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This paper proposes an adaptive array beamforming method by embedding antennas’ active pattern in the worst-case performance
optimization algorithm. This method can significantly reduce the beamformer’s performance degradation caused by inconsistency
between hypothesized ideal array models and practical ones. Simulation and measured results consistently demonstrate the
robustness and effectiveness of the proposed method in dealing with array manifold mismatches.

1. Introduction

The assumption of ideal array elements in conventional
adaptive beamforming technologies can cause severe perfor-
mance degradation in real implementations due to ignored
array imperfections (e.g., gain and phase mismatches and
mutual coupling between elements), particularly for increas-
ingly widely used small-profile arrays. Robust beamforming
algorithms have been proposed to deal with these imper-
fections by treating an array’s response inconsistencies as
nonspecific manifold mismatches. There are some classic
algorithms, such as the diagonal loading (DL) method
(also called loaded sample matrix inversion (LSMI) beam-
former) [1] and the worst-case performance optimization
robust beamformer (WCRB) [2], summarized in [3, 4]. The
WCRB approach [2] is also extended and applied to several
specific scenarios [5–8]. However, most robust beamforming
methods solve uncertain problems based on simplified array
models, without considering the array’s electromagnetic
characteristics, which are actually essential to the manifold
mismatches and are critical for the performance of the
methods in practice.

The problem of array modelling mismatches is typically
studied by antenna researchers. An earlier work exploiting
the gain and frequency properties of practical antennas

was reported in [9], without considering mutual coupling
effect. In [10], improvement to [9] is made by incorpo-
rating the antenna’s active pattern (AP) introduced in
[11], which calculates an elements’ radiation and its
impact on the array environment (both mutual coupling
between elements and workspace radiation) [12]. However,
these methods rely on the exact knowledge of antennas’
electromagnetic characteristics and are quite sensitive to
measurement mismatches.

In this paper, by creatively integrating antenna mis-
match modelling into beamforming design, we propose
a robust worst-case performance optimization beamfor-
mer with an embedded array’s AP. We call it as active
pattern worst-case (APWC) method which can signifi-
cantly improve the beamformer robustness under various
mismatches. The APWC method essentially introduces
the AP method [10] into the WCRB algorithm [2].
Via both simulation and experiments with real measure-
ments, we demonstrate that the APWC beamformer can
achieve significantly better performance (e.g., higher sig-
nal-to-interference-and-noise ratio (SINR)) than many
existing schemes. It has better tolerance to both engi-
neering and electromagnetic mismatches caused by ele-
ments’ modelling, manufacturing, aperture assembling, and
channel debugging.
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2. Problem Formulation

We consider an M-element two-dimension antenna array
and a narrowband system. Without considering any imper-
fections, its steering vector as can be represented as

a f , θ, φ, r = 1, ejkr1 θ,φ ,… , ejkrM−1 θ,φ , 1

where k = 2πf /v is the wavenumber; f and v denote the
frequency and the speed of the electromagnetic wave, respec-
tively; θ and φ are the angles; and ri θ, φ is the (i + 1)th
sensor’s location vector.

Assume omnidirectional antenna elements. Let s t be
the transmitted data symbol at time t. The signal received
at the array is given by

x t = s t as + i t ai + n t , 2

where x t = x1 t , x2 t ,… , xM t T ∈ CM×1, as, and ai
are the steering vectors of signal and multiuser interfer-
ences, respectively, and n t is an M × 1 vector denot-
ing the combined self-interference from mismatches and
noise components.

The well-known sample matrix inversion (SMI) beam-
former solves a constrained minimization problem

min
w

 wHR̂w,

s t  wHa = 1,
3

where · H denotes Hermitian transpose, w is the complex
beamforming vector, and R̂ is the sample covariance matrix
of x t .

3. Improved Model for Array Steering Vector

There are always mismatches, that is, the fluctuation of array
parameters during design, processing, measuring, and
assembling, between the ideal steering vector a and the actual
one a . Mismatches generally have a minor impact on the
electromagnetic characteristics of a single antenna element,
such as current distribution and boundary conditions and,
hence, cause small changes to each element’s basic radiation
structure, as well as the radiation pattern and directivity.
Such small changes, however, when beamforming is formed,
can cause large beamforming gain variations, due to gain,
sometimes phase, misalignment between different antenna
elements [13]. In practice, an array’s radiation performance
can be significantly affected by such array mismatches.

In this paper, we use an improved array steering vector a,
by taking into consideration the array aperture’s radiation
property [9].

a f , θ, φ, r
= g1 f , θ, ϕ , g2 f , θ, ϕ ejkr2 θ,φ ,… , gM f , θ, ϕ ejkrM−1 θ,φ ,

4

where gi f , θ, φ is the known active gain response of
the ith antenna. It can be obtained during antenna

design using electromagnetic simulation software or through
actual measurements.

This new steering vector a in (4) is a closer approximate
to the real steering vector a , compared to the one a without
considering mismatches. This can be seen from the simula-
tion results as will be presented in Section 5.

4. Proposed APWC Algorithm

Define the approximation error for the radiation pattern
expressions with and without considering mismatches as

e = a − a,
e = a − a,

5

respectively.
Assume that the norm of e is bounded by a known

constant ε > 0. We can formulate the APWC problem as a
constrained minimization problem

min
w

 wHR̂w,

subject to  wHc ≥ 1
 for all c ∈ A ε ,
 A ε ≜ c c = a + e, e ≤ ε

6

It can be rewritten as

min
w

 wHR̂w,

s t   wHa − 1 / w ≥ ε,

  Im wHa = 0

7

The APWC method belongs to the class of DL method.
Similar to the WCRB method [2], the weight solution to (7)
can be derived to be

w = β R̂ + ξI
−1
a, 8

where β = λ/ λaH R̂ + λε2I −1a − 1 , λ is a Lagrange multi-
plier, and ξ = λε2. Equation (7) can also be converted to a
convex second-order cone problem and finally solved via
interior point method. The computational cost of the APWC
algorithm is O M3 per iteration.

5. Simulation Results

We refer to a practical 4-element uniform circular microstrip
array shown in Figure 1 as a standard model in our sim-
ulation. This array was developed for an anti-interference
subsystem in the BeiDou Navigation System. The commer-
cial electromagnetic simulation software HFSS is used for
all antenna simulations.

We simulate array mismatches using HFSS and then
abstract and store the corresponding AP for each mismatch.
Three types of common mismatches are studied, including
(a) the element’s position mismatches, (b) size errors of the
metal working platform, and (c) dielectric parameter errors
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of elements’ substrate, including relative dielectric permit-
tivity (RDP) and loss tangent (LT). The sample covariance
matrix R̂, which reflects the varying electromagnetic environ-
ment, varies with different prestored AP data. Using some of
the data, Figure 2 compares the norm e = e and e = e in
(5) under different types of mismatches. The results clearly
show that our adopted radiation expression with AP in (4)
approximates the real radiation pattern much better than
the one without considering mismatch.

We assume that the desired signal and interference
have a plane wavefront with θs, φs = 70°, 6° and
θi, φi = 1∘, 90∘ , respectively. For each simulated point,
we ran 200 implementations. The input signal-to-noise ratio
(SNR) and interference-to-noise ratio (INR) in a single
antenna element equal to 25 dB and 30 dB, respectively.
Signals are in the training data cell (training data size
N = 100 unless stated otherwise). Additive noise in the
array is modelled as spatially and temporally independent
complex Gaussian noise with zero mean and unit variance.
The mean output SINR for the following five algorithms is
compared under mismatch situations: the SMI beamformer,
the LSMI method [1], the AP beamformer [10], the WCRB
method [2], and the APWC method using the SeDuMi
convex optimization MATLAB toolbox. The optimal SINR,
SINRopt = σ2s asHR

−1
i+nas, is also shown.

Figure 3 shows how beamformers’ output SINR is
affected by antenna elements’ position mismatch. Figure 4
illustrates how the performance changes with the size of the
working platform, as an example of the working environ-
ment variation. It indicates that the size variation of the metal

working platform can cause the change of edge scattering and
affect the electromagnetic radiation, particularly for AP and
SMI algorithms. Both figures show that the proposed APWC
method outperforms other methods with improved SINR
and robustness.

In Figures 5 and 6, we present how the output SINR
changes with the substrate’s RDP and LT (the range of
variation is determined by engineering experience). From
the two figures, we can see that the proposed APWC method
also achieves improved SINR and robustness under these two
types of mismatches.
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Figure 1: A miniature circular microstrip array. The center
frequency of each right-hand circular polarized element is
f0 = 1 268GHz. The dielectric substrate has RDP of εr = 20 and
LT of tan δ = 0 004. The metal working platform is elliptical, with
a 2a ≈ 0 28λ = 134mm major axis and a 2b ≈ 0 26λ = 121mm
minor axis. The array’s radius is r = 0 16λ = 38mm, and the
interelement spacing is d = 0 23λ = 54mm. Each antenna is set at
an inclined angle of θ = 5° on the workbench.

806040200
Theta (º)

−20−40−60−80
0.0

0.2St
ee

rin
g 

ve
ct

or
 m

ism
at

ch

0.4

0.6

0.8

1.0

1.2

1.4

Situation a. e
Situation a. e∼
Situation b. e
Situation b. e∼

Situation c (1). e
Situation c (1). e∼
Situation c (2). e
Situation c (2). e∼

Figure 2: Steering vectormismatches (norm of the difference) under
different situations: a: element 1’s position mismatch (+2mm along
axis y), b: working platform mismatch (2a = 136mm), and c:
(1) element 1’s RDP mismatch (εr = 20 3) and (2) element 1’s
LT mismatch (tan δ = 0 005).
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Figure 3: Output SINR versus antenna elements’ position. Element
1 is moved along the y-axis from −2mm to 2mm, 1mm at a time.
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6. Measured Results

The array mentioned in Section 5 has been fabricated,
debugged, and then measured in the microwave anechoic
chamber. Due to the small mismatches introduced in the
process of fabrication, we can expect a numerical difference

of the AP between the designed and practical arrays. Such
difference is shown in Table 1, which compares the active
gain data of array elements at the direction of arrival
(DOA) of signal and interference. With the measured data,
we assessed the earlier mentioned algorithms’ performance
using the same parameters (e.g., DOA and INR) with those
in V.

Figure 7 compares the mean SINR for the six methods
with a varying number of training snapshots. Figure 8 shows
how the mean output SINR changes with different SNRs.
Figures 7 and 8 demonstrate that the proposed APWC
method consistently achieves better performance than other
methods at varying input SNR values and snapshot numbers.
We can also compare the simulation and measured results
here, referring to the parameters SNR = 25dB and N = 100
that are available in both results. Compared to the simulation
results that are impacted by a single type of mismatch, the
SINR of the measured results is reduced by about 2 dB, which
is the consequence of combined mismatches.
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Figure 4: Output SINR versus the size of the working platform. The
length of the elliptical platform’s major axis varies from 132mm to
136mm.
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Figure 5: Output SINR versus the substrate’s RDP. Element 1’s
RDP varies from 19.6 to 20.4.
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Figure 6: Output SINR versus substrates’ LT. Each element’s LT
varies from 0.0005 to 0.005.

Table 1: The active gain of designed array (Gd) and fabricated array
(Gf ) from the DoAs of signal and interference.

Element’s number
Gd (dB) Gf (dB)

θs = 70°
φs = 6°

θi = 1°
φi = 90°

θs = 70°
φs = 6°

θi = 1°
φi = 90°

1 −4.91 −0.40 −3.03 −0.48
2 −2.84 −0.50 −2.53 −0.54
3 −3.62 −0.24 −3.38 −0.53
4 −3.56 −0.50 −0.81 −0.12
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7. Conclusion

In this paper, we propose an improved adaptive beamform-
ing algorithm APWC, which embeds the array’s electromag-
netic characteristics in a robust beamformer. Mathematical
analysis, computer simulation, and measured results illus-
trate the effectiveness and robustness of the proposed algo-
rithm to array manifold mismatches. APWC is particularly
suitable for systems with small and compact arrays, where

serious mutual coupling and environment scattering could
significantly influence antennas’ radiation and the perfor-
mance of conventional beamforming algorithms.
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Figure 7: Output SINR versus training data size for SNR= 25 dB.
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