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Abstract. 
A new technique is proposed to process 2D apparent resistivity datasets, in order to obtain a fast and contrasted resistivity image, useful for a rapid data check in field or as a starting model to constrain the inversion procedure. In the past some modifications to the back-projection algorithm, as well as the use of filtering techniques for the sensitivity matrix were proposed. An implementation of this technique is proposed here, considering a two-step approach. Initially a damped least squares solution is obtained after a full matrix inversion of the linearized geoelectrical problem. Furthermore, on the basis of the results, a subsequent filtering algorithm is applied to the Jacobian matrix, aiming at reducing smoothness, and the linearized damped least square inversion is repeated to get the final result. This fast imaging technique aims at increasing the resistivity contrasts and practically, since it does not require a parameter set optimization, it can be used to easily obtain fast and preliminary results. The proposed technique is tested on synthetic data, the objective of which is to find the optimal parameter set. Finally, two field cases are discussed and the comparison between back-projection and inversion is shown.


1. Introduction
Besides the well-known inversion techniques there are other techniques that aim to obtain approximate representations of the subsoil in shorter times compared to those required by the “classical” iterative methods.
These methodologies give approximated images of the resistivity patterns in the subsoil, in which zones of high or low resistivity are approximately represented. However the resulting resistivity values are generally very different from the real ones and the resistivity gradient is generally much lower than the corresponding gradient obtained by the inverted models.
A probabilistic methodology, called probability tomography, was developed by Patella [1] for the SP method and then extended to resistivity measures [2], in which the interpretative model obtained is an image reconstruction of the most probable location of electrical charges induced by the primary source over buried resistivity discontinuities.
In previous papers [3–5] a filtered back-projection resistivity technique was described that was based on a convolution of the experimental data with a filter function calculated on the basis of the sensitivity factors of each voxel on the various resistivity data. The calculation of the influence factors in a discrete set of representative points (centers of the voxels, to be utilized for the back-projection) is based on the integral of the influence density function on the volume of each voxel [6].
2. The Back-Projection Resistivity Technique (BPRT)
The back-projection resistivity technique (BPRT) can be applied to a set of apparent resistivity measures to quickly obtain an approximate image of the resistivity distribution of the investigated volume. This technique is based on the consideration that a resistivity perturbation in a point element (voxel) of a bounded region produces a change in voltage—thus an apparent resistivity anomaly—at the surface of the region, according to a sensitivity coefficient. The value of the coefficient is dependent on the position of the voxel considered in respect of both the current and the voltage dipoles, in agreement with the sensitivity theorem of Geselowitz [7]. This consideration suggests that it is possible to correlate all the measured resistivity values, weighted by the appropriate sensitivity coefficients, to each voxel of the investigated volume [8] and to estimate the resistivity value of each cell of the model using a weighted summation of the apparent resistivity measurements. This method allows us to identify zones of “high” and “low” resistivity in the subsoil [9]. The main disadvantage of these techniques is that the resistivity values of the resulting image can greatly differ from the actual subsurface resistivities.
Barber et al. [10] developed a method of back-projection of measures along equipotential lines. This approximation simplifies the reconstruction process by assuming a linear relationship between electrical measurements and the resistivity distribution. This results in a fast single step image reconstruction algorithm. The image is formed by the back-projection of the boundary measurements normalized to the case of uniform resistivity. Barber and Brown [11] modified the reconstruction by normalizing both sides of the back-projection equation using a reference data set. The consequence of this strategy, however, is that the reconstruction produces differential images rather than static images and thus only the normalized change in conductivity can be determined.
Barber [12] derived a new formulation for the back-projection reconstruction algorithm, in which the measurement data are first transformed and then back-projected. The filtration stage of the “filtered back-projection” method is achieved by premultiplication of the data measured and is followed by the back-projection operation.
Kotre [13, 14] used a linearized sensitivity matrix to carry out a similar data normalization strategy. However, rather than normalizing this matrix with the uniform reference data set, Kotre [13] normalized each column of the matrix (corresponding to each individual cell) with the sum of the sensitivity coefficients for all apparent resistivity measures.
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The proportionality can then be defined by a sensitivity coefficient that correlates the 
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					By considering the resistivity anomaly in the single element in terms of logarithmic difference between the perturbed value of the element and the background resistivity, we establish that perturbation 
	
		
			

				𝑃
			

			

				𝑖
			

			
				(
				𝑥
				,
				𝑦
				,
				𝑧
				)
			

		
	
 can be expressed as
						
	
 		
 			
				(
				2
				)
			
 		
	

	
		
			

				𝑃
			

			

				𝑖
			

			
				
				𝜌
				(
				𝑥
				,
				𝑦
				,
				𝑧
				)
				=
				l
				n
			

			

				𝑏
			

			
				+
				𝜕
				𝜌
			

			

				𝑖
			

			
				
				
				𝜌
				(
				𝑥
				,
				𝑦
				,
				𝑧
				)
				−
				l
				n
			

			

				𝑏
			

			
				
				
				=
				l
				n
				1
				+
				𝜕
				𝜌
			

			

				𝑖
			

			
				(
				𝑥
				,
				𝑦
				,
				𝑧
				)
			

			
				
			
			

				𝜌
			

			

				𝑏
			

			
				
				≈
				𝜕
				𝜌
			

			

				𝑖
			

			
				(
				𝑥
				,
				𝑦
				,
				𝑧
				)
			

			
				
			
			

				𝜌
			

			

				𝑏
			

			

				,
			

		
	

					where 
	
		
			
				𝜕
				𝜌
			

			

				𝑖
			

			
				(
				𝑥
				,
				𝑦
				)
				≪
				𝜌
			

			

				𝑏
			

		
	
.
By taking the superposition principle into due consideration, the relative change in the apparent resistivity is given by the sum of the contributions of all the voxels [13, 15]:
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					The perturbation of the apparent resistivity in respect of a homogeneous body can then be expressed as
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					The BPRT is based on the estimation of the resistivity of each cell of the model by means of the approximate inversion of (5).
3. Procedure Proposed
The procedure proposed in this work consists of four steps:(1)evaluation of sensitivity matrix 
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 obtained by means of a correlation filter,(4)inversion of the filtered sensitivity matrix.
3.1. Evaluation of the Sensitivity Matrix
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							in which the term within the integral is the Frechet 3D derivative. The Frechet 3D derivative for a four-electrode array can be obtained by adding together the contribution of each potential electrode-current electrode pair.
Equation (7) has the same form as the equation found by Roy and Apparao [6] to calculate the potential difference created by a small volume element centered at 
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In this way 
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 only depends on the positions of the electrodes and on the discretization model.
Between the electrodes in near surface zones, the sensitivity function can be negative [18]. So when the size of the cell is smaller than one-half of the unit electrode spacing, the terms of 
	
		
			

				𝑆
			

		
	
 can oscillate between positive and negative factors with very large absolute values near the electrode. As a consequence, the BPRT becomes instable near the electrodes.
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							In this way the effects of the oscillation of the sensitivity function near the electrodes are strongly attenuated without there being a significant loss of resolution.
3.2. Inversion of the Sensitivity Matrix
Inversion of the sensitivity matrix 
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Figure 1: Back-projection obtained using transposed matrix 
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, simulating a 2D model with a resistive square body (1000 
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m) buried in a homogeneous medium (100 
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m).
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Figure 2 shows the results of the one-step damped least-square inversion of synthetic data calculated for a model having two square bodies with resistivity equal to 1000 
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(c)
Figure 2: Results of the one-step damped least-square inversion, obtained by using different damping factors 
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, on a 2D model with two equal square bodies (1000 
	
		
			

				Ω
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m) at different depths. (a) 
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 = 0.003, (b) 
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 = 0.03, and (c) 
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3.3. Recalculation of the Sensitivity Matrix Using a Correlation Filter (Gradient Enhancing)
The subsequent step of the imaging technique proposed is a recalculation of the sensitivity matrix 
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In order to correctly estimate a correlation value between data sets of different kinds, both sets of experimental data (apparent resistivities and first-step resistivities) are previously normalized using the following normalizing function:
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Figure 3 shows the pattern of the normalizing function 
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Figure 3: Pattern of the normalizing 
	
		
			
				𝑁
				(
				𝜌
			

			

				𝑒
			

			

				)
			

		
	
 function applied to a set of apparent resistivity values and to the corresponding set of first-step resistivity values.


The filtering function 
	
		
			
				Φ
				(
				𝜌
			

			

				𝑎
			

			
				,
				𝜌
				)
			

		
	
 is then defined as follows: 
								
	
 		
 			
				(
				1
				2
				)
			
 		
	

	
		
			
				Φ
				
				𝜌
			

			

				𝑎
			

			
				
				,
				𝜌
				=
				𝑒
			

			
				−
				𝜒
				(
				1
				/
				2
				)
				|
				𝑁
				(
				𝜌
				)
				−
				𝑁
				(
				𝜌
			

			

				𝑎
			

			
				)
				|
			

			

				,
			

		
	

							where 
	
		
			

				𝜒
			

		
	
 is a correction parameter that controls the grade of attenuation of terms 
	
		
			

				𝐵
			

			
				𝑖
				,
				𝑗
			

		
	
.
In this way 
	
		
			
				Φ
				(
				𝜌
			

			

				𝑎
			

			
				,
				𝜌
				)
			

		
	
 varies from 
	
		
			

				𝑒
			

			
				−
				𝜒
			

		
	
 (if the correlation between 
	
		
			

				𝜌
			

			

				𝑎
			

		
	
 and 
	
		
			

				𝜌
			

		
	
 is the lowest) to 1 (if the correlation is the highest).
Figure 4 shows the pattern of the filtering function for different values of parameter 
	
		
			

				𝜒
			

		
	
. The lower the correlation, the lower is the value of 
	
		
			
				Φ
				(
				𝜌
			

			

				𝑎
			

			
				,
				𝜌
				)
			

		
	
 (the attenuation being higher). Furthermore the higher the value of 
	
		
			

				𝜒
			

		
	
, the higher is the gradient of attenuation.


	
		
			
				
					
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
					
					
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
								
									
								
									
								
									
							
						
						
							
					
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
					
						
							
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
							
						
						
							
						
						
							
						
						
							
						
							
						
						
							
						
							
						
						
							
						
							
						
						
							
						
						
							
						
							
						
							
						
						
							
						
							
						
						
							
						
							
						
						
							
						
							
						
							
						
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
						
							
						
						
							
						
							
						
						
							
						
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
						
							
						
							
						
							
						
						
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
						
						
							
						
							
						
							
						
							
						
							
						
						
						
						
							
						
							
						
							
						
							
						
							
						
						
						
							
						
							
						
						
						
						
						
							
						
							
						
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
							
						
							
						
						
						
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
							
						
						
							
						
							
						
							
						
						
							
						
				