEM-SST in different rotational speeds as shown in
Figure 8(a); the deviations of MMSEAs are shown in
Figure 8(b).

As seen in Figure 8, the fluctuation of MMSEAs of mis-
tuned blisk in different rotational speeds from the 7th order
is drastic, and their variation tendencies are jagged, and their
values are larger than those of tuned blisk. However, the var-
iation tendency of MMSEAs is different from the maximum
modal displacement and stress amplitudes. The deviations
gradually rise with the increase of rotational speeds, and the
36th order MMSEA achieves the maximum, which makes
up the insufficient for the investigations of the maximum
modal displacement and stress amplitudes [4]. This investi-
gation is very useful to engineering practices because the cen-
trifuge force is the main cause of blisk damaged when
aeroengine works at high rotational speed.

3.4.2. Maximum Modal Strain Energy Amplitudes under
Thermal Load. The turbine blisk is also affected by high tem-
perature. The first 40 order MMSEAs and their deviations are
calculated using IDSFEM-SST in different temperatures as
shown in Figure 9.

Figure 9 indicates that the MMSEAs begin to mutate
from the 7th order, and oscillation amplitudes gradually
increase. Therefore, the sensitivity of high-order strain
energy to the temperature significantly rises. In addition,
the deviations of MMSEAs for mistuned blisk constantly
oscillate and gradually increase. Meanwhile, the deviations
of mistuned blisk change smoothly, and values are smaller
in the first vibration period than that of in the second vibra-
tion period compared with tuned blisk. Therefore, the devia-
tion changes of MMSEAs are different from those of
MMDAs and MMSAs.
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Table 2: Computational time and saving ratio of three methods.

First n orders
HFFEMM CDSFEMM IDSFEM-SST
t (min) t (min) γ (%) t (min) γ (%)

10 20.66 15.89 23.09 14.31 30.74

20 35.67 28.97 18.78 28.87 19.06

30 52.93 40.24 23.98 40.73 23.04

40 60.74 47.97 21.02 46.83 22.90

t is the computational time of different order frequencies; γ is the saving ratio
of CDSFEMM and IDSFEM-SST relative to HFFEMM.
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Figure 8: Maximum modal strain energy amplitudes analysis in different rotational speeds. (a) MMSEAs: tuned blisk: y1: w = 800 rad · s−1;
y3: w = 1046 rad · s−1; y5: w = 1147 rad · s−1. Mistuned blisk: y2: w = 800 rad · s−1; y4: w = 1046 rad · s−1; y6: w = 1147 rad · s−1. (b) Deviations
of MMSEAs: mistuned blisk relative to tuned blisk: m1: w = 800 rad · s−1; m2: w = 1046 rad · s−1; m3: w = 1147 rad · s−1.
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Figure 9: Maximum modal strain energy amplitudes analysis in different temperatures. (a) MMSEAs: tuned bladed disk: y1: t = 650°C; y3:
t = 850°C; y5: t = 1050°C. Mistuned bladed disk: y2: t = 650°C; y4: t = 850°C; y6: t = 1050°C. (b) Deviations of MMSEAs: mistuned bladed
disk relative to tuned bladed disk: m1: t = 650°C; m2: t = 850°C; m3: t = 1050°C.
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Figure 10: Maximummodal strain energy amplitudes analysis in different rotational speeds and temperatures. (a) MMSEAs: tuned blisk: y1:
w = 1046 rad · s−1; y2: t = 650°C; y3:w = 1046 rad · s−1, t = 650°C; y7: t = 1050°C; y8:w = 1046 rad · s−1, t = 1050°C; y11:w = 1147 rad · s−1; y12:
w = 1147 rad · s−1, t = 650°C. Mistuned blisk: y4: w = 1046 rad · s−1; y5: t = 650°C; y6: w = 1046 rad · s−1, t = 650°C; y9: t = 1050°C; y10: w =
1046 rad · s−1, t = 1050°C; y13: w = 1147 rad · s−1; y14: w = 1147 rad · s−1, t = 650°C. (b) Deviations of MMSEAs: mistuned blisk relative to
tuned blisk: m1: w = 1046 rad · s−1; m2: w = 1147 rad · s−1; m3: t = 650°C; m4: t = 1050°C; m5: w = 1046 rad · s−1, t = 650°C; m6: w = 1046
rad · s−1, t = 1050°C; m7: w = 1147 rad · s−1, t = 650°C.
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3.4.3. Maximum Modal Strain Energy Amplitudes under
Centrifugal Force and Thermal Load. In fact, the mistuned
blisk is subjected to common action of rotational speed and
temperature; thus, it is more consistent with the actual situa-
tion to investigate the maximum modal strain energy ampli-
tudes in temperature and rotational speed. The first 40 order
MMSEAs and their deviations are calculated using IDSFEM-
SST in different rotational speeds and temperatures as shown
in Figure 10.

Figure 10 manifests that the high-order MMSEAs are
sensitive to the temperature, and the mistuned blisk is more
likely to occur failure when the blisk enters into the second
vibration period. Therefore, the sensitivity of high-order
MMSEAs to the temperature will heighten when the tem-
perature rises to a certain degree. In addition, the devia-
tions of MMSEAs increase sharply in the first vibration
period. Furthermore, the destructive of mistuned blisk
increases when the rotational speed is invariant, and the
temperature is enhanced to a certain degree. Meanwhile,
the 9th order frequency occurs larger change when the
temperature is invariant, and rotational speed is changed;
thus, MMSEAs are impacted obviously by rotational speed
in low-order frequency; large shocks of high order are
observed.

It can be seen from Section 3 the investigation of the
maximum modal strain energy amplitudes is a beneficial
complement for that of the displacement and stress. In fact,
the probability distribution of the mode shape can be further
studied so as to find out the main factors affecting the mode
shape to reasonably control these factors and improve the
robustness of the system, as well as carry out prediction
research by the inverse probability design.

4. Vibration Response Analysis of
Mistuned Blisk

4.1. Maximum Vibration Response Analysis. According to
the actual situation, the displacement response is the big-
gest in the radial direction relative to that of in the axial
and tangential directions; moreover, the radial deformation
has the greatest influence on the colliding of blisk with
casing. Therefore, the maximum radial displacement
response is investigated. This work mainly studies the
small mistuning (Aint = 0%‐5%), because when the mistun-
ing exceeds 5%, the blisk has been damaged, and there is
no need to study it. Thus, assuming that the damping
ratio of the system is 0.18%, and the most dangerous point
at the front tip of the blade edge is as the extraction point
of response amplitude. Only the maximum displacement
responses rather than all the displacement responses are
investigated, which not only can improve the computa-
tional efficiency but also has practical engineering signifi-
cance. This is different and novel from previous studies.
The stiffness mistuning is, respectively, 0%, 2%, 3%, and
5% when w = 1046 rad s−1, t = 1050°C; the radial maximum
displacement responses, i.e., frequency response functions
of mistuned blisk, are shown in Figure 11.

Figure 11(a) indicates the peak of tuned blisk is caused by
resonance when the excitation frequency is 834Hz, i.e., its

excitation frequency equaling or closing to a certain natural
frequency. Figures 11(b)–11(d) indicate that the mistuned
blisk appears multiple peaks, which are caused by resonance
and mistuning, and the number of peaks rises with the
increase of mistuning. The main reason is that when the blisk
works in high rotational speed, the strain energy cannot be
uniformly transferred to each blade, but part of the energy
is reflected back and gathered on some blades due to the exis-
tence of mistuning so that multiple peaks appear in the
blades, and the peak appears earlier than that of tuned blisk.

4.2. Verification of Computational Efficiency. To verify the
effectiveness of IDSFEM-SST, the computational time and
the saving rate of maximum displacement responses for the
mistuned blisk are analyzed compared with that of by
HFFEMM and CDSFEMM. The calculation results are
shown in Table 3.

It can be seen from Table 3 that the computational time
of IDSFEM-SST and CDSFEMM is greatly shortened com-
pared with that of HFFEMM; the computational efficiencies
are improved by 43.82%-62.58% and 39.15%-58.32%, respec-
tively. The computational efficiency of IDSFEM-SST is
higher 1.74%-10.21% than that of CDSFEMM. Therefore,
the IDSFEM-SST is more advantageous; the main reason is
that the symmetry of mistuned blisk is broken, and the
energy is concentrated in a few blades. However, the mis-
tuned blisk has a lot of DOFs using HFFEMM, and the com-
putational time is greatly extended, but the DOFs of
mistuned blisk are significantly reduced with IDSFEM-SST,
the computational time is greatly decreased, and the compu-
tational accuracy is comparable to that of HFFEMM. There-
fore, the IDSFEM-SST is a very applicable and effective
method for mistuned blisk analysis.

This investigation indicates the blisk is more likely to be
destroyed with the increase of the mistuning level; thus, the
research of the mistuning is very important as well as that
of the resonance, and reasonable reduction of mistuning is
very necessary. Usually, the mistuning level of the blisk can
be reduced by controlling the distribution of input parame-
ters or by introducing the intentional mistuning so as to
improve the robustness of the blisk and reduce the
destruction.

5. Conclusions and Outlooks

(1) A methodology named IDSFEM-SST is proposed,
and the ROM is derived. Then, the dynamic equation
of ROM for mistuned blisk is established to solve
the problem of large amount of calculation with
HFFEMM in the condition of ensuring the compu-
tational accuracy. The modal analysis of mistuned
blisk is carried out by IDSFEM-SST considering
stiffness and density mistuning. In addition, the
maximum modal strain energy amplitudes under
centrifugal force and thermal load are investigated.
Furthermore, the maximum displacement responses
are analyzed and multiple peaks appear with the
increase of mistuning. The incremental mutation of
maximum displacement responses is obvious when
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the mistuning is between 0% and 3%. However, the
localization is few different from that of 3% when
the mistuning level increases to 5%.

(2) Compared with the HFFEMM, the modal deviation
is 0.0035%-0.1146%, but the computational time is
shortened by 19.06%-30.74% via IDSFEM-SST. The
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Figure 11: Radial frequency response functions of mistuned blisk. Aint is the mistuning level; it is tuned blisk when Aint = 0%.

Table 3: Computational time and saving rate of vibratory response.

Mistuning
amount

HFFEMM CDSFEMM IDSFEM-SST
Increment of
efficiency

Computational
time/min

Computational
time/min

Saving
rate/%

Computational
time/min

Saving
rate/%

0% 37.78 20.67 45.29 20.31 46.24 1.74%

2% 65.56 39.89 39.15 36.83 43.82 7.67%

3% 90.46 52.79 41.64 48.64 46.23 7.86%

5% 167.8 69.93 58.32 62.79 62.58 10.21%
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computational time of maximum displacement
responses is reduced by 43.82%-62.58% via IDS-
FEM-SST, and the computational efficiency is
improved 1.74%-10.21% compared with CDSFEMM
when the mistuned level is 0%-5%. Thus, the compu-
tational efficiency and accuracy by IDSFEM-SST are
superior to by CDSFEMM for mistuned blisk

(3) It is only investigated that why there are multiple
peaks after mistuning of blisk and the number of
peaks increases with the rise of mistuning. In addi-
tion, it is pointed out the displacement responses
are the largest in the radial direction compared with
that of in the axial and tangential directions. How-
ever, there is not a reasonable method is proposed
to control the radial deformation. This is the next
step to study. Besides, the influence factors such as
temperature, rotational speed, and geometry size are
random in working for aeroengine. Therefore, the
nondeterministic investigation is further carried out
based on the dynamic analysis, i.e., the probability
is very necessary. Thus, another work of next step is
to study the reliability of the mistuned blisk. The
probability analysis is the study of the sensitivity of
output results to input variables so as to find out
the main factors affecting the mode shape and vibra-
tion response to reasonably control these factors or
by introducing the intentional mistuning, improve
the robustness and reliability of the system, and
reduce the destruction

Data Availability

The (data type) data used to support the findings of this study
are currently under embargo while the research findings are
commercialized. Requests for data (6/12 months after publi-
cation of this article) will be considered by the corresponding
author.

Conflicts of Interest

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The authors gratefully acknowledge the financial supports for
this research from the National Key R & D Plan Project
(Grant no. 2017YFB1301300), the National Natural Science
Foundation of China (Grant nos. 11772011 and 11902220),
and National Natural Science Foundation of Hebei Province
(Grant no. E2020202217).

References

[1] T. Klauke, U. Strehlau, and A. Kühhorn, “Integer frequency
veering of mistuned blade integrated disks,” Journal of Turbo-
machinery, vol. 135, no. 6, p. 061004, 2013.

[2] H. Y. Zhang, H. Q. Yuan, W. J. Yang, and T. Y. Zhao, “Study
on localization influences of frequency veering on vibration

of mistuned bladed disk,” Journal of Mechanical Science and
Technology, vol. 31, no. 11, pp. 5173–5184, 2017.

[3] M. Shadmani, R. Tikani, and S. Ziaei-Rad, “On using a
distributed-parameter model for modal analysis of a mistuned
bladed disk rotor and extracting the statistical properties of its
in-plane natural frequencies,” Journal of Sound and Vibration,
vol. 438, pp. 324–343, 2019.

[4] B. Bai, J. Zhang, Y. Cui, and H. Li, “Vibration characteristics
investigation of mistuned blisks with receptance substructure
component modal synthesis method,” Journal of Mechanical
Science and Technology, vol. 34, no. 7, pp. 2715–2729, 2020.

[5] W. Zhang, Y. Niu, and K. Behdinan, “Vibration characteristics
of rotating pretwisted composite tapered blade with graphene
coating layers,” Aerospace Science and Technology, vol. 98,
p. 105644, 2020.

[6] B. Bai, H. Li, W. Zhang, and Y. Cui, “Application of extremum
response surface method-based improved substructure com-
ponent modal synthesis in mistuned turbine bladed disk,”
Journal of Sound and Vibration, vol. 472, p. 115210, 2020.

[7] C. P. Zang, Y. Q. Tan, and E. P. Petrov, “Analysis of forced
response for bladed disks mistuned by material anisotropy ori-
entation scatters,” Journal of Engineering for Gas Turbines and
Power, vol. 140, no. 2, p. 022503, 2018.

[8] M. Bonhage, L. Pohle, L. Panning-von Scheidt, and
J. Wallaschek, “Transient amplitude amplification of mistuned
blisks,” Journal of Engineering for Gas Turbines and Power,
vol. 137, no. 11, p. 112502, 2015.

[9] M. Bonhage, J. T. Adler, C. Kolhoff et al., “Transient amplitude
amplification ofmistuned structures: an experimental validation,”
Journal of Sound and Vibration, vol. 436, pp. 236–252, 2018.

[10] L. Li, “Theoretical study of the vibration suppression on a mis-
tuned bladed disk using a bi-periodic piezoelectric network,”
International Journal of Turbo & Jet-Engines, vol. 35, no. 1,
pp. 17–28, 2018.

[11] M. Gutierrez Salas, P. Petrie-Repar, H. Mårtensson, R. Bladh,
and D. M. Vogt, “Forced response analysis of a mistuned blisk
using noncyclic reduced-order models,” Journal of Propulsion
and Power, vol. 34, no. 3, pp. 565–577, 2018.

[12] S. H. Baek and B. I. Epureanu, “Reduced-order models of
blisks with small geometric mistuning,” Journal of Vibration
and Acoustics, vol. 139, no. 4, p. 041003, 2017.

[13] M. G. Salas, R. Bladh, and H. Martensson, “Forced response
analysis of a mistuned, compressor blisk comparing three dif-
ferent reduced order model approaches,” Journal of Engineer-
ing for Gas Turbines and Power, vol. 139, no. 6, p. 062501,
2017.

[14] A. G. S. Joshi and B. I. Epureanu, “Reduced order models for
blade-to-blade damping variability in mistuned blisks,” Jour-
nal of Vibration and Acoustics, vol. 134, no. 5, p. 051015, 2012.

[15] A. Madden, B. I. Epureanu, and S. Filippi, “Reduced-order
modeling approach for blisks with large mass, stiffness, and
geometric mistuning,” AIAA Journal, vol. 50, no. 2, pp. 66–
374, 2012.

[16] O. Marinescu, B. I. Epureanu, and M. Banu, “Reduced order
models of mistuned cracked bladed disks,” Journal of Vibra-
tion and Acoustics, vol. 133, no. 5, p. 051014, 2011.

[17] Y. Duan, C. Zang, and E. P. Petrov, “Forced response analysis
of high-mode vibrations for mistuned bladed disks with effec-
tive reduced-order models,” Journal of Engineering for Gas
Turbines and Power-Transactions of the ASME, vol. 138,
no. 11, 2016.

14 International Journal of Aerospace Engineering



[18] D. E. Holland, B. I. Epureanu, and S. Filippi, “Structural damp-
ing identification for mistuned bladed disks and blisks,” Jour-
nal of Vibration and Acoustics, vol. 134, no. 2, p. 024504, 2012.

[19] D. E. Holland and B. I. Epureanu, “Hybrid modal damping
identification for bladed disks and blisks,” Journal of Vibration
and Control, vol. 20, no. 1, pp. 51–65, 2012.

[20] D. Cha, “Performance of friction dampers in geometric mis-
tuned bladed disk assembly subjected to random excitations,”
Journal of Sound and Vibration, vol. 426, pp. 34–53, 2018.

[21] J. Z. Liu, L. Li, Y. Fan, and X. R. Huang, “Amodified nonlinear
modal synthesis scheme for mistuned blisks with synchronized
switch damping,” International Journal of Aerospace Engineer-
ing, Article ID 8517890, 2018.

[22] W. H. Tang and B. I. Epureanu, “Nonlinear dynamics of mis-
tuned bladed disks with ring dampers,” International Journal
of Non-Linear Mechanics, vol. 97, pp. 30–40, 2017.

[23] C. B. Yu, J. J. Wang, and Q. H. Li, “Investigation of the com-
bined effects of intentional mistuning, damping and coupling
on the forced response of bladed disks,” Journal of Vibration
and Control, vol. 17, no. 8, pp. 1149–1157, 2011.

[24] B. Mokrani and A. Preumont, “A numerical and experimental
investigation on passive piezoelectric shunt damping of mis-
tuned blisks,” Journal of Intelligent Material Systems and
Structures, vol. 29, no. 4, pp. 610–622, 2017.

[25] C. Joannin, B. Chouvion, F. Thouverez, M. Mbaye, and J. P.
Ousty, “Nonlinear modal analysis of mistuned periodic struc-
tures subjected to dry friction,” Journal of Engineering for Gas
Turbines and Power, vol. 138, no. 7, p. 072504, 2016.

[26] M. Mitra, S. Zucca, and B. I. Epureanu, “Adaptive micros lip
projection for reduction of frictional and contact nonlinear-
ities in shrouded blisks,” Journal of Computational and Non-
linear Dynamics, vol. 11, no. 4, p. 041016, 2016.

[27] W. H. Tang, B. I. Epureanu, and S. Filippi, “Models for blisks
with large blends and small mistuning,” Mechanical Systems
and Signal Processing, vol. 87, pp. 161–179, 2017.

[28] T. Klauke, A. Kühhorn, B. Beirow, and M. Golze, “Numerical
investigations of localized vibrations of mistuned blade inte-
grated disks (blisks),” Journal of Turbomachinery, vol. 131,
no. 3, p. 031002, 2009.

[29] J. Yuan, G. Allegri, F. Scarpa, R. Rajasekaran, and S. Patsias,
“Probabilistic dynamics of mistuned bladed disc systems using
subset simulation,” Journal of Sound and Vibration, vol. 350,
no. 1, pp. 85–198, 2015.

[30] J. A. Beck, J. M. Brown, J. C. Slater, and C. J. Cross, “Probabi-
listic mistuning assessment using nominal and geometry based
mistuning methods,” Journal of Turbomachinery, vol. 135,
no. 5, p. 051004, 2013.

[31] D. Cha, “Effects of correlations of narrow band random excita-
tions on the response of a mistuned bladed disk assembly,”
International Journal of Precision Engineering and Manufactur-
ing, vol. 18, no. 6, pp. 853–862, 2017.

[32] M. E. Yumer, E. Cigeroglu, and H. N. Özgüven, “Mistuning
identification of integrally bladed disks with cascaded optimi-
zation and neural networks,” Journal of Turbomachinery,
vol. 135, no. 3, p. 031008, 2013.

[33] Y. Han, R. Murthy, M. P. Mignolet, and J. Lentz, “Optimiza-
tion of intentional mistuning patterns for the mitigation of
the effects of random mistuning,” Journal of Engineering for
Gas Turbines and Power, vol. 136, no. 6, p. 062505, 2014.

[34] G. Battiato, C. M. Firrone, and T. M. Berruti, “Forced response
of rotating bladed disks: blade tip-timing measurements,”

Mechanical Systems and Signal Processing, vol. 85, pp. 912–
926, 2017.

[35] K. D'Souza, C. Jung, and B. I. Epureanu, “Analyzing mistuned
multi-stage turbomachinery rotors with aerodynamic effects,”
Journal of Fluids and Structures, vol. 42, pp. 388–400, 2013.

[36] Y. J. Chan and D. J. Ewins, “Prediction of vibration response
levels of mistuned integral bladed disks (blisks): robustness
studies,” Journal of Turbomachinery, vol. 134, no. 4,
p. 044501, 2012.

[37] F. Nyssen, B. Epureanu, and J. C. Golinval, “Experimental
modal identification of mistuning in an academic two-stage
drum,” Mechanical Systems and Signal Processing, vol. 88,
pp. 428–444, 2017.

[38] X. Kan, Z. Xu, B. Zhao, and J. Zhong, “Effect of Coriolis force
on forced response magnification of intentionally mistuned
bladed disk,” Journal of Sound and Vibration, vol. 399,
pp. 124–136, 2017.

[39] J. Y. Yao, J. Wang, and Q. Li, “Improved modal localization
and excitation factors for understanding mistuned bladed disk
response,” Journal of Propulsion and Power, vol. 27, no. 1,
pp. 50–60, 2011.

15International Journal of Aerospace Engineering


	Application of Improved Dynamic Substructure Finite Element Model-Based State-Space Techniques in Mistuned Blisks
	1. Introduction
	2. Forced Vibration Equation-Based State-Space Techniques
	2.1. Modal Equation
	2.2. Forced Vibration Equation

	3. Modal Analysis of Mistuned Blisk
	3.1. Modeling
	3.2. Verification of Effectiveness
	3.3. Natural Frequency Analysis
	3.3.1. Influence of Stiffness on Natural Frequency for Mistuned Blisk
	3.3.2. Influence of Density on Natural Frequency for Mistuned Blisk

	3.4. Modal Shape Amplitudes Analysis
	3.4.1. Maximum Modal Strain Energy Amplitudes under Centrifugal Force
	3.4.2. Maximum Modal Strain Energy Amplitudes under Thermal Load
	3.4.3. Maximum Modal Strain Energy Amplitudes under Centrifugal Force and Thermal Load


	4. Vibration Response Analysis of Mistuned Blisk
	4.1. Maximum Vibration Response Analysis
	4.2. Verification of Computational Efficiency

	5. Conclusions and Outlooks
	Data Availability
	Conflicts of Interest
	Acknowledgments

