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In this paper, fitness-associated differential evolution (FITDE) algorithm is proposed and applied to the synthesis of sparse
concentric ring arrays under constraint conditions, whose goal is to reduce peak sidelobe level. In unmodified differential
evolution (DE) algorithm, crossover probability is constant and remains unchanged during the whole optimization process,
resulting in the negative effect on the population diversity and convergence speed. ,erefore, FITDE is proposed where crossover
probability can change according to certain information. Firstly, the population fitness variance is introduced to the traditional
differential evolution algorithm to adjust the constant crossover probability dynamically. ,e fitness variance in the earlier
iterations is relatively large. Under this circumstance, the corresponding crossover probability shall be small to speed up the
exploration process. As the iteration progresses, the fitness variance becomes small on the whole and the crossover probability
should be set large to enrich population diversity. ,ereby, we construct three variation strategies of crossover probability
according to the above changing trend. Secondly, FITDE is tested on benchmark functions, and the best one of the three strategies
is determined according to the test results. Finally, sparse concentric ring arrays are optimized using FITDE, of which the results
are compared with reference algorithms. ,e optimization results manifest the advantageous effectiveness of FITDE.

1. Introduction

Antenna arrays are extensively applied both in the military
field and the civilian field, such as radar, sonar, wireless
commutation, and deep space exploration. Synthesis of
antenna arrays is an essential research area which has vast
prospect in practical applications. Concentric ring arrays
(CRAs), as one kind of antenna arrays, have also aroused
great interest in the past few years, especially for the one with
uniform excitations but unequal elements spacing and
different ring radii. Compared with the equally spaced ar-
rays, the unequally spaced arrays have an ocean of merits.
Under the condition of the same array aperture, the un-
equally spaced arrays can reduce the elements number and
therefore save the cost. Under the condition of the same
elements number, the array aperture can be lengthened, and
therefore, the main lobe will be narrowed, improving the
spatial resolution and enhancing the directivity of the beam.
Besides the above advantages, for CRAs, they have an

outstanding characteristic of pattern symmetry and can
achieve omnidirectional scanning [1–5].

Generally, the unequally spaced arrays can be classified
into two categories. One is to “close” part of array elements
on the basis of equally spaced array, which is called thinned
arrays. ,e other is sparse arrays, which can be obtained by
arranging elements randomly under the premise of satis-
fying the constraint conditions, and those conditions usually
include the elements number, the array aperture, and the
minimum elements spacing. Compared with thinned arrays,
sparse arrays have more degrees of freedom and better
performance. ,e pattern function of the antenna array is a
complex exponential function of the elements position,
which is restricted by several constraints, causing that the
optimization problems in the array synthesis are often highly
nonlinear with multidimensional variables, with the fact that
existing numerical analysis optimization methods are no
longer suitable. In recent years, population-based stochastic
methods are proven to be effective for these problems, such

Hindawi
International Journal of Antennas and Propagation
Volume 2019, Article ID 4583268, 17 pages
https://doi.org/10.1155/2019/4583268

mailto:wxj_903@163.com
https://orcid.org/0000-0003-3290-9318
https://orcid.org/0000-0001-7997-9239
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/4583268


as genetic algorithm (GA) [6–11], particle swarm optimi-
zation (PSO) [12–14], differential evolution algorithm (DE)
[15–20], invasive weed optimization (IWO) [21], and cuckoo
search (CS) algorithm [22–24]. Besides, Bayesian com-
pressive sensing (BCS) [25–31] and matrix pencil method
(MPM) [32–34] have also aroused great interest.

As an effective stochastic method, DE has the advantages
of simple operation, rich population diversity, and strong
global search ability and has broad application space in the
optimization of antenna arrays. To improve the performance
of DE, numerous modified variants have appeared. Ghosh
and Das [15] proposed the differential evolution with global
and local neighbourhoods (DEGL) algorithm. DEGL defines
a neighbour range centering on the i-th individual and then
generates a local donor vector and a global donor vector
based on the neighbour range and the whole population,
respectively, rather than only a global donor vector.,en the
actual donor vector is generated by merging the local and
global donor vectors through a scaling weight w, which can
control the balance between the exploration and exploitation
capabilities. Mandal et al. [17] developed a hybrid mutation
strategy to prevent the algorithm from stagnating at any
local optima. Besides, an efficient classic local search tech-
nique called Solis–Wet’s algorithm is introduced to the
above process to improve the search capability. Kerim and
Suad [18] divided the whole population into several sub-
populations and applied the method to the null synthesis of
time-modulated circular antenna arrays. A modified DE
algorithm which utilized the strategies of best of random
mutation and randomized local search was put forward in
[19], making a good balance between convergence speed and
population diversity. Dai et al. [20] came up with a new
strategy based on DE and Lévy flight (DELF) to update
populations, in which the Lévy flight can help jump from a
local optimum, while DE can search a global optimal so-
lution efficiently.

In this paper, CRAs are optimized based on our pro-
posed fitness-associated differential evolution (FITDE) al-
gorithm. Firstly, we introduce the concept of population
fitness variance to adjust crossover probability dynamically
which remains unchanged in traditional DE and construct
three crossover probability variation strategies according to
the relationship between population fitness variance and
crossover probability. Secondly, FITDE is tested on
benchmark functions, and the test results prove the ad-
vantageous effectiveness of FITDE. Furthermore, the best
one of the three changing strategies is also determined
through the results. Finally, FITDE is applied to optimize
three concentric ring arrays under different conditions.
Simulation results show that our method can reduce the
peak sidelobe level of the sparse arrays and obtain better
optimization performance.

2. Sparse Concentric Ring Arrays

Figure 1 demonstrates the geometry of CRA, which has m
rings with the same centre but different radii. It is noted that
the element fixed in the centre is not included in m. rm and
Nm denote the radius of the m-th ring (where the centre,

r0 � 0) and the number of elements on this ring, respec-
tively. φmn represents the azimuth angle of the n-th element
on the m-th ring.

,eoretically, array factor (AF) for CRAs can be cal-
culated as

AF(u, v) � 1 + 
M

m�1


Nm

n�1
Imn exp jkrm cosφmnu + sinφmnv(  ,

(1)

where k � 2π/λ is the wave number and λ is the wavelength.
(rm cosφmn, rm sinφmn) is the coordinate of the n-th element
on them-th ring. u � sin θ cosφmn, and v � sin θ sinφmn. Imn

represents the excitation current of the n-th element on the
m-th ring. It should be noted that for CRAs which are
excited uniformly, the amplitude and phase of Imn are the
same, which are often set as 1 for convenience.

For uniform CRAs, the spacing between any two adja-
cent rings is the same, and the spacing between any two
adjacent elements on each ring is also the same. Figure 2(a)
shows a CRA with a ring spacing of 0.6λ and elements
spacing of 0.5λ, and Figure 2(b) shows the radiation pattern
of this CRA. As can be seen from Figure 2(b), the radiation
pattern of uniform CRAs has an excellent symmetrical
feature, which is exactly the superiority of CRAs to linear
arrays and planar arrays. When synthesizing concentric ring
arrays, if element are arranged completely randomly, the
symmetrical feature of CRAs will be destroyed. ,erefore,
we pay more attention to the arrays which can maintain
CRAs’ symmetrical feature, as are usually discussed in most
references. To avoid destroying the symmetry of the radi-
ation pattern of CRAs, elements on the same ring are equally
distributed; that is to say, the spacing of two adjacent ele-
ments on the same ring is the same.

For CRAs, the optimization goal can be expressed as

f(R,D) � max
u,v∈sidelobe

AF(u, v)

AFmax




, (2)

where AFmax represents the peak level of the main lobe and
AF(u, v) is the array factor when (u, v) falls into sidelobe.

φmn
rm

x y

z

Figure 1: Geometry of CRA, where rm is the radius of them-th ring
and φmn is the azimuth angle of the n-th element on the m-th ring.
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R � [r1, r2, . . . , rM], and D � [d1, d2, . . . , dM]. dm(m �

1, 2, . . . , M) denotes the distance along circular arc between
two adjacent elements. For simplifying calculation, dm can
represent straight-line distance between two elements ap-
proximately.,erefore, the optimizationmodel of CRAs can
be expressed as

min f(R,D) 

s.t. r0 � 0, rM � L

r1 ≥dc, ri − rj ≥ dc, 1≤ j< i≤M

dm ≥ dc, m � 1, 2, . . . , M

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

, (3)

where dc is the minimum ring spacing and the minimum
elements spacing, which is often set as 0.5λ.

In order to satisfy the constraint of the minimum ring
spacing, we reduce the radii search scope from [0, L] to
[0, SP], SP � L − M × dc. Generate M − 1 random numbers
from [0, SP], sort them from smallest to largest as
X � [x1, x2, . . . , xM− 1], and then optimize X using our
proposed method.,e radius of the ring can be calculated by
the following formula:

R �

r1

r2

⋮

rM− 1

rM

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

dc

2dc

⋮

(M − 1)dc

L

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

x1

x2

⋮

xM− 1

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4)

Ring spacing between r1 and r0 is

Δr1 � r1 − 0 � dc + x1. (5)

Ring spacing between ri and ri− 1(1< i<M) is

Δri � ri − ri− 1

� idc + xi − (i − 1)dc + xi− 1 

� dc + xi − xi− 1( .

(6)

Ring spacing between rM and rM− 1 is

ΔrM � rM − rM− 1

� L − (M − 1)dc + xM− 1 

� dc + L − Mdc(  − xM− 1

� dc + SP − xM− 1.

(7)

xi(1≤ i≤M) are all generated from [0, SP], and xi ≥xi− 1;
therefore, dc + x1 in (5), dc + (xi − xi− 1) in (6), and dc +

SP − xM− 1 in (7) are all bigger than or equal to dc, which can
make ring radii generated according to (4) satisfy the
minimum spacing constraint.

3. Fitness-Associated Differential
Evolution Algorithm

3.1. Crossover Probability Associated with Fitness. Crossover
probability is an important parameter in the DE algorithm.
,e larger the crossover probability is, the more information
the new individual will inherit from the mutant individual,
which is beneficial to global exploration. ,e smaller the
crossover probability is, the less information the new in-
dividual will inherit from the mutant individual and the
more the information from parents, which is beneficial to
local search. In the traditional DE algorithm, crossover
probability remains unchanged in the whole evolution
process and cannot be adjusted according to evolution
process, doing harm to the population diversity and con-
vergence speed. On the one hand, if crossover probability is
still big when individuals in the population are pretty dis-
persed, the convergence speed will be slowed down. On the
other hand, if crossover probability is still small when the
distribution of individuals is relatively concentrated, the
population diversity will be reduced, and the algorithm is
likely to fail to get global optimum. In order to solve this
problem, fitness-associated differential evolution (FITDE) is
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Figure 2: Uniform CRA. (a) Geometry of the CRA, of which ring spacing is 0.6λ and elements spacing is 0.5λ. (b) Radiation pattern, which
has an excellent symmetrical feature.
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proposed, which adjusts crossover probability according to
the change of population fitness in the process of evolution.

Definition 1. Let NP denote population size, fi denote the
fitness of i-th individual, and favg denote average fitness of
the current population. ,en the fitness variance of pop-
ulation can be defined as

s �
1
NP



NP

i�1

fi − favg

max fi − favg



 





2

, (8)

where max |fi − favg|  is the added scaling factor on the
basis of mathematical definition of variance, which can
guarantee s to fall into the range [0, 1].

s reflects the aggregation degree of individuals in the
population. ,e larger s is, the more dispersed the indi-
viduals are, and the population is in the stage of random
search. On the contrary, the smaller s is, the more con-
centrated the individuals are, and the population is in the
stage of local search stage. ,erefore, for crossover proba-
bility associated with population fitness, when s is small,
crossover probability should be defined as a large value to
break up the individual clustering phenomenon and enrich
the diversity of the population, and when s is large, crossover
probability should be defined as a small value to speed up the
convergence.

Definition 2. According to the above analysis, there ought to
be a negative correlation between crossover probability and
population fitness variance. ,ereby, we construct three
changing strategies for crossover probability, which are
marked as CR1, CR2, and CR3. Figure 3 depicts the changing
curves of crossover probability along with population fitness
variance:

CR1 � CRmin − CRmax(  · s
2

+ CRmax(a),

CR2 � CRmin − CRmax(  · s + CRmax(b),

CR3 � CRmax − CRmin(  · (s − 1)
2

+ CRmin(c).

(9)

3.2. Flow of FITDE

Step 1. Initialize parameters and generate initial population.
Set values for population size NP, dimension D, scaling

factor F, maximum iterations G, minimum crossover
probability CRmin, maximum crossover probability CRmax,
and search scope [l0, u0]. Generate NP individuals within
search scope randomly and calculate the population fitness.

Step 2. Determine crossover probability.
Calculate fitness variance and crossover probability

according to (8) and (9).

Step 3. Do mutation, crossover, and selection operations
according to the following (10), (11), and (12), respectively:

xm � x
t
r1

+ F × x
t
r2

− x
t
r3

 , (10)

xnew,j �
xmj, randj ≤CR,

xij, randj >CR,
 (11)

x
t+1
i �

xnew, f xnew( ≤f xt
i( ,

xt
i , f xnew( >f xt

i( ,
 (12)

where r1, r2, and r3 are different individuals generated
randomly from the population. xm is on behalf of mutant
individual. xnew represents the individual after crossover
operation. xt+1

i stands for the individual passed on to the
next generation after differential evolution.

Step 4. End the algorithm if the terminal condition is sat-
isfied. Otherwise, let t � t + 1 and skip to Step 2.

Pseudocode of FITDE is summarized in Algorithm 1,
and the flowchart of FITDE is presented in Figure 4.

Compared with traditional DE algorithm, although
FITDE adds two calculation steps, namely, the calculation of
fitness variance and the calculation of crossover probability,
they are not so sophisticated and will not add much cal-
culation burden to the method. Moreover, FITDE can make
full use of the information in the evolutionary process, that
is, the fitness value, to adjust the evolutionary process dy-
namically, which can improve the information utilization
rate and algorithm efficiency, and reduce the redundancy
and waste.

3.3. Benchmark Functions Test. We excerpt 10 benchmark
functions from [35] to test the performance of FITDE. ,ey
are listed in Table 1. ,e parameters in the test are set as
shown in Table 2.

1

CRmax

CRmin

CR

0
0 0.5 1

S

CR1
CR2
CR3

Figure 3: Changing curves of crossover probability. CR1 is the part
of a convex quadratic curve, CR2 is the part of a linear curve, and
CR3 is the part of a concave quadratic curve.
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To test the performance of FITDE under different di-
mensions, we conduct two groups of experiments with D �

50 and D � 100. Four methods, DE, CR1-DE, CR2-DE, and
CR3-DE all run 50 times independently. To demonstrate the
performance of FITDE, we compare FITDE with DELF,
PSO, IWO, HS, and CS. For the sake of the comparison, the
following three criteria are adopted: (1) mean error, where
the error is defined as the difference between the result of an
independent run and the global optimum which has been
known accurately; (2) standard deviation of error; and (3)
percentage of successful runs (PSR), where the reference
value is set as 10− 12. One run is regarded as a successful one if
its result is better than or equal to 10− 12. Test results are
summarized in Table 3, where the best outcomes are marked
in bold font.

We introduce state variables 0 and 1 to mark the test
results and take the mean error of DE as the comparison
benchmark. If the mean error of a method is better than or
equal to that of DE, the state of this method is denoted as 1;
otherwise, it is 0. States of CR1-DE, CR2-DE, and CR3-DE
are shown in Table 4. At the same time, we also compare
different changing strategies of crossover probability in
Table 4 and mark the best one of three strategies CR1-DE,
CR2-DE, and CR3-DE that has better results with “∗.” If
there is no mark, it indicates that there is no difference
among the three methods in terms of the mean error value.

As can be seen from Table 3, among DE, CR1-DE, CR2-
DE, and CR3-DE, when D� 50, CR1-DE, where crossover
probability changes according to (9(a)), has 9 better opti-
mization results than DE for all functions other than f4. CR2-
DE has 6 better results than DE, and CR3-DE has 7 better
results than DE. In addition, for f1, f2, f6, f9, and f10, when the
reference value is set as 10− 12, PSR of four methods are all
100%, while for other functions, PSR are all 0, meaning that
the optimization results of four methods are all worse than
10− 12. When D� 100, CR1-DE, CR2-DE, and CR3-DE have
7, 8, and 8 better results than DE, respectively. In terms of

PSR, due to the increase of dimension, four methods’ PSR
for f2 and f9 decrease to various degrees, although PSR for f1,
f6, and f10 are still 100%. Optimization results of DE and
CR3-DE for f2 and f9 are all worse than 10− 12. However,
CR1-DE and CR2-DE can still achieve 100% under the given
reference value for f2. For f9, PSR of CR1-DE and CR2-DE
decrease to 88% and 96%, respectively.

When compared with other optimization algorithms,
including DELF, PSO, IWO, HS, and CS, FITDE (CR1-DE,
CR2-DE, and CR3-DE) also demonstrates its good perfor-
mance. In terms of mean error, when D� 50, FITDE has 9
better results than reference algorithms, with only the result
of f4 worse than reference algorithms. ,e best result of f4 is
obtained using DELF. When D� 100, FITDE has 7 better
results than reference algorithms except for f3, f4, and f9, and
the best results of these three functions are acquired using
IWO, CS, and DELF, respectively.

As can be seen from Table 4, for three different crossover
probability strategies, when D� 50, the optimization results
of CR1-DE for f1, f2, f3, f7, and f8 are superior to those of CR2-
DE and CR3-DE. When D� 100, the optimization results of
CR1-DE for f1, f2, f3, f6, f7, and f8 are superior to those of CR2-
DE and CR3-DE. ,at is to say, the overall performance of
CR1-DE is better than those of CR2-DE and CR3-DE.,is is
because, in the early stage of evolution, population fitness
variance is large, and the crossover probability calculated
according to crossover probability changing strategies is
relatively small. However, scattered state of individuals in
the early stage of evolution is a normal random search
phenomenon, and large fitness variance should be allowed in
this stage. At the initial stage, the crossover probability
calculated by CR1 is larger than that calculated by CR2 and
CR3, which can ensure the normal random search of the
population. If crossover probability is set according to CR2
and CR3, it may make the population stagnated at the initial
stage of evolution and unable to carry out the subsequent
search process. In the later stage of evolution, the larger

Initialize a population of NP individuals xi, i � 1, 2, . . . ,NP
for all xi do
Calculate fitness f(xi)

end for
while t≤G do
Determine CR according to population fitness variance
Generate mutant individual xm

for each component j (j � 1, 2, . . . , D) of xi and xm do
if rand<CR

xnew,j � xmj

else
xnew,j � xij

end if
end for
if f(xnew)<f(xi) then
Replace xi by xnew; replace f(xi) by f(xnew)

end if
end while

ALGORITHM 1: Pseudocode of FITDE.
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Generate new individuals
according to (10) and (11)

t = t + 1

Termination
reached?

Stop

Start

Yes

Yes

No

No

Initialize

Generate CR according to
(8) and (9)

f i
t+1 < f t

i

xi
t+1 = xnew xi

t+1 = xt
i

Figure 4: Flowchart of FITDE.

Table 1: Ten benchmark functions.

Function Range of x Min
f1 

n
i�1x

2
i [− 100, 100] 0

f2 
n
i�1|x

2
i | + 

n
i�1xi [− 10, 10] 0

f3 
n
i�1(

i
j�1xj)2 [− 100, 100] 0

f4 max |xi|  [− 100, 100] 0

f5 
D− 1
i�1 [100(xi+1 − x2

1)
2 + (xi − 1)2] [− 30, 30] 0

f6 
D
i�1(|xi + 0.5|)2 [− 100, 100] 0

f7 
D
i�1ix

4
i + random[0, 1) [− 1.28, 1.28] 0

f8 
D
i�1[x2

i − 10 cos(2πxi) + 10] [− 5.12, 5.12] 0

f9 − 20e
− 0.2

�������
1/D

D

i�1x2
i



− e1/D
D

i�1cos(2πxi) + 20 + e [− 32, 32] 0

f10 1/100
D
i�1x

2
i − 

D
i�1cos(xi/

�
i

√
) + 1 [− 600, 600] 0
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Table 3: Test results for ten benchmark functions at D� 50 and D� 100.

D� 50 D� 100
Mean SD PSR (%) Mean SD PSR (%)

f1

DE 3.52×10− 64 6.76×10− 128 100 2.00×10− 14 5.29×10− 29 100
CR1-DE 5.63 × 10−76 1.46 × 10−150 100 1.16 × 10−40 2.09 × 10−80 100
CR2-DE 1.04×10− 56 2.74×10− 112 100 7.59×10− 26 4.05×10− 51 100
CR3-DE 2.79×10− 50 6.18×10− 100 100 1.68×10− 16 1.67×10− 32 100
DELF 4.90×10− 44 1.05×10− 87 100 8.90×10− 21 1.97×10− 41 100
PSO 6.72×10− 58 6.49×10− 96 100 3.03×10− 27 8.16×10− 52 100
IWO 2.20×10− 54 3.92×10− 90 100 1.07×10− 32 5.50×10− 45 100
HS 3.71× 10− 67 6.09×10− 102 100 6.23×10− 30 3.61× 10− 36 100
CS 2.05×10− 62 2.46×10− 118 100 1.36×10− 23 9.82×10− 34 100

f2

DE 4.60×10− 37 6.36×10− 74 100 8.42×10− 09 2.00×10− 18 0
CR1-DE 5.49 × 10−38 5.17 × 10−75 100 3.80 × 10−21 1.98 × 10−41 100
CR2-DE 3.38×10− 29 1.39×10− 57 100 1.73×10− 13 1.73×10− 26 100
CR3-DE 1.36×10− 26 1.74×10− 52 100 4.38×10− 09 3.73×10− 18 0
DELF 3.00×10− 24 1.24×10− 48 100 7.09×10− 11 2.68×10− 22 0
PSO 6.47×10− 20 2.56×10− 51 100 3.06×10− 13 8.57×10− 26 100
IWO 5.03×10− 31 6.61× 10− 62 100 8.42×10− 14 1.38×10− 30 100
HS 1.83×10− 32 5.77×10− 61 100 2.44×10− 15 3.65×10− 12 92
CS 2.41× 10− 37 4.01× 10− 53 100 3.74×10− 12 1.90×10− 08 83

f3

DE 7.46×10+04 4.06×10+07 0 3.40×10+05 5.80×10+08 0
CR1-DE 1.21 × 10−02 1.37×10− 04 0 1.16×10+04 1.78×10+07 0
CR2-DE 3.37×10+03 2.53×10+06 0 2.22×10+05 9.18×10+08 0
CR3-DE 4.36×10+04 7.83×10+07 0 3.00×10+05 6.54×10+08 0
DELF 2.66×10+01 3.31× 10+01 0 1.60×10+02 8.12×10+02 0
PSO 1.02×10+04 4.38×10+07 0 4.55×10+04 2.68×10+08 0
IWO 1.56×10− 02 5.59 × 10−08 0 3.24 × 10+00 1.01 × 10+00 0
HS 2.02×10+04 1.90×10+07 0 2.45×10+05 5.61× 10+08 0
CS 2.27×10− 02 5.22×10− 04 0 5.72×10+01 9.53×10+01 0

f4

DE 7.14×10− 03 3.70×10− 06 0 8.65×10+01 2.16×10+01 0
CR1-DE 7.65×10+00 1.64×10+01 0 9.32×10+01 1.09×10+02 0
CR2-DE 9.68×10− 01 2.23×10+00 0 9.21× 10+01 1.71× 10+02 0
CR3-DE 1.75×10− 03 7.96×10− 05 0 9.09×10+01 2.45×10+02 0
DELF 6.34 × 10−05 1.95 × 10−10 0 1.38×10− 01 4.50×10− 03 0
PSO 1.12×10+01 3.94×10+00 0 1.56×10+01 4.59×10+00 0
IWO 5.30×10− 03 1.38×10− 07 0 1.22×10− 01 1.28×10− 01 0
HS 9.19×10+00 4.99×10− 01 0 4.19×10+01 7.51× 10− 01 0
CS 1.64×10− 01 5.71× 10− 04 0 1.67 × 10+00 5.24 × 10−02 0

f5

DE 2.09×10+01 5.66×10− 01 0 8.94×10+01 1.27 × 10−01 0
CR1-DE 1.59×10− 01 6.23×10− 01 0 1.01× 10+02 1.25×10+03 0
CR2-DE 8.34 × 10−04 1.13 × 10−06 0 7.86 × 10+01 2.13×10+02 0
CR3-DE 1.05×10+00 3.33×10− 01 0 8.31× 10+01 8.24×10+01 0
DELF 3.43×10+01 2.07×10+00 0 8.79×10+01 3.16×10− 01 0
PSO 2.93×10+01 3.36×10+01 0 2.17×10+05 1.74×10+10 0
IWO 5.93×10+01 2.93×10+03 0 1.32×10+02 7.34×10+03 0
HS 1.36×10+03 1.56×10+05 0 3.77×10+06 2.67×10+11 0
CS 4.71× 10+01 1.45×10+00 0 2.13×10+02 5.33×10+02 0

Table 2: Parameters in the test.

CR NP D G F
FITDE [0.2, 0.9] 100 50/100 10000 0.5DE 0.5
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crossover probability calculated by CR1, rather than small
values calculated by CR2 and CR3, can increase diversity of
the population and obtain better search results.

Besides the consideration of getting better results for
modified crossover probability in FITDE, it should also be
able to speed up the convergence speed. To give an intuitive
presentation, we drew convergence curves of ten benchmark
functions and made comparisons of DE and three strategies
in terms of convergence speed. Figures 5 and 6 are the
convergence curves when D� 50 and D� 100, respectively.

As can be seen from Figure 5, for f4, the result of CR1-DE
is worse than the other three methods, but the convergence
speed of CR1-DE is faster; for f8, within the range of the
given iterations, none of the four methods can get a satis-
fying result, but the result of CR1-DE is still better than the
other three methods. Except f4 and f8, for the other eight
functions, the convergence speed of CR1-DE is the fastest
among the four methods. As can be seen from Figure 6, for
f3, f4, and f8, within the range of the given iterations, none of
the four methods can get a pleasurable result. Except those

Table 3: Continued.

D� 50 D� 100
Mean SD PSR (%) Mean SD PSR (%)

f6

DE 0 0 100 1.99×10− 14 6.35×10− 29 100
CR1-DE 0 0 100 4.73 × 10−32 1.84 × 10−63 100
CR2-DE 0 0 100 1.07×10− 25 1.62×10− 50 100
CR3-DE 0 0 100 2.19×10− 16 3.94×10− 32 100
DELF 0 0 100 8.56×10− 21 1.27×10− 41 100
PSO 0 0 100 3.10×10− 17 9.39×10− 35 100
IWO 0 0 100 1.09×10− 20 4.10×10− 25 100
HS 0 0 100 6.14×10− 24 2.85×10− 27 100
CS 0 0 100 1.48×10− 21 1.37×10− 22 100

f7

DE 8.03×10− 03 1.16×10− 06 0 7.22×10− 02 5.75×10− 05 0
CR1-DE 3.42 × 10−03 7.39 × 10−07 0 1.65 × 10−02 1.77×10− 05 0
CR2-DE 5.53×10− 03 1.55×10− 06 0 1.71× 10− 02 1.26×10− 05 0
CR3-DE 7.85×10− 03 2.84×10− 06 0 3.58×10− 02 4.64×10− 05 0
DELF 7.01× 10− 03 2.14×10− 06 0 1.89×10− 02 1.06 × 10−05 0
PSO 2.06×10− 01 2.79×10− 02 0 1.23×10− 01 3.95×10− 01 0
IWO 5.11× 10− 03 2.50×10− 06 0 2.20×10− 02 2.27×10− 05 0
HS 6.99×10− 02 1.81× 10− 04 0 5.20×10+00 4.85×10− 01 0
CS 1.10×10− 02 9.37×10− 06 0 8.05×10− 02 4.31× 10− 04 0

f8

DE 2.40×10+02 1.24×10+02 0 7.66×10+02 4.52×10+02 0
CR1-DE 8.57 × 10+01 2.38×10+03 0 2.54 × 10+02 3.08×10+04 0
CR2-DE 2.56×10+02 1.05×10+03 0 7.17×10+02 2.07×10+03 0
CR3-DE 2.99×10+02 3.33×10+02 0 7.96×10+02 8.25×10+02 0
DELF 2.65×10+02 1.51× 10+01 0 1.43×10+03 1.30×10+02 0
PSO 1.68×10+02 9.18×10− 02 0 4.99×10+02 2.31× 10+03 0
IWO 3.55×10+02 1.46×10+03 0 7.52×10+02 3.83×10+03 0
HS 5.72×10+02 1.60 × 10+00 0 1.13×10+03 5.46 × 10+01 0
CS 2.14×10+02 4.05×10+02 0 6.22×10+02 1.13×10+03 0

f9

DE 7.99×10− 15 0 100 2.81× 10− 08 1.49×10− 17 0
CR1-DE 7.57×10− 15 1.36×10− 30 100 2.36×10+00 4.18×10+01 88
CR2-DE 7.43 × 10−15 1.73×10− 30 100 7.98×10− 01 1.56×10+01 96
CR3-DE 7.78×10− 15 7.26 × 10−31 100 5.28×10− 10 5.31× 10− 20 0
DELF 7.64×10− 15 1.16×10− 30 100 2.20 × 10−11 3.32 × 10−23 0
PSO 7.82×10− 15 1.85×10− 30 100 9.24×10+00 9.53×10− 01 83
IWO 1.79×10− 14 2.09×10− 25 100 1.93×10− 01 2.34×10− 02 0
HS 2.11× 10− 14 5.54×10− 30 100 9.35×10+00 8.35×10− 02 0
CS 2.37×10− 14 9.89×10− 25 100 4.37×10− 01 6.17×10− 03 0

f10

DE 0 0 100 1.12×10− 14 1.26×10− 29 100
CR1-DE 0 0 100 1.15×10− 16 4.83×10− 34 100
CR2-DE 0 0 100 1.11 × 10−16 0 100
CR3-DE 0 0 100 1.67×10− 16 3.14×10− 33 100
DELF 0 0 100 1.12×10− 16 0 100
PSO 0 0 100 2.55×10− 16 5.54×10− 33 100
IWO 0 0 100 2.88×10− 13 1.90×10− 34 100
HS 0 0 100 5.43×10− 15 1.87×10− 28 100
CS 0 0 100 5.32×10− 13 1.37×10− 16 100
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Table 4: States of three changing strategies according to their testing performances.

Method
D� 50 D� 100

f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f1 f2 f3 f4 f5 f6 f7 f8 f9 f10
CR1-DE 1∗ 1∗ 1∗ 0 1 1 1∗ 1∗ 1 1 1∗ 1∗ 1∗ 0 0 1∗ 1∗ 1∗ 0 1
CR2-DE 0 0 1 0 1∗ 1 1 0 1∗ 1 1 1 1 0 1∗ 1 1 1 0 1∗
CR3-DE 0 0 1 1∗ 1 1 1 0 1 1 1 1 1 0∗ 1 1 1 0 1∗ 1
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Figure 5: Continued.
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Figure 5: Convergence curves of f1–f10 when D� 50 (if there are two figures in one subgraph, the smaller one represents partial enlarged
drawing of the bigger one for clear presentation). (a) f1, (b) f2, (c) f3, (d) f4, (e) f5, (f ) f6, (g) f7, (h) f8, (i) f9, and (j) f10.

10 International Journal of Antennas and Propagation



0 2000 4000 6000 8000 10000
Iterations

DE
CR1-DE

CR2-DE
CR3-DE

×105

0

0.5

1

1.5

2

2.5

3
Fu

nc
tio

n 
va

lu
e

×104

20001000 1500500
Iterations

0

1

2

3

4

5

6

Fu
nc

tio
n 

va
lu

e

(a)

DE
CR1-DE

CR2-DE
CR3-DE

×1046

0

0.5

1

1.5

2

Fu
nc

tio
n 

va
lu

e

2000 4000 6000 8000 100000
Iterations

(b)

DE
CR1-DE

CR2-DE
CR3-DE

×105

0

2

4

6

8

10

12

Fu
nc

tio
n 

va
lu

e

2000 4000 6000 8000 100000
Iterations

(c)

DE
CR1-DE

CR2-DE
CR3-DE

0

20

40

60

80

100
Fu

nc
tio

n 
va

lu
e

2000 4000 6000 8000 100000
Iterations

(d)

DE
CR1-DE

CR2-DE
CR3-DE

×108

0

2

4

6

8

10

12

14

Fu
nc

tio
n 

va
lu

e

2000 4000 6000 8000 100000
Iterations

×108

0

0.5

1

1.5

2

Fu
nc

tio
n 

va
lu

e

800 1800400 1000 1200 1400200 600 1600

Iterations

(e)

DE
CR1-DE

CR2-DE
CR3-DE

×105

0

0.5

1

1.5

2

2.5

3

Fu
nc

tio
n 

va
lu

e

2000 4000 6000 8000 100000
Iterations

×104

0

1

2

3

4

5

6

Fu
nc

tio
n 

va
lu

e

1500 20001000500
Iterations

(f )

Figure 6: Continued.
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three functions, for the other seven functions, the conver-
gence speed of CR1-DE is the fastest among the four
methods, and DE has the slowest convergence speed.

,e analyses of the above test data and results dem-
onstrate that FITDE can improve the performance of the
traditional DE algorithm, not only in optimization results
but also in convergence speed. In addition, the conclusion
that the first changing strategy of crossover probability is
better than the other two changing strategies can also be
drawn.

4. Synthesis of Sparse Concentric Ring Arrays

In this section, we optimize three different kinds of sparse
concentric arrays and compare simulation results with HGA

in [1], DRGA in [11], and MGA in [12]. Example 1 only
optimizes ring spacing, Example 2 only optimizes elements
spacing on each ring, and Example 3 optimizes ring spacing
and elements spacing at the same time. Reference [1] has these
three examples, [11] deals with a sparse CRAwith 9 rings, and
[12] does not make individual optimizations of ring spacing
or elements spacing, so we compare FITDE with HGA in
Example 1, with HGA and DRGA in Example 2, and with
HGA and MGA in Example 3.

Parameters in examples are set as follows: population
size NP � 50, iteration number G � 200, scaling factor
F � 0.5, CRmin � 0.3, and CRmax � 0.95. Each example runs
50 times independently. All simulations are conducted using
MATLAB R2018b on a computer with CPU of 4.0GHz and
RAM of 8.0GB.
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Figure 6: Convergence curves of f1–f10 when D� 100 (if there are two figures in one subgraph, the smaller one represents partial enlarged
drawing of the bigger one for clear presentation). (a) f1, (b) f2, (c) f3, (d) f4, (e) f5, (f ) f6, (g) f7, (h) f8, (i) f9, and (j) f10.
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Example 1. In this example, we deal with a CRA with L �

4.98λ andM � 6, and only the ring spacing is regarded as the
optimization variable. ,e elements spacing on each ring is
the minimum spacing dc � 0.5λ, and elements are equally
distributed on the ring. ,erefore, when the radius of each
ring is determined, the number of elements on the ring Nm is
also determined:

Nm �
2πrm

dc

 , (13)

where [· is the maximum integer not greater than ·.
Results of 50 independent runs are shown in Figure 7(a).

,e best PSLL is − 23.17 dB, which is 0.23 dB lower than

HGA best PSLL. ,e average PSLL of 50 runs is − 22.76 dB,
and the variance is 0.095. ,e corresponding best ring radii,
the number of elements on each ring, and the comparison
with HGA method are concluded in Table 5. Radiation
pattern, sectional pattern, and distribution of elements are
displayed in Figures 7(b)–7(d).

Example 2. We consider a CRA with L � 4.5λ and M � 9 in
this example and optimize only the elements spacing. ,e
spacing between two adjacent rings is dc � 0.5λ. Elements
spacing on each ring is restricted to [0.5λ, λ]. ,e lower limit
0.5λ is to satisfy the constraint condition of the minimum
elements spacing, and the upper limit λ is to avoid the
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Figure 7: Result of Example 1. (a) PSLL of 50 independent runs.,e best PSLL is − 23.17 dB, the average PSLL is − 22.76 dB, and the variance
is 0.095. (b) is the best radiation pattern of all planes, characteristic of excellent symmetry. (c) is the sectional pattern of one single plane. (d)
is the optimal distribution of elements.

Table 5: Results of Example 1

L(λ) Method PSLL (dB) Ne Ring 1 2 3 4 5 6

4.98
FITDE − 23.17 205 rm(λ) 1.03 1.60 2.15 2.91 3.70 4.98

Nm 13 20 27 36 46 62

HGA − 22.94 201 rm(λ) 1.00 1.59 2.14 2.88 3.66 4.98
Nm 12 19 26 36 45 62
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occurrence of the gating lobe due to excessive spacing be-
tween elements.

Figure 8(a) exhibits the results of 50 independent runs.
,e best PSLL is − 25.87 dB, which is 0.29 dB lower than
HGA best PSLL and 2.13 dB lower than DRGA best PSLL.
Apart from better PSLL, the sparse CRA optimized by
FITDE in this example saves one and three elements, re-
spectively, compared with HGA and DRGA. ,e average
PSLL of 50 runs is − 25.73 dB, and the variance is 0.014.
Table 6 gives the corresponding best elements spacing on
each ring, the number of elements on each ring and the
comparisons with HGA and DRGA. Figures 8(b)–8(d) plot
the radiation pattern, sectional pattern, and distribution of
elements.

Example 3. A CRA characterized by L � 4.7λ and M � 6 is
involved in Example 3, and the ring spacing and the ele-
ments spacing are both considered as optimization variables.
Figure 9(a) is the curve of PSLL of 50 independent runs. ,e
best PSLL is − 28.58 dB, which is 0.76 dB lower than HGA
best PSLL, and 0.25 dB lower than MGA best PSLL. Besides
lower PSLL, the elements number of the sparse CRA op-
timized by FITDE in this example is one less than that of
HGA and MGA. ,e average PSLL of 50 runs is − 28.17 dB,
and the variance is 0.084.

Among the 50 independent runs, the radius of each ring
corresponding to the optimal result, the number of elements
on each ring, and the comparisons with HGA and MGA are
listed in Table 7.
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Figure 8: Result of Example 2. (a) PSLL of 50 independent runs in Example 2. ,e best PSLL is − 25.87 dB, the average PSLL is − 25.73 dB,
and the variance is 0.014. (b) is the best radiation pattern of all planes, characteristic of excellent symmetry. (c) is the sectional pattern of one
single plane. (d) is the optimal distribution of elements.

Table 6: Results of Example 2.

L(λ) Method PSLL (dB) Ne
rm(λ)

0.5 1 1.5 2 2.5 3 3.5 4 4.5

4.5
FITDE − 25.87 182 6 12 18 25 20 20 23 27 30
HGA − 25.58 183 6 12 18 25 17 23 22 27 32
DRGA − 23.74 185 6 12 18 25 19 22 26 26 30
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,e best radiation pattern, sectional pattern, and dis-
tribution of elements are portrayed in Figure 9(b)–9(d).

From the above results, FITDE can get lower PSLL.
However, the advantages of FITDE consist not only in re-
ducing PSLL but also in reducing the complexity of the op-
timization method and saving running time. In fact, crossover
and mutation operations in reference algorithms became
complex after modification, which led to low calculation ef-
ficiency and long running time, while for FITDE, the algo-
rithm structure is simple with high calculation efficiency and
short running time. ,erefore, we also make the comparison

of running time between FITDE and reference algorithms, as
is concluded in Table 8. As can be seen from the table, the
running time advantage of FITDE is quite prominent.
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Figure 9: Result of Example 3. (a) PSLL of 50 independent runs in Example 3.,e best PSLL is − 28.58 dB, the average PSLL is − 28.17 dB, and
the variance is 0.084. (b) is the best radiation pattern of all planes, characteristic of excellent symmetry. (c) is the sectional pattern of one
single plane. (d) is the optimal distribution of elements.

Table 7: Results of Example 3.

L(λ) Method PSLL (dB) Ne Ring 1 2 3 4 5 6

4.7

FITDE − 28.58 141 rm(λ) 0.75 1.35 2.13 2.93 3.78 4.70
Nm 9 17 26 28 27 33

HGA − 27.82 142 rm(λ) 0.76 1.36 2.09 2.99 3.78 4.70
Nm 9 17 25 31 26 33

MGA − 28.33 142 rm(λ) 0.74 1.32 2.10 2.93 3.79 4.70
Nm 9 16 26 30 27 33

Table 8: Comparisons of running time (h: hour; min: minute).

Example 1 2 3
FITDE 51min 52min 43min
HGA 3h 7min 2 h 29min 57min
DRGA — 3h 30min —
MGA — — 70min
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5. Conclusions

Aiming at solving the problem that crossover probability is
unchanged in traditional DE algorithm, we propose fitness-
associated DE (FITDE) algorithm and introduce population
fitness variance to the DE algorithm, which can adjust
crossover probability dynamically. ,ree crossover proba-
bility changing strategies are constructed and tested by
benchmark functions. Test results manifest that FITDE can
improve the performance of the traditional DE algorithm,
and the best one of the three crossover probability changing
strategies is determined. Sparse concentric ring arrays are
optimized using FITDE, and three groups of optimization
simulation examples show that FITDE can enrich the
population diversity, accelerate the convergence speed, and
reduce the peak sidelobe level of concentric ring array
effectively.
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