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A modeling method for small packing particles is proposed in this paper, especially for the application of the electromagnetic
simulation. This method is able to model random distributed and mutual-contacted packing particles efficiently and accurately.
This modeling method is faster than a commonly used software, especially for large number of particles. The accuracy of this
modeling method is validated by experiments of packing density and effective permittivity. The established model can be easily
imported into commercial electromagnetic simulation software.

1. Introduction

Most natural substances, such as building materials and
minerals, present in the mixed state, especially in the state of
packing particles. The propagation and reflection properties
of the electromagnetic wave in inhomogeneous materials
have been widely studied [1, 2]. The model of packing par-
ticles plays an important role in the research of the ground-
penetrating radar, the microwave heating, the microwave
desulfurization, and so forth. Therefore, there is an urgent
need for building an accurate model of packing particles to
study the propagation characteristics of the electromagnetic
wave in nature [3–5].

The particle in this paper is defined as the smallest unit
of substances with identical electromagnetic properties. Elec-
tromagnetic properties of the individual particle are usually
easy to recognize by experiment [6–8]. However, when the
material is formed by a number of solid packing particles,
it is difficult to investigate electromagnetic properties of this
mixed-particle material because of the large number and
random distribution of these particles [9].

Previous researchers have done rigorous and impressive
job on this issue and proposed different methods. Effective
complex permittivity of dielectric mixtures can be evaluated
by different formulations and rules from theoretical models

and experiments [10–14]. However, the theoretical model
can only be used in the particles with simple and regular
shapes. Besides, the experimental method is affected by the
random distribution of particles, and most of the time, the
accurate formulations of mixtures cannot be gotten from the
experimental results.

Many numerical studies have also been performed to
analyze the effective permittivity of dielectric mixtures [15–
17].The dynamical solutionmethod (FDTD) is firstly applied
to the two-dimensional dielectric mixture [17]. This method
is also used in the three-dimensional analysis in this paper.
Besides, there are some other kinds of modeling software,
such as PFC 3D, used in fields outside of the electromag-
netism [18–23]. They are employed in the model of packing
particles in architecture and civil engineering.Their principle
is to calculate movements of the particles through boundary
conditions and physical properties until a stable state is
achieved.The available shapes of particles are only the sphere
and the combination of several spheres. Thus, particles with
complex shapes are difficult to be modeled. The modeling
software also needs a long time as well as a lot of computing
resources for the modeling of a large number of particles.

This paper aims to establish an accurate model through
a simple and quick process to simulate various packing
particles, such as sand, soil, and coal powder. Furthermore,
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the model can be imported into some kinds of commercial
electromagnetic simulation software easily. Currently, there
are a variety of methods for modeling stacked particles in
the region of architecture, mechanics, and geophysics. But
very few of them are proper to the electromagnetic research
and none of them can be imported into simulation software
directly.

This paper will focus on how tomodel contacted balls and
regular polyhedrons to simulate the packing particles. It can
also be employed in the modeling of packing particles with
complex shapes. The accuracy of the model is validated by
experiments of packing density and effective permittivity.

2. Modeling

2.1. Model of Packing Spheres. The completed modeling
process is shown in Figure 1. The first step is to distribute
balls uniformly within the desired region. Supposing the
desired region with a length of 𝐿, a width of 𝑆, and a
height of 𝐻, the number of spheres, 𝑊, can be calculated
by floor[(𝐿 × 𝑆 × 𝐻 × 2)/(𝑎 + 𝑏)]. Floor is the function
of the rounding down. The diameter range of spheres is
(𝑎, 𝑏). Secondly, centers of spheres are moved and radii of
spheres are gradually increased to make them contact each
other. Finally, the modeling will be ended if all the spheres
contact at least two other spheres or the edge of the analyzed
region. When the process is over, the packing density of
the spheres becomes relatively stable and within the possible
region validated by experiments [24]. Thus, this model is
considered to be consistent with the actual distribution of the
packing spheres.

The modeling method is different from these rigorous
modeling and analytical methods in architecture and civil
engineering. That is because it does not consider the gravity
and friction of the balls. However, the modeling method is
particularly used for the electromagnetic analysis of relatively
small packing particles; thus it can be accepted without the
gravity and the friction in the modeling process. Besides,
in the electromagnetic simulation of accumulated particles,
the more important influence factors are the shape, size,
and packing density of the investigated material [16]. The
effects of the gravity and the friction are small, which are
usually excluded in the analysis of electromagnetic properties
of packing particles.

Figure 2 demonstrates some key steps in the modeling
process with different cycle time, 𝑃. The present modeling
was carried out with balls, which have diameters ranging in
8∼10mm, within a cubic region of 75 × 75 × 105mm3. The
total modeling time is limited in 10 seconds.

In the electromagnetic analysis of packing particles, the
shape, size, and packing density are the most important
parameters. The shape and size of particles in the model
should be consistent with the actual situation. The criterion
for the reasonable modeling is that the packing density of the
model is in good agreement with the experimental result.

The experimental result on the packing density of steel
balls in cylindrical containers is published by Scott [24]. The
relationship between the packing density and the diameter
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Figure 1: Modeling process.

of the cylindrical container is investigated by experiment.
The packing density of steel balls is from 0.56 to 0.6 in
the cylindrical container. The diameter of the cylindrical
container is 10.5 times comparedwith the diameter of the steel
ball.When the container becomes bigger, the packing density
will rise to 0.58∼0.62.

The packing density of the modeling method proposed
in this paper should comply with the experimental result.
Several models are built in the same condition as described in
[24] in order to validate the correctness of our method. The
results are shown in Figure 3. Modeling is defined within a
cylinder with a diameter of 105mm and a height of 120mm.
The diameter of balls is limited in the range of 9∼11mm and
4.5∼5.5mm, respectively. This is because the packing density
in a limited container is related to the size of balls.
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Figure 2: Modeling process with different cycle times (mm). (a) 𝑃 = 1; (b) 𝑃 = 20; (c) 𝑃 = 40; (d) 𝑃 = 50; and (e) 𝑃 = 55.

Figure 3 shows a good agreement of the packing density
between the modeling result and the experimental result in
[24]. Modeling has been implemented 30 times in these two
cylindrical containers.Most packing density ofmodels agrees
with the result described in [24].The average packing density
of 30 models is 0.585 and 0.601, respectively. They are nearly
middle values in the packing density range.These indicate the
stability and reliability of the modeling method.

There are some other modeling methods applied in other
areas [25, 26], such as PFC 3D. Figure 4 shows the time to

model packing balls by use of our method and PFC 3D. Both
of the modeling methods are carried out with balls having
8∼10mm diameter in the cube having the bottom area of 75
× 75mm. The density of balls is defined as 2000 kg/m3 and
the stiffness of all balls and boundary is 108N/m.The friction
between balls is set as 1. The modeling time is defined to be
from the beginning of the modeling to reach a steady state.
The comparison shows that the proposed method has much
less modeling time, which is more andmore obvious with the
increase of the number of balls.
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Figure 3: Comparison of the packing density between the model and the experiment. 𝑁 is the modeling number. (a) Diameter of balls
ranging from 9mm to 11mm. (b) Diameter of balls ranging from 4.5mm to 5.5mm.

500 1000 1500 2000 2500 3000

0

200

400

600

800

1000

M
od

el
in

g 
tim

e (
s)

Number of balls in model
Method proposed
PFC 3D

Figure 4: Comparison of the modeling time between PFC 3D and
the method proposed in this paper.

2.2. Model of Packing Polyhedrons. Generally speaking, the
particles are not of the spherical type in most modeling
cases. In this modeling method, spheres can be conveniently
converted to polyhedrons.

As an example, these spheres are deformed into polyhe-
drons for the modeling of packing fragmented FR4 substrate.
The shape of particles close to reality can increase the
accuracy of the following electromagnetic analysis.

As shown in Figure 5, the first step is to choose the
edge number, 𝑁, of polygons according to the shape of
the modeling particle. Then, the balls are divided uniformly
by 𝑁 polygons with 𝑁 edges. Finally, all the polygons are
connected to constitute a polyhedron. This method can
transform the spheres into polyhedrons in terms of𝑁, which
is good for the modeling of some ball-like particles.

This model is built in Matlab software according to the
modeling process. The model can be imported into ANSYS
HFSS by use of HFSS-MATLAB-Scripting-API directly. Now,
the simulation can be started in HFSS.

3. Correctness Validation of Modeling Method

To verify the stability and reliability of our modeling method,
the model of packing fragmented FR4 as shown in Figure 6
is imported into HFSS and then simulated. The simulated
and experimental results will be compared. The investigated
frequency band is from 10GHz to 15GHz. For a FR4dielectric
substrate, the relative permittivity, 𝜀

𝑟
, approximately linearly

decreases from 4.29 to 4.21 within the interested frequency
band, while the loss tangent, tan 𝛿, approximately linearly
increases from 0.020 to 0.024.

The particles of FR4 are filled into a standard rectangular
waveguide (19.050mm × 9.525mm) to test the 𝑆 parameters
[11]. The equivalent 𝜀

𝑟
and tan 𝛿 of the packing particles can

be calculated from the 𝑆 parameters and compared with the
results obtained by HFSS.The fragmented FR4 is cut off from
a 1mm thick FR4 substrate with the size of 1 × 1mm2. Then,
these cube particles are mutually extruded and rubbed to
convert them to the ball-like polyhedrons with the diameter
of mainly 1.2∼1.5mm.

First, three famous mixing rules about the effective
permittivity will be introduced and their results will be
compared with simulations and experiments. The Looyenga
model [27, 28], which is widely used to calculate 𝜀

𝑟
of random

distributed balls, is

3
√𝜀𝑚 = V1 3√𝜀1 + V2 3√𝜀2. (1)

The Maxwell-Garnett (MG) mixing rule [29] is

𝜀
𝑚
− 𝜀
2

𝜀
𝑚
− 2𝜀
2

= V
1

𝜀
1
− 𝜀
2

𝜀
1
+ 2𝜀
2

. (2)
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The Bruggeman mixing rule [30] is

V
1

𝜀
1
− 𝜀
𝑚

𝜀
1
+ 2𝜀
𝑚

= −V
2

𝜀
2
− 𝜀
𝑚

𝜀
2
+ 2𝜀
𝑚

, (3)

where 𝜀
𝑚
is the equivalent dielectric constant of the packing

particles and V
1
and V
2
are the volume ratios of the particles

and the homogeneous environment, respectively.The volume
ratios are calculated by the total volume and the weight of the
packing particles.The theoretical 𝜀

𝑚
of packing FR4 particles

packing in the air (V
1
= 0.58, 𝜀

1
= 4.21∼4.29; V

2
= 0.42, 𝜀

2
= 1)

of three famous mixing rules is shown in Figure 9.
Themeasured packing particles in the rectangular waveg-

uide are shown in Figure 7. The vector network analyzer
Agilent N5244A is employed to test the 𝑆 parameters of the
waveguide filled with the FR4 particles. Each end of the
waveguide is connected to a coaxial converter as shown in
Figure 8. A transparent plastic paper with the thickness of
0.08mm is clipped between the waveguide and the converter
in order to confine the particles in the waveguide.

The ambient temperature is 25∘C and the relative humid-
ity is 65% in the laboratory. The packing depth,𝐻, should be
longer than 0.1𝜆

𝑔
(𝜆
𝑔
is the guide wavelength). Otherwise,

the measured result is inaccurate. Besides, 𝐻 should not be
the integer times of 𝜆

𝑔
/2 because the resonant effect in the

waveguide will seriously affect the measured result [6, 10].
In the testing frequency band, the range of 𝜆

𝑔
is 14.72mm∼

30.48mm. Thus, the effective range of 𝐻 is selected as 3∼
10mm in the measurement.

Figure 7: FR4 particles in a rectangular waveguide.

Figure 8: Measurement of electromagnetic properties of packing
particles in the rectangular waveguide.

The theoretical, experimental, and simulated results of
𝜀
𝑚
and tan 𝛿

𝑚
calculated from 𝑆 parameters [6, 31, 32] are

shown in Figures 9 and 10.These results are the average value
of 30 repeated simulations and experiments. In Figure 9,
the simulated results of the effective permittivity show good
agreement with experimental data in the whole band at𝐻 =
3mm.TheMGmixing rule agrees well with the experimental
results of the packing polyhedrons with smaller packing
depth 𝐻. In Figure 10, the simulated and experimental
effective permittivities still agree well especially in the range
of large packing depth, and both increase with the packing
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depth.This is because the randomdistribution of particles has
a significant effect on the result in the case of fewer particles.
With the increase of𝐻, the difference between the simulated
and experimental results becomes smaller. Both of them get
closer to the results of the Looyenga rule and the Bruggeman
rule. They still fall between the predictions of the MG rule
and the Bruggeman rule, which is consistent with the result
in [17] for two-dimensional dielectric mixture by using the
FDTD method similar to this paper. It is worth pointing out
that the simulated and experimental results satisfy theWiener
bounds and the Hashin-Shtrikman bounds as well, since they

are often looser than the bound between theMG rule and the
Bruggeman rule. The influence of the random distribution of
particles will be weakened with the increasing of number of
packing particles.

The advantages ofmodeling andnumerical simulation are
embodied in the analysis above. Comparedwith the empirical
formula, it takes more conditions into consideration such as
shape, size and distribution of the particles, the thickness of
packing, and the frequency. Besides, the modeling and simu-
lation seem to be helpful to select the suitable formulation for
the effective permittivity. For example, the MG mixing rule
shows better agreement with the simulated and experimental
results than the other two rules in the analysis of the packing
polyhedrons with smaller packing depth𝐻.

4. Conclusion

A modeling method for the packing particles is proposed in
this paper. The packing particles in the shape of sphere or
sphere-like polygon can be modeled easily and imported into
the electromagnetic simulation software directly. It is much
faster than PFC 3D to construct a model with a number of
packing balls. It has been verified by experiment and agrees
well with formulations and rules of the mixture in literatures.
Besides, it is more accurate than the empirical formula to
recognize equivalent electromagnetic properties of packing
particles due to the fact that more conditions are considered.
The modeling method has unique advantages in the field of
electromagnetic simulation of packing particles.
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