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Angle deception jamming makes the monopulse radar seeker track to itself but not the real target, which is catastrophic for
the guidance radar. In this paper, an adaptive technique based on dual polarization radar is presented to counter it. How angle
deception jamming acts on themonopulse tracking radar is first investigated. An angle estimation technique of the real target is then
derived from the conventional monopulse method, although it is being interfered with by angle deception jamming. Meanwhile,
the polarization ratio characteristic of the angle deception jamming could be adaptively estimated in current practical scene.
Furthermore, the similar characteristic of Jones vectors is defined as the rule to judge whether the target is being interfered with by
jamming. It canmake the radar seeker select different techniques for angle estimation adaptively. Finally, twomajor factors of angle
estimation accuracy are analyzed by simulation and the effectiveness of the proposed technique is proved through experiments.

1. Introduction

Angle deception jamming is a significant electromagnetic
interference for monopulse radar seekers, which is in the
same range unit and beam unit with the target, and making
the seekers track to themselves but not the real target. In [1–4],
the direction of arrival (DOA) estimation of two unresolved
targets was developed, but the estimation techniques were
for the same type targets and needed radar cross sections
(RCSs) as prior information.However, including chaff clouds,
active jamming, corner reflectors, arbitrary combinations
of them, and so forth, angle deception jamming is quite
different from the real targets. What is more, the RCSs
of jamming and targets could not be obtained priorly. A
main-lobe jamming suppression technique based on the
spatial polarization characteristics (SPCs) of the antenna of
a single polarization radar seeker was proposed [5–7]. It
can suppress the echo signal from main-lobe jamming and
obtain the DOA of the target by orthogonal polarization
decomposition, polarization estimation, and spatial virtual
polarization filtering. Whereas the technique needs to know
the direction of jamming and the SPCs are just present
in offset reflector antennas. In [8], a detection technique

for centroid chaff jamming was developed, while it needed
information from not only the monopulse radar but also
GPS (Global Position System) or INS (Inertial Navigation
System). Asmentioned above, information acquired by single
polarization radar seekers is not sufficient, so multipolar-
ization radar seekers with the ability of achieving more
polarization information would be widely chosen to counter
interference, improve recognition rate of targets, and so forth
[9]. According to public reporting, there are a radar seeker at
94GHz carried by a brimstone missile [10] and a multirole
modular seeker (MRMS) [11] on active service. They are
all in possession of dual polarization system and developed
by MBDA missile systems. Dual polarization radar seekers
usually possess two orthogonal polarization channels all with
sum, azimuth difference, and elevation difference, which
differ greatly from the conventional monopulse radar seekers
with single polarization. A scheme of adaptive polarization
filtering based on dual polarization radar seeker was put
forward in [12]. The polarization characteristics could be
dynamically acquired by tracking jamming and the target
with Kalman estimator, and then the polarization filter was
utilized to suppress angle deception jamming. Yet the angle
estimation technique for the real target is not provided.
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In [13–16], oblique projection technology was introduced
into the polarization domain. It employed disjoint polariza-
tion subspaces to construct polarization oblique projection
operator, which could remain undistorted target signal and
absolutely suppress jamming signal, whereas the polarization
oblique projection operator based on dual polarization radar
is very sensitive for estimation error of the polarization
characteristic.

This paper puts forward an adaptive countering technique
for angle deception jamming based on dual polarization
radar seeker. It can be utilized to acquire the actual angle
information of the real target under angle deception jamming
without any prior knowledge. The paper provides a study
of the countering technique just in azimuth, since it is also
valid in elevation.The remainder of this paper is organized as
follows. In Section 2, the theory of angle deception jamming
formonopulse tracking radars is revealed. Section 3 addresses
the angle estimation technique for the real target being
interfered with by angle deception jamming based on dual
polarization radar. Then an adaptive countering technique
by establishing a judgmental rule is formulated in Section 4.
Angle estimation error analyses and experimental results are
demonstrated in Sections 5 and 6. Finally, Section 7 concludes
the paper.

2. Theory of Angle Deception

For monopulse radars with sum and difference patterns of
amplitude, their measurements of the target angle depend
on the ratio of difference signal to sum signal. Being smaller
than the width of the sum beam, the angular deviation of
the target from the radar boresight obeys approximately
linear relationship to the ratio of difference signal to sum
signal. Thus the principle of monopulse angle measurement
is defined as

𝑘𝜃 = ΔΣ , (1)

whereΔ represents the difference signal,Σ represents the sum
signal, 𝜃 is the angular deviation of the target from the radar
boresight, 𝑘 is the difference slope constant closely related to
the radar system [17, 18].

When the target is being interfered with by angle decep-
tion jamming, such as corner reflectors, chaff clouds, active
jamming, and arbitrary combinations of them, the difference
signal and the sum signal received by the radar are all
composed of echoes from both the target and jamming. As
a result, the sum signal can be defined as

Σ(𝑇+𝐼) = Σ𝑇 + Σ𝐼. (2)

Something to note in the whole paper is that subscript 𝑇
denotes the target, 𝐼 denotes jamming, and (𝑇 + 𝐼) denotes
the target and jamming existing simultaneously.

Combining (1) with (2) gives us the difference signal
expression as

Δ (𝑇+𝐼) = Δ𝑇 + Δ 𝐼 = 𝑘 (𝛼Σ𝑇 + 𝛽Σ𝐼) , (3)
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Figure 1: Schematic diagram of angle deception.

where 𝛼 and 𝛽 are respective angular deviations of the target
and jamming from the radar boresight.

The complex ratio of jamming signal to target signal is
expressible as

Σ𝐼
Σ𝑇
= 𝑟𝑒𝑗0, (4)

where 𝑟 is the amplitude ratio of them and 0 is the phase
difference between them. Notably, the value of 𝑟 is great
because jamming usually has a much larger RCS than the
target.

Substitutions of (2), (3), and (4) into (1) yield (5). When
RCS of angle deception jamming is much larger than that of
the target, (5) can be simplified as (6). The result of angle
measurement is much closer to the jamming but not the
target. Then, the monopulse radar will track to the angle
deception jamming.

Δ (𝑇+𝐼)
Σ(𝑇+𝐼)

= 𝑘𝛼Σ𝑇 + 𝛽Σ𝐼Σ𝑇 + Σ𝐼
= 𝑘𝛼 + 𝛽𝑟𝑒

𝑗0

1 + 𝑟𝑒𝑗0

= 𝑘𝛼
1 + 𝑟𝑒𝑗0 +

𝑘𝛽𝑟𝑒𝑗0
1 + 𝑟𝑒𝑗0

(5)

Δ (𝑇+𝐼)
Σ(𝑇+𝐼)

≈ 𝑘𝛽 (when 𝑟 ≫ 1) . (6)

The schematic diagram of angle deception jamming is
shown in Figure 1. The angle value of the target acquired by



International Journal of Antennas and Propagation 3

the monopulse radar is the DOA of the signal contributed by
the target and jamming together.The real target and the angle
deception jamming are, respectively, with the angle of𝛼 and𝛽
from the boresight. 𝜃 is the angle estimation value of the target
under jamming, which is much closer to the angle deception
jamming. In other words, if the value of 𝛼 can be calculated
by some means, which means the angle deception jamming
has no influence on the monopulse tracking radar.

3. Countering Technique for Angle
Deception Jamming

Thedual polarization radar is a vertical polarization transmit-
ting but both vertical and horizontal polarization receiving
system.Therefore, its sum and difference signals from vertical
and horizontal polarization channels result, respectively.
According to (2) and (3) in Section 2, sum and difference
signals of vertical polarization channel can be denoted as
(7) and (8), and identically those of horizontal polarization
channel can be denoted as (9) and (10).

Σ(𝑇+𝐼)VV = Σ𝑇VV + Σ𝐼VV (7)

Δ (𝑇+𝐼)VV = Δ𝑇VV + Δ 𝐼VV = 𝑘 (𝛼Σ𝑇VV + 𝛽Σ𝐼VV) (8)

Σ(𝑇+𝐼)ℎV = Σ𝑇ℎV + Σ𝐼ℎV (9)

Δ (𝑇+𝐼)ℎV = Δ𝑇ℎV + Δ 𝐼ℎV = 𝑘 (𝛼Σ𝑇ℎV + 𝛽Σ𝐼ℎV) . (10)

Here, subscript VV represents vertical polarization transmit-
ting and vertical polarization receiving and ℎV represents
vertical polarization transmitting but horizontal polarization
receiving. For instance, Σ(𝑇+𝐼)ℎV represents the sum signal
obtained by the horizontal polarization channel when the
target and jamming are simultaneously irradiated by vertical
polarization wave in the same beam.

For monopulse tracking systems of dual polarization
radars, they usually possess four working stages of search,
detection, recognition, and tracking. It is worth noting that
this paper just focuses on studying how not to be attracted
to the angle deception jamming from the real target in
the tracking stage. As the inputs of the tracking stage,
the parameters of the real target are acquired through the
previous stages.

In addition, the polarization ratio is a characteristic to
describe the converting polarization ability of radar targets,
which is the main polarization characteristic obtained by the
dual polarization radar. As a matter of fact, the polarization
ratio of the jamming can be calculated by

𝑝𝐼 =
Σ𝐼VV
Σ𝐼ℎV

= Σ(𝑇+𝐼)VV − Σ𝑇VVΣ(𝑇+𝐼)ℎV − Σ𝑇ℎV
, (11)

where 𝑝𝐼 denotes the polarization ratio of the jamming, Σ𝑇VV
and Σ𝑇ℎV can be obtained after the target is recognized, and
then Σ(𝑇+𝐼)VV and Σ(𝑇+𝐼)ℎV can be obtained in the tracking
stage when the target is being interfered with by jamming.
Thus, the polarization ratio characteristic of the jamming can
be adaptively estimated in current practical scene. Especially,

without any prior knowledge, the polarization ratio charac-
teristic obtained by the method would be more reliable and
universal.

Then, solving (7), (8), (9), (10), and (11), 𝛼 is calculated by
(12) (the derivation process is accorded in Appendix).

𝛼 = 1𝑘
Δ (𝑇+𝐼)VV − 𝑝𝐼Δ (𝑇+𝐼)ℎV
Σ(𝑇+𝐼)VV − 𝑝𝐼Σ(𝑇+𝐼)ℎV

. (12)

Here 𝛼 is the actual angle of the real target under angle
deception jamming, 𝑝𝐼 results by (11), and the other four
parameters are provided by two channels of the dual polar-
ization radar. Consequently, the proposed technique can
counter angle deception jamming and obtain the actual angle
of the real target.

4. Adaptive Processing Technique

While tracking a target, the dual polarization radar seeker
does not know whether the target is being interfered with
by angle deception jamming and especially when to apply
the proposed countering technique. In this paper, it is
accomplished by constructing a judgmental rule.

Equations (13) are the 𝑚th and (𝑚 + 1)th estimations of
the complex Jones vectors [19] of the target signals, which are
replaced by their real signals obtained by the dual polarization
radar.

𝑆 (𝑚) = [ΣℎV (𝑚) ΣVV (𝑚)]
𝑆 (𝑚 + 1) = [ΣℎV (𝑚 + 1) ΣVV (𝑚 + 1)] .

(13)

Angle cosine coefficient is introduced to denote the similar
characteristic of the two Jones vectors. It can be accorded by

𝜎𝑝 = cos𝜑 =
𝑆 (𝑚) 𝑆 (𝑚 + 1)

𝑇
‖𝑆 (𝑚)‖ ‖𝑆 (𝑚 + 1)‖

=
ΣℎV (𝑚) ΣℎV (𝑚 + 1) + ΣVV (𝑚) ΣVV (𝑚 + 1)

√(ΣℎV (𝑚)2 + ΣVV (𝑚)2) (ΣℎV (𝑚 + 1)2 + ΣVV (𝑚 + 1)2)
,
(14)

where 𝜑 is the angle between the two vectors of 𝑆(𝑚) and
𝑆(𝑚 + 1), 𝜎𝑝 is the cosine value of 𝜑, superscript 𝑇 represents
the transpose of a vector, |⋅| represents the absolute value, and
‖ ⋅ ‖ represents the Frobenius norm [20]. Evidently, 𝜎𝑝 ≤ 1
is always correct. And the closer the value is to 1, the less the
difference between the two Jones vectors is. If it is not close to
1, that means the target is being interfered with by jamming;
otherwise it means not being interfered with by jamming.
Hence, it is applicable to judge whether the target is being
interfered with by angle deception jamming.

The adaptive processing technique for countering angle
deception is expressible as

𝛼 =
{{{
{{{
{

1
𝑘
Δ (𝑇+𝐼)VV − 𝑝𝐼Δ (𝑇+𝐼)ℎV
Σ(𝑇+𝐼)VV − 𝑝𝐼Σ(𝑇+𝐼)ℎV

𝜎𝑝 ≤ 𝑇ℎ
Δ (𝑇+𝐼)VV
𝑘Σ(𝑇+𝐼)VV

𝜎𝑝 > 𝑇ℎ,
(15)

where 𝜎𝑝 ≤ 𝑇ℎ means that the target is being interfered with
by jamming, 𝜎𝑝 > 𝑇ℎ means that the target is not being
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interfered with by jamming, and 𝑇ℎ is usually determined as
a value of 0.8 from experiences.

In practical application, the procedure of adaptive pro-
cessing is descriptive in Figure 2. After the radar system
recognizes the target, it will work in the tracking stage with
the angle estimation of the conventional monopulse method.
Meanwhile the angle cosine coefficient between 𝑆(𝑚) and
𝑆(𝑚 + 1) is consecutively calculated. If 𝜎𝑝 ≤ 𝑇ℎ, the
proposed countering technique will be applied to estimate
the angle of the target. But the last measured value of 𝑆(𝑚)
before the target is interfered with by jamming would be
maintained, and it will be utilized to calculate the angle cosine
coefficient with the present Jones vectors while the target is
being interfered with by jamming. Then, if 𝜎𝑝 > 𝑇ℎ, the
conventional monopulse method will be applied to estimate
the angle of the target again. And, afterwards, the cycle
repeats. Therefore, the angle estimation of the real target can
be obtained through adaptively selecting the conventional
monopulse method or the proposed countering technique.

5. Angle Error Analyses after
Countering Technique

The polarization ratio is too significant a parameter for
obtaining the realDOAof the target. Certainly, the estimation
error of 𝑝𝐼 is a crucial factor for the angle estimation error
after the countering technique.

The estimation error of the target angle can be accorded
by

Target recognized

Conventional monopulse method

Countering technique for angle
deception

No

No Yes

Yes p > Tℎ

p > Tℎ

Figure 2: Procedure of adaptive processing technique.

|Δ𝛼| = |�̂� − 𝛼| =

1
𝑘
Δ (𝑇+𝐼)VV − 𝑝𝐼Δ (𝑇+𝐼)ℎV
Σ(𝑇+𝐼)VV − 𝑝𝐼Σ(𝑇+𝐼)ℎV

− 1𝑘
Δ (𝑇+𝐼)VV − 𝑝𝐼Δ (𝑇+𝐼)ℎV
Σ(𝑇+𝐼)VV − 𝑝𝐼Σ(𝑇+𝐼)ℎV



= 1𝑘


(Δ (𝑇+𝐼)VVΣ(𝑇+𝐼)ℎV − Δ (𝑇+𝐼)ℎVΣ(𝑇+𝐼)VV) (𝑝𝐼 − 𝑝𝐼)

(Σ(𝑇+𝐼)VV − 𝑝𝐼Σ(𝑇+𝐼)ℎV)
2 + (𝑝𝐼 − 𝑝𝐼) (𝑝𝐼Σ(𝑇+𝐼)ℎV2 − Σ(𝑇+𝐼)VVΣ(𝑇+𝐼)ℎV)


,

(16)

where |Δ𝛼| is the absolute value of the angle estimation error
caused by the polarization ratio estimation error, �̂� is the
estimation of 𝛼, and 𝑝𝐼 is the estimation of 𝑝𝐼.

Applying 𝜀 to denote the polarization ratio estimation
error of jamming; that is to say, 𝜀 = 𝑝𝐼 − 𝑝𝐼, so (16) can be
simplified as

|Δ𝛼| = 1𝑘


(Δ (𝑇+𝐼)VVΣ(𝑇+𝐼)ℎV − Δ (𝑇+𝐼)ℎVΣ(𝑇+𝐼)VV) 𝜀

(Σ(𝑇+𝐼)VV − 𝑝𝐼Σ(𝑇+𝐼)ℎV)
2 + (𝑝𝐼Σ(𝑇+𝐼)ℎV2 − Σ(𝑇+𝐼)VVΣ(𝑇+𝐼)ℎV) 𝜀


. (17)

It is evident that |Δ𝛼| is directly influenced by 𝜀. And
the smaller the value of 𝜀 is, the more accurate the angle
estimation of the target is.

As is shown in Figure 3, the angle error of RMS (Root
Mean Square) caused by the polarization ratio estimation
error is drawn via 30 simulation trials by setting the param-
eters as follows. The polarization ratio of jamming is 3, the

polarization ratio of the target is 5, the DOA of the target
is −0.5∘, and the DOA of jamming is +1.5∘. Evidently, the
angle estimation error increases with the increasing of the
polarization ratio estimation error, while it is not a symmetric
relation.

In addition to the polarization ratio estimation error,
the target angle estimation accuracy is certainly related to
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Figure 3: Angle estimation error caused by 𝜀.
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Figure 4: Angle error caused by noise.

𝑆/𝑁 (SNR, signal-to-noise ratio) of the obtained signal. The
relationship can be formulated by

Δ𝛼𝑁 =
𝜃0.5

𝑘√𝐵𝜏 (𝑆/𝑁) (𝑓𝑟/𝛽𝑛)
, (18)

where Δ𝛼𝑁 denotes the angle estimation error related to
𝑆/𝑁, 𝜃0.5 denotes the 3 dB beamwidth of the radar, 𝑘 denotes
the difference slope constant, 𝐵 denotes the noise bandwidth
of the receiver, 𝜏 denotes the pulse width, (𝑆/𝑁) denotes
𝑆/𝑁, 𝑓𝑟 denotes the pulse repetition frequency (PRF), and 𝛽𝑛
denotes the bandwidth of the radar servo system [21].

On the assumption that 𝜃0.5 = 4∘, 𝑘 = 0.5, 𝐵 =
100MHz, 𝜏 = 1 𝜇s, 𝑓𝑟 = 10 kHz, and 𝛽𝑛 = 5 kHz, the angle
error and 𝑆/𝑁 are related by the curve shown in Figure 4. It
is obvious that the angle estimation error decays rapidly with
the increasing of 𝑆/𝑁.

As has been noted above, the angle estimation error is
mainly related to the polarization ratio estimation error of
jamming and 𝑆/𝑁 of the obtained signal, whereas 𝑆/𝑁 is
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Figure 5: Angle estimation of the target being interfered with by the
corner reflector.

related to noise factors of the actual physical environment
and inherent attributes of the radar system, thus existing
objectively. So the key factor to reduce the angle estimation
error is the polarization ratio estimation error of jamming. In
other words, it is very significant to choose an appropriate
estimation technique for the polarization ratio of angle
deception jamming.

6. Experimental Results and Analysis

In order to prove the effectiveness of the presented technique,
two experiments are done with the basic parameters as
follows, and all the data analyzed here is experimentally
obtained in a real scenario.The dual polarization radar works
in the millimeter wave band with the azimuthal beam width
of 4∘. The target is a small boat, and the corner reflector is
approximately three times the RCS of it. Active jamming is of
left-hand circular polarizationwith the transmitting power of
30 dBmW, and equivalent RCSof it is approximately five times
as large as the boat’s. Combined jamming is composed of the
corner reflector and the active jamming. The target and the
jamming are located as in Figure 1, respectively, at −0.5∘ and
+1.5∘ off the boresight of the radar.

The first experiment is done to analyze the feasibility
of the presented technique. A comparison of the proposed
method with the conventional monopulse method is made.
There are, respectively, thirty independent trials for coun-
tering the three types of jamming made and shown in
Figures 5, 6, and 7, in which, abscissa denotes the sequence
number of trials, ordinate denotes the angle estimation value
of the target, “◻” represents the angle estimation value of
the target obtained by the conventional monopulse method
without angle deception jamming, “o” represents the angle
estimation value of the target obtained by the conventional
monopulse method with angle deception jamming, and “∗”
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Table 1: Comparison of the proposed technique with the conventional monopulse method.

Target
only

Target with
corner
reflector

Target with
active

jamming

Target with
combined
jamming

Conventional
monopulse
method

mean −0.502∘ 0.967∘ 1.115∘ 1.297∘

standard
deviation 0.066∘ 0.095∘ 0.098∘ 0.135∘

The proposed
technique

mean / −0.412∘ −0.485∘ −0.458∘
standard
deviation / 0.094∘ 0.068∘ 0.090∘
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Figure 6: Angle estimation of the target being interfered with by
active jamming.

represents the angle estimation value of the target obtained
by the proposed method with angle deception jamming.
And statistical results of the above trials are accorded in
Table 1. Making the angle estimation value acquired by the
conventional monopulse method without jamming as the
standard value of the real target angle, it is obvious that
the proposed technique can calculate the actual angle of the
target under angle deception jamming with the error in an
acceptable range. In particular, the presented technique has a
great advantage over the conventional monopulse method.

The second experiment is done to analyze the success rate
of tracking with countering the three types of angle deception
jamming. Experimental results are shown in Table 2. If the
radar does not track to jamming within one minute, it is
regarded as success for countering angle deception. Through
thirty independent trials of every type of jamming, the
proposed technique can achieve success rates of 70%, 93.3%,
and 83.3%, respectively.

Something to note is that the polarization ratio is too
important a characteristic for the proposed technique to
counter angle deception jamming. For typical radar targets,
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Figure 7: Angle estimation of the target being interfered with by the
corner reflector and active jamming simultaneously.

Table 2: Success rate of countering angle deception jamming.

Corner
reflector

Active
jamming

Combined
jamming

the proposed
technique 70% 93.3% 83.3%

such as warships and aircrafts, it usually varies from 4 to
8; that of corner reflectors ranges from 7 to 9; that of
active jamming with circular polarization approximates 1;
that of active jamming with vertical polarization is more
than 20; however, that of active jamming with horizontal
polarization is less than 1/20. Obviously, the polarization
characteristic of corner reflectors is close to typical radar
targets, while that of active jamming is quite different from
them. Therefore, countering active jamming is easier than
corner reflectors, which is proved by experimental data in
Tables 1 and 2. Though the trials of chaff clouds are not made
because of the difficulty of coordination and operation, the
proposed technique is also effective for chaff clouds since the
polarization ratio of them typically ranges from 3 to 4 [22].



International Journal of Antennas and Propagation 7

7. Conclusion

In this paper, an adaptive technique based on dual polariza-
tion radar seeker is developed to counter angle deception
jamming. The technique is feasible in theory because of
its derivation from the conventional monopulse method.
Significantly, it does not rely on any prior knowledge of
jamming, such as polarization parameters, types, RCS, com-
bined relationship, and so forth. The experimental results
certainly prove that the real angle value of the target can be
obtained even if it is being interfered with by angle deception
jamming, with the angle estimation error in an acceptable
range. Polarization technology has a perfect performance for
radar seekers to improve target recognition and tracking.
Hence its applications will be an interesting investigation in
our future work.

Appendix

Derivation of (12)

Equations (8) and (10) can be also written as

𝑘𝛼Σ𝑇VV = Δ (𝑇+𝐼)VV − 𝑘𝛽Σ𝐼VV,
𝑘𝛼Σ𝑇ℎV = Δ (𝑇+𝐼)ℎV − 𝑘𝛽Σ𝐼ℎV.

(A.1)

Using (A.1)∗𝑝𝐼 produces
𝑘𝛼 (Σ𝑇VV − 𝑝𝐼Σ𝑇ℎV) = (Δ (𝑇+𝐼)VV − 𝑝𝐼Δ(𝑇+𝐼)ℎV)

− 𝑘𝛽 (Σ𝐼VV − 𝑝𝐼Σ𝐼ℎV) .
(A.2)

Equations (7) and (9) can be also written as

Σ𝑇VV = Σ(𝑇+𝐼)VV − Σ𝐼VV,
Σ𝑇ℎV = Σ(𝑇+𝐼)ℎV − Σ𝐼ℎV.

(A.3)

Substituting (A.3) into (A.2) gives

𝑘𝛼 (Σ(𝑇+𝐼)VV − Σ𝐼VV − 𝑝𝐼Σ(𝑇+𝐼)ℎV + 𝑝𝐼Σ𝐼ℎV]
= (Δ (𝑇+𝐼)VV − 𝑝𝐼Δ(𝑇+𝐼)ℎV) − 𝑘𝛽 (Σ𝐼VV − 𝑝𝐼Σ𝐼ℎV) .

(A.4)

From (11), Σ𝐼VV − 𝑝𝐼Σ𝐼ℎV = 0, so (A.4) can be simplified as

𝑘𝛼 (Σ(𝑇+𝐼)VV − 𝑝𝐼Σ(𝑇+𝐼)ℎV) = (Δ (𝑇+𝐼)VV − 𝑝𝐼Δ(𝑇+𝐼)ℎV) , (A.5)

and, then, (12).
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