
Research Article
A Novel Scheme with FG-FFT for Analysis of
Electromagnetic Scattering from Large Objects

Jia-Ye Xie,1,2 Guang Yu,1 Li-Li Pang,1 Wei-Bin Kong,2,3 and Zhi-Xiang Huang4

1 Industrial Center, Nanjing Institute of Technology, Nanjing 211167, China
2State Key Laboratory of Millimeter Waves, Nanjing 210096, China
3College of Information Engineering, Yancheng Institute of Technology, Yancheng 224051, China
4Key Laboratory of Intelligent Computing and Signal Processing, Ministry of Education, Anhui University, Hefei 230601, China

Correspondence should be addressed to Jia-Ye Xie; jiayexie@njit.edu.cn

Received 27 April 2017; Accepted 17 August 2017; Published 28 September 2017

Academic Editor: Angelo Liseno

Copyright © 2017 Jia-Ye Xie et al.This is an open access article distributed under theCreativeCommonsAttribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The replacement values to the singularity of fitting Green’s function are intensively researched in Fitting Green’s function Fast
Fourier Transformation (FG-FFT). As is shown in the research, the accuracy of fitting Green’s function of near element is affected
by different replacement values. The experiments show that an appropriate replacement value can improve the accuracy of fitting
Green’s function of near element, and it is called the optimal replacement value in this paper. In the case of application of
the proposed scheme to FG-FFT, the number of the near correction elements is significantly reduced. Therefore, the optimal
replacement scheme can dramatically reduce the memory requirement and computing time in FG-FFT. The experiments show
that, compared with traditional random replacement schemes, the optimal replacement scheme can reduce the number of the near
correction elements by about 55%∼60% and greatly improve the computational efficiency of FG-FFT.

1. Introduction

Method of Moments (MoM) [1] is a popular tool for the
analysis of electromagnetic scattering and radiation by an
object. However, the scope of its application is limited due
to the high complexity. A number of methods, usually called
fast algorithms, are proposed to reduce the computation
complexity of the MoM. The traditional fast algorithms
of MoM include three categories: methods based on the
addition theorem [2–4], methods based on Fast Fourier
Transformation (the FFT-based methods) [5–7], and the
methods based on matrix-compression algorithm [8–10].
Due to its high universality, the FFT-based methods are
widely used and studied in depth [11, 12].

Because FG-FFT is more concise and accurate in the
FFT-based methods, this method is further studied and
developed in recently years [13–15].Thememory requirement
and computational complexity of the FFT-based methods
are 𝑂(𝑁1.5) and 𝑂(𝑁1.5 log𝑁) for surface integral equation,
respectively. It is well known that the FFT-basedmethods still

have some problems for electrically large targets: the fine grid
spacing can reduce the number of the near correction matrix
elements but increase the burden of FFT. Instead, the coarse
grid spacing can significantly reduce the burden of FFT
but dramatically increase the number of the near correction
matrix elements. In order to alleviate this contradiction, in
this paper, the numerical calculation method of near element
is intensively researched.

The vast experimental data is obtained to find out a phe-
nomenon: in near field, when the singularity of fitting Green’s
function is replaced with different replacement values, the
accuracy of the fitting results shows significant difference. An
optimal replacement value can reduce the fitting errors of
the near elements.The near element refers to the intersecting
element of the expansion box of both the basis function and
the testing function under the uniform Cartesian grid.

As is shown in this paper, when the optimal replacement
scheme is used in the FG-FFT, the near elements can keep
a relatively high fitting accuracy within a certain range.
Within this range the near element need not be corrected by
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MoM and these near elements belong to far matrix, which
means that the novel scheme can dramatically reduce the
number of the near correction matrix elements.Thememory
requirement and the filling time of the near matrix as well as
the time of iterative computation are also reduced.

2. Formulation

2.1. FFT-Based Methods. Considering an arbitrarily shaped
3D perfect electrical conductor (PEC) object illuminated by
an incident plane wave E𝑖, the electric field integral equation
(EFIE) on the surface 𝜕Ω of the object can be given as follows:

E𝑖𝑡 = [𝑗𝑘0𝜂0 ∫
𝜕Ω
(J (r) + 1𝑘20∇∇ ⋅ J (r))

⋅ 𝐺 (r, r) 𝑑𝑠]𝑡 ,
(1)

where J(r) is the equivalent surface electric current, 𝜂0 and𝑘0 are the wave impedance and the wave number in the free
space, respectively, and 𝐺(r, r) denotes Green’s function in
the free space, which can be written as

𝐺(r, r) = 𝑒−𝑗𝑘0|r−r|4𝜋 r − r . (2)

After the application of the MoM, the EFIE can be con-
verted into a matrix equation𝑍𝐼 = 𝑉, (3)

where 𝑍, 𝐼, and 𝑉 represent the MoM-Matrix, the current
coefficients vector, and the excitation vector, respectively.

In the FFT-based methods, 𝑍 can be split into two parts

𝑍 ≈ (𝑍near
MoM − 𝑍near

FFT ) + 𝑍FFT ≜ 𝑍near + 𝑍far, (4)

where 𝑍far is the far matrix and can be rewritten as

𝑍far = 𝑗𝑘0𝜂0Π ⋅ 𝐺 ⋅Π𝑇 − 𝑗𝜂0𝑘0Π𝑑 ⋅ 𝐺 ⋅ Π𝑇𝑑 , (5)

where Π and Π𝑑 are the coefficient transformation matrices;𝐺 is a triple Toeplitz matrix related to Green’s function.
The matrix-vector product of 𝑍far𝐼 can be sped up by FFT
in the FFT-based methods. It should be noted that 𝑍far

includes not only the far field elements, but also the near
field elements. 𝑍far is called the far matrix because of the
approximation for the far field elements and the inaccurate
for the near field elements. In order to ensure the accuracy
of near field elements, there must be corrections. Hence,𝑍near ≜ 𝑍near

MoM − 𝑍near
FFT is the near correction sparse matrix.

The every element of the𝑍near must be directly calculated and
stored, due towhich themajority ofmemory requirement and
computational time are consumed for 𝑍near.

2.2. FG-FFT. In order to obtain the projection coefficients,
the following overdetermined equation (6) is solved in FG-
FFT [7]

𝐺(p, r) = ∑
k∈C𝑛

𝜋rk,C𝑛𝐺 (p, k) , (6)

r

p
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v

Figure 1: A 2D representation of the obtaining projection coeffi-
cients.

where C𝑛 is the expansion box of r and p are a group of
sample points. k is the grid nodes of C𝑛. The projection coef-
ficients 𝜋rk,C𝑛 are to be determined (see Figure 1).

3. Replacement Scheme for
the Fitting Singularity

In the FFT-based methods, the far elements as shown in
Figure 2(a) with the separated expansion boxes between the
basis function and the testing function can be approximated
by (5). However, if the near elements as shown in Figure 2(b)
with the intersection expansion boxes between the basis
function and the testing function also were calculated by
(5), the singularity of fitting Green’s function would emerge
at coincident points. In order to implement the numerical
calculation, the traditionalmethod uses a constant at random
to replace the singular value at coincident points and then
uses MoM to correct these elements. Therefore, in the
traditionalmethod, the near elementsmust belong to the near
field correction matrix. In this section, through the analysis
of experiment data, the effect of different replacement values
on the fitting accuracy of the near elements is studied.

(i) The Experiment for Different Replacement Values. The 14
intervals [ℎ/2+(ℎ/4)×𝑖, ℎ/2+(ℎ/4)×(𝑖+1)], 𝑖 = 0 ⋅ ⋅ ⋅ 13, are
chosen and 1000 points in each interval are randomly chosen
as the distances between field points r and source points r
which are denoted by 𝑑. Meanwhile, field point r and source
point r are generated randomly for each 𝑑. The grid spacings
for expansion boxes of field point r and source point r are
both ℎ, and the orders are both𝑀 = 2. Starting point of the
expansion boxC𝑚 of field point r is set as ([r/ℎ]−(1, 1, 1))×ℎ
while that of the expansion box C𝑛 of source point r is set
as ([r/ℎ] − (1, 1, 1)) × ℎ. Here [⋅] represents the rounding
down operation. Fitting Green’s function between r and r is
expressed as

𝐺𝐹 (r, r) = ∑
u∈C𝑚

∑
k∈C𝑛

𝜋ru,C𝑚𝐺 (u, k) 𝜋rk,C𝑛 , (7)
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Figure 2: A 2D representation of the difference between the far elements and the near elements. (a) A far element without coincident point;
(b) a near element with coincident points.
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Figure 3: Fitting Green’s functions and accurate Green’s function. (a) ℎ = 0.1𝜆; (b) ℎ = 0.2𝜆.

where coefficients (𝜋ru,C𝑚 and 𝜋rk,C𝑛) are both calculated with
the FG-FFT [7]. k is the Cartesian grid nodes within C𝑛,
whereas u is the Cartesian grid nodes withinC𝑚. When r and
r are very close, their corresponding expansion boxesC𝑚 and
C𝑛 intersect each other. That is, ∃u ∈ Cm and ∃k ∈ Cn s.t.𝑅 = ‖u − k‖ = 0. Singularity will appear in the right side of
(7). To avoid this, traditional FFT-based fast algorithms often
consider that a smaller distance 𝑅 should be selected instead
of 𝑅 = 0 in the calculation of Green’s function. However,
there is no research about the effect of different replacement
values 𝑅 on the fitting accuracy of the near elements in
other papers. To better distinguish the influences of different
replacement values, 𝑅 = 0.002𝜆, 𝑅 = 0.2𝜆, and 𝑅 = ℎ/4 are
chosen, respectively. Here, 𝜆 denotes the wavelength of the
free space. On these 14000 random distances, fitting Green’s
functions are calculated, as well as corresponding accurate
Green’s function point set as shown in Figure 3. The root
mean square errors (RMSEs) of the real parts of fittingGreen’s

functions in partial intervals are recorded in Table 1. RMSE is
defined as

RMSE = √ 1𝐾
𝐾∑
𝑚=1

RE (𝐺𝐹 (r𝑚, r𝑚) − 𝐺 (r𝑚, r𝑚))2, (8)

where𝐾 is the number of points in every interval. Hence𝐾 =1000 in this example.
The following conclusions can be drawn from Figure 3

and Table 1:
(1) Whether 𝑅 is 0.002𝜆, 0.2𝜆, or ℎ/4, completely coin-

cident points between the imaginary parts of fitting values
and the imaginary parts of accurate values suggest very high
fitting accuracy of the imaginary parts, so the fitting error is
mainly from real parts.

(2) Replacement value should not be too large or too
small. Due to the space limitations, we cannot present more
influences of the different replacement values on fitting
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Table 1: RMSEs of the real parts of fitting Green’s functions.

ℎ 0.1𝜆 0.2𝜆𝑅0.002𝜆 0.2𝜆 ℎ/4 0.002𝜆 0.2𝜆 ℎ/4𝑑[1.25ℎ, 1.5ℎ] 1.27𝐸 + 0 1.42𝐸 − 1 4.34𝐸 − 2 2.04𝐸 + 0 9.69𝐸 − 2 2.64𝐸 − 2[1.5ℎ, 1.75ℎ] 8.10𝐸 − 1 7.65𝐸 − 2 1.52𝐸 − 2 1.30𝐸 + 0 5.25𝐸 − 2 9.06𝐸 − 3[1.75ℎ, 2ℎ] 4.51𝐸 − 1 3.78𝐸 − 2 5.01𝐸 − 3 7.24𝐸 − 1 2.64𝐸 − 2 3.45𝐸 − 3[2ℎ, 2.25ℎ] 2.20𝐸 − 1 1.74𝐸 − 2 2.49𝐸 − 3 3.55𝐸 − 1 1.23𝐸 − 2 1.76𝐸 − 3[2.25ℎ, 2.5ℎ] 9.52𝐸 − 2 7.44𝐸 − 3 1.19𝐸 − 3 1.56𝐸 − 1 5.38𝐸 − 3 1.03𝐸 − 3[2.5ℎ, 2.75ℎ] 3.48𝐸 − 2 2.74𝐸 − 3 6.70𝐸 − 4 5.59𝐸 − 2 1.97𝐸 − 3 5.71𝐸 − 4[2.75ℎ, 3ℎ] 1.20𝐸 − 2 9.71𝐸 − 4 3.94𝐸 − 4 2.01𝐸 − 2 7.84𝐸 − 4 2.84𝐸 − 4[3ℎ, 3.25ℎ] 3.25𝐸 − 3 3.23𝐸 − 4 2.31𝐸 − 4 5.69𝐸 − 3 3.52𝐸 − 4 2.16𝐸 − 4
errors. Nevertheless, through a large number of experimental
data, we can demonstrate that𝑅 = ℎ/4 is the optimal replace-
ment value for fitting Green’s function in the statistical sense.
During numerical calculation, we replace 𝑅 = 0 with 𝑅 =ℎ/4, which brings minimization of fitting errors.

(3) From Table 1, we find that the error level is lower than10−3 when 𝑑 > 1.75ℎ and 𝑅 = ℎ/4. So presumably fitting
Green’s function within this range is approximately equal to
accurate Green’s function value and thus does not need cor-
rection. Therefore, when the optimal replacement value 𝑅 =ℎ/4 is applied to the FG-FFT, the element is regarded as the far
matrix element if the nearest distance between testing func-
tion𝜓𝑚 and basis function𝜓𝑛 is greater than 1.75ℎ. Otherwise
the element is regarded as the near correctionmatrix element.
In this paper 1.75ℎ is called the threshold between near field
and far field. This allows a large number of near elements to
be fitted directly without correction. In other words, part of
near elements no longer belong to the near correctionmatrix.
Hence, the optimal replacement scheme greatly decreases
the memory requirements of near correction matrix, thereby
reducing the filling time and per iteration time.

In order to apply the optimal replacement value to the
FG-FFT algorithm, we first define the optimal replacement
of Green’s function:

𝐺 (u, k) = {{{{{
14𝜋 𝑒
−𝑗𝑘0𝑅



𝑅 𝑅 = 0
𝐺 𝑅 ̸= 0, (9)

where 𝑅 = ‖u− k‖, 𝑅 = ℎ/4. And (5) needs to be rewritten as
𝑍far = 𝑗𝑘0𝜂0Π ⋅ 𝐺 ⋅Π𝑇 − 𝑗𝜂0𝑘0Π𝑑 ⋅ 𝐺 ⋅ Π𝑇𝑑 . (10)

The optimal replacement scheme refers to the FG-FFT
with (10), and at the same time the 1.75ℎ is regarded as
threshold between near field and far field.

4. Numerical Results

In this section, several numerical examples are introduced to
demonstrate the efficiency and accuracy of the new scheme.

The grid spacing is ℎ. The expansion order is 𝑀 = 2. If𝜓𝑚(𝜓𝑛) is testing (basis) function, then C𝑚 (C𝑛) denotes the
expansion box enclosing it. In traditional FFT-based meth-
ods, an element is a near element if and only if C𝑚 intersects
with C𝑛. EFIE is adopted by the following examples. Besides,
the 8 CPU parallel computing is used and the FFT codes are
from the FFTW [16]. For simplicity, [T] and [O] denote the
implements of the FG-FFT with the traditional replacement
scheme and the optimal replacement scheme, respectively.

Example A (a PEC sphere). In terms of the comparison of the
traditional FG-FFT [7], the scattering from a PEC sphere of
radius is 5𝜆 calculated.Discretizedwith about 10 elements per
wavelength, the sphere can produce 113421 RWG functions.
The bistatic RCS curves obtained by the Mie series, the FG-
FFT[T], and the FG-FFT[O] are all shown in Figure 4.

It is seen form Figure 4 that these RCS curves coincide
with ℎ = 0.1𝜆 and ℎ = 0.2𝜆, thus demonstrating the cor-
rectness of the proposed scheme. Some related data are
recorded in Table 2, where the root mean square error
(RMSE) is defined as

RMSE = √ 1𝐾
𝐾∑
𝑚=1

RCSCalcuated𝑚 − RCS∗𝑚2, (11)

where 𝐾 is the number of the azimuth angle samples. In this
example RCS∗𝑚 is the Mie series solution.

Example B (a PEC aircraft-like model). In order to verify the
effectiveness of the new scheme for general objects with ℎ =0.2𝜆, the scattering from a PEC aircraft-like model is calcu-
lated.The aircraft-like model is shown in Figure 5. Moreover,
discretized with about 10 elements per wavelength, it can
produce 188865 RWG functions. The bistatic RCS curves
obtained by the P-FFT (ℎ = 0.1𝜆), the FG-FFT[T] (ℎ = 0.2𝜆),
and the FG-FFT[O] (ℎ = 0.2𝜆) with the optimal replacement
scheme are all shown in Figure 5. In this example the bistatic
RCS curves obtained by the P-FFT (ℎ = 0.1𝜆) is used as a
reference curve. It is seen form Figure 5 that the three RCS
curves coincide, thereby demonstrating the correctness of the
proposed scheme for general objects. Some related data are



International Journal of Antennas and Propagation 5

0

10

20

30

40

50

Mie

RC
S\

2

(d
B)

0 18016014012010080604020
s (degree)

FG-FFT[T] (ℎ = 0.1)
FG-FFT[O] (ℎ = 0.1)

s = 0∘ in = 0∘ in = 0∘

(a)

0

10

20

30

40

50

RC
S\

2

(d
B)

0 18016014012010080604020
s (degree)

Mie
FG-FFT[T] (ℎ = 0.2)
FG-FFT[O] (ℎ = 0.2)

s = 0∘ in = 0∘ in = 0∘

(b)

Figure 4: The bistatic RCS curves of the PEC Sphere. (a) ℎ = 0.1𝜆; (b) ℎ = 0.2𝜆.

Table 2: Some related data for examples.

Ex ℎ(𝜆) Method Memory requirement (M) CPU time (s) RMSE
Near-field Coefficient Total Correction matrix Per iteration Total

A
0.1 [T] 236 488 1024 115 10.23 1270 0.060

[O] 123 488 911 73 10.12 1224 0.061

0.2 [T] 840 428 1364 317 2.75 710 0.071
[O] 345 428 869 134 2.25 512 0.073

B 0.2 [T] 1458 709 2502 518 6.8 1541 0.089
[O] 607 709 1651 229 6.1 1248 0.094

recorded in Table 2, where RMSE is defined as (11) and in this
example RCS∗𝑚 is the solution of P-FFT (ℎ = 0.1𝜆).

From Figures 4 and 5 and Table 2, we can reach the
following conclusions:

(1) From the data of Ex A in Table 2, in the optimal
replacement scheme, the totalmemory requirement andCPU
time decrease with the increase of the grid spacing.Therefore,
the coarse grid (ℎ = 0.2𝜆) is a good choice for electrically
large targets.

(2) From the data of Table 2, in the case of the optimal
replacement scheme with ℎ = 0.2𝜆, the memory requirement
of the near field correction matrix is reduced by about 55%∼
60%, and the total memory requirement is reduced by about
35%, compared with traditional replacement scheme. At the
same time, the filling time of the correctionmatrix is reduced
by 55%∼60%, and the per iteration time and the total time
are also reduced. The computational efficiency of FG-FFT is
greatly improved.

0 18016014012010080604020

0

10

20

30

40

50

RC
S\

2

(d
B)

s (degree)

FG-FFT[T] (ℎ = 0.2)
FG-FFT[O] (ℎ = 0.2)

P-FFT[T] (ℎ = 0.1)

z y

x

⇀
k ⇀

H
⇀
E

35

3
26

−10
s = 0∘in = 0∘ in = 0∘

Figure 5: The bistatic RCS curves of the PEC aircraft-like model.
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5. Conclusion

This paper first uses vast experimental data to show the
effect of different replacement values on the fitting accuracy
of Green’s function of near element and then finds out the
optimal replacement value 𝑅 = ℎ/4. Experimental results
show that the optimal replacement scheme with ℎ = 0.2𝜆
can reduce the total memory requirement by about 35%, and
at the same time the memory requirement and the filling
time of the near field correction matrix are reduced by about
55%∼60%, compared with traditional replacement scheme.
The research in this paper breaks away from the traditional
view that the near elements must need correction, and the
computational efficiency of the FFT-based method can be
significantly improved. The optimal replacement scheme in
this paper can relieve the large memory requirement with the
coarse grid in FG-FFT for electrically large targets. So it has
a good prospect of application.
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