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Abstract. 
Achieving high directivity antenna usually requires a large size antenna aperture in traditional antenna design. Previous work shows that, with the help of metamaterials and transformation optics, a small size antenna can perform as high directivity as a large size antenna, but the material parameters are inhomogeneous and difficult to realize. In this paper, we propose a linear homogeneous coordinate transformation to design the small size antenna. Distinguishing from inhomogeneous transformation, we construct a regular polygon in virtual space and then divide it into several triangle segments. By applying linear homogeneous coordinate transformation, the antenna devices can be greatly compressed without disturbing the radiation patterns by using homogeneous metamaterial substrates. The material parameters of the antenna designed from this method are homogeneous and easy to fabricate. Square and hexagonal antenna structures are numerically demonstrated to illustrate the validity of our methodology.


1. Introduction
Nowadays the demand for compact radiators with sufficiently high directivity is rapidly increasing in many application areas. In particular, modern wireless telecommunication systems require compact antennas with high directivity, which is especially crucial when the radiating components have to be combined in large antenna arrays for satellites, airplanes, space vehicles, and so forth. However, it is a fundamental trade-off between the directivity factor and the antenna profile in traditional antenna design. Metamaterials, with their unusual electromagnetic properties, provide a feasible solution to reduce the size of the antenna but still keep the high directivity. Firstly known as left-handed materials (LHM), metamaterials have attracted great attention and offered great opportunity to the manipulation of electromagnetic (EM) fields. For example, metamaterials have been widely used for the designs of optical superlens [1, 2], invisibility cloak [3–5], illusion device [6, 7], super absorber [8], antenna [9–12], and so forth. With inhomogeneous transformation optics whose transformation ratio relates to the position in each region, it is shown that the antenna size can be greatly reduced [13]. However, the material parameters are inhomogeneous and anisotropic, which are very difficult to realize.
In this paper, we present a novel design for small-size directional antenna using a linear homogeneous transformation method whose transformation ratio is independent of the position. Distinguishing from inhomogeneous transformation, we construct a regular polygon in original space and then divide it into several triangle segments. By applying a linear homogeneous coordinate transformation, the antenna devices can be greatly compressed without disturbing the radiation patterns by using homogeneous metamaterial substrates. The simulated results of square and hexagonal antenna structures demonstrate the validity of our methodology, showing its potential applications in microwave antenna.
2. Results and Discussion
For simplicity, we limit ourselves to two-dimensional case and TE incidence. As depicted in Figure 1, a big square free space (ABCD) with radius 
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. This can be achieved by a linear homogenous transformation [14]. Specifically, we construct another square with radius 
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 compared to the outside one, as shown in Figure 1(b). The space between the two squares is then divided into many triangle segments. Due to the symmetric pattern shown in Figure 1(b), we group the triangle segments into two types, marked as Segment I (blue regions) and Segment II (yellow regions) with their local coordinate axes (
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), respectively. The following linear transformation is applied in each segment along its local coordinate axes:
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 are the compression ratios of the space applicable for arbitrary regular polygonal. Through this transformation, the blue and yellow regions in Figure 1(b) are reversed to the space with the same colors shown in Figure 1(c), respectively. Meanwhile, the large square region (ABCD) is compressed to a small brown core. Hence properly designed compact antennas located in the brown core can effectively mimic large size ones and exhibit identical radiation patterns. In case of TE incident wave, the material parameters of the metamaterial shell can be obtained as 
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Figure 1: (a) The schematic of the square antenna system. A big square region (ABCD) with radius 
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 has been compressed to a small one (A′B′C′D′) with radius 
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. Green region represents the antenna device compressed from a large size one described by dashed lines. (b) The square in the virtual coordinate space filled with isotropic material is divided into several triangle segments grouped by Segment I and Segment II. (c) The square metamaterial shell in the physical coordinate space is constructed by the transformed segments with homogeneous constitutive tensors.


The physical square region is therefore composed of several triangular segments with homogenous and anisotropic materials. It is interesting to see that the media making up the antenna substrates are homogeneous. Different from the inhomogeneous optical transformation scheme, the linear transformation applied here is very simple, yielding homogeneous constitutive parameters of metamaterial substrates. The virtual antenna is therefore mapped to a smaller one (colored by green in Figure 1(a)) with the compression ratio 
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. In addition, we set 
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 to be small enough so that the size of the antenna device can be significantly reduced. In the following part, we will give examples to illustrate how this approach reduces the device size without disturbing the radiation behavior. All the results are obtained from a commercial finite element modeling software (COMSOL) and the working frequency is set at 2 GHz.
Figure 2(a) depicts the simulated field distribution of a naked antenna excited by a surface current plane (with the width 16 cm). In this case we set 
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. In Figure 2(b), we plot the electrical field distribution of the same current plane (with the width 0.16 m) embedded in a metamaterial shell. The coated layer consists of homogeneous metamaterials with 
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. Moreover, the corresponding field distribution of a large-sized current plane with the width 0.8 m radiating in free space is shown in Figure 2(c). Note that the current distribution would change the form under the transformation characterized by 
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. The simulated results demonstrate that the small current plane coating with the polygonal metamaterial shell has the identical radiation characteristic as that of a large one. However, the antenna aperture is suppressed; that is, the size of the antenna aperture in Figure 2(b) is 0.354 m, while the size of the antenna aperture in Figure 2(c) is 0.4 m. Note that if a higher compressing ratio, that is, 
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Figure 2: The 
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-directed electrical field distribution when a naked small current plane with width 
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m is located in (a) free space and (b) square metamaterial substrates, respectively. (c) 
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 field distribution while a large current plane with the width 0.8 m is radiating in free space.


This concept can also be applied to reduce the size of antenna arrays that are usually adopted in highly directional radiating scheme. As a theoretical verification, we consider a nine-element antenna array of which the current distribution is set to be 1 : 8 : 28 : 56 : 70 : 56 : 28 : 8 : 1 to achieve high directivity. The electric field distribution of the small-size antenna array coating with metamaterial shell is shown in Figure 3(a). The distance between two neighboring elements is 1.875 cm, one-eighth of the wavelength. For comparison, Figure 3(b) illustrates the associated field distribution for a large-size one with a neighboring distance of 9.375 cm. The radiation characteristic remains unchanged when replacing the large antenna array with a small-size one coated with properly designed metamaterial substrates.
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Figure 3: (a) 
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 field distribution of a small antenna array with nine elements embedded in square metamaterial shell. (b) 
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 field distribution of a large antenna array in free space.


It should be noted that this concept can be extended to other shapes of the antenna design. To further show the flexibility of such linear homogenous transformation approach in antenna design, we employ a hexagonal counterpart for comparison. As shown in Figure 4(a), the hexagonal metamaterial shell comprises of six yellow triangles and six blue triangles, marked as Segment I and Segment II, respectively. Different from the square case, the parameters we adopt here are 
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. The electric field distribution of a small antenna array embedded in the hexagonal metamaterial shell is displayed in Figure 4(b). Here, the distance between the neighboring antenna elements is 1.875 cm, identical to the square case. Similarly, Figure 4(c) depicts the radiation characteristic of the mentioned current plane embedded in such hexagonal metamaterial shell. The field distributions of equivalent large size antenna array and current plane are displayed in Figures 4(d) and 4(e), respectively. These simulated results effectively prove our methodology an ideal candidate for the miniaturization of antenna system.
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Figure 4: (a) The structure of a hexagonal metamaterial shell. (b) 
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 field distribution of a small antenna array with nine elements embedded in hexagonal metamaterial shell. (c) 
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 field distribution of a small current plane embedded in hexagonal metamaterial shell. The 
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-directed electrical field distributions of (d) large size antenna array and (e) large size current plane in free space.


It should be noted that, in previous work based on inhomogeneous coordinate transformation [13], the values of the consitiutive paramters of the metamaterial shell are described by a function dependent on the cylindrical radius and vary as the change of the coordinates. To achieve these stringent demands, the metamaterial substrates must be designed with gradually varied parameters and hence harsh technique requirments are needed in practice. Besides, the impedanc mismatch between neighbouring layers is inevitable, while using discretization approach and the total performance will be deteriorated. These features, therefore, are main bottlenecks in practical microwave applications.
Compared with inhomogeneous transform optics method, the antenna coating obtained from linear homogeneous coordinate transformation is composed of homogeneous metamaterials whose constitutive parameters are kept consistent in each triangle region. Thus the difficulty in implementation will be greatly reduced. Besides, the linear homogeneous coordinate transformation is valid for arbitrary regular polygon and hence provides much flexibility in shape design. Furthermore, the antenna coating comprised of several separated components will be convenient to transport and assemble outdoors and, therefore, greatly facilitates the practical applications.
3. Conclusion
In conclusion, we have analytically presented an effective way of using a linear homogeneous coordinate transformation to achieve highly directional emission with a small antenna aperture. Since previous inhomogeneous transformation method resorts to inhomogeneous materials requiring a high precise fabrication technique to implement, we divide the virtual space into triangle segments and transformed them separately to avoid the requirement of inhomogeneous metamaterials. This can greatly reduce the complexity of the antenna materials’ parameters. Simulated results have shown that small antenna devices embedded in properly designed metamaterial shell demonstrate identical radiation characteristics compared with large-sized ones, showing the potential applications in microwave engineering.
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