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A NONUNIFORM BOUND FOR THE APPROXIMATION
OF POISSON BINOMIAL BY POISSON DISTRIBUTION
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Itis well known that Poisson binomial distribution can be approximated by Poisson
distribution. In this paper, we give a nonuniform bound of this approximation by
using Stein-Chen method.
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1. Introduction and main result. Let X1, X>,..., X, be independent, possibly
not identically distributed, Bernoulli random variables with P(X; = 1) =1 —
P(X; =0) =p; and let S;, = X1 + X2 + - - - + X;;. The sum of this kind is often
called a Poisson binomial random variable. In the case where the “success”
probabilities are all identical, p; = p, S is the binomial random variable & (n, p).
Let A = Z’f:l pi and let ?, be the Poisson random variable with parameter A,
thatis, P(P) = w) = e *A®/w! for all nonnegative integers . It has long been
known that if p;’s are small, then the distribution of S, can be approximated
by a distribution of ?, (see, e.g., Chen [2]).

In this paper, we investigate the bound of this approximation. As an illus-
tration, we look at the case of p, = p» = - - - = p,, = p. There are at least three
known uniform bounds: Kennedy and Quine [6] showed that, for 0 < A <2 —+/2,

|[P(Sp<w)—P(Pr<w)| <2A[(1-p)" 1 —e 7], (1.1)
Barbour and Hall [1] showed that
|P(Sy < w)—P(P) < w)| <min(p,Ap), (1.2)
and Deheuvels and Pfeifer [5] proved that

|P(Sp < w)—P(P) < w)]|

- Ape_A{ (np)(aflb;(a—np) ~ (nv)(b’lb)'(b—nr)) } R (1.3)

with a = [np +1/2+ynp+1/4], b = [np +1/2 — ynp+1/4], and |R| <
(1/2)(2p)3%2/(1—-2p), for 0 < p < 1/2, and [x] is understood to be the inte-
ger part of x.
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For the general case, Le Cam [7] investigated and showed that

e A\w
w!

P(Sp=w) - ’slA—e’pr. (1.4)
i=1

It can be observed that the constant 16/A will be large when A is small. Stein
[10] used the method of Chen [3] to improve the bound and showed that

M=

[P(Sp<w)—P(Pr<w)| <(A1Al)> p? (1.5)

i=1

for w=0,1,2,...,nand A~' A1 =min(A~1,1). In case when A tends to 0, one
can see that (1.5) becomes

M=

|P(Sp < w)—P(Pr<w)| <> pi (1.6)

i=1

In this paper, we consider a nonuniform bound when A is small, that is,
Ae (0,1l and w € {1,2,...,n—1}. Note that, when w ¢ {1,2,...,n—1}, we can
compute the exact probabilities, that is,

P(Sn:0)=ﬂ(1—pi), P(Sn=n)=j[[lnj, 0

P(Sp=w)=0, w=n+1,n+2,....

In finding the uniform bound, there are several techniques which can be used;
for example,
(i) the operator method initiated in Le Cam [7],

(ii) the semigroup approach due to Deheuvels and Pfeifer [4],

(iii) the Chen-Stein technique, see Chen [3] and Stein [10],

(iv) direct computations as in Kennedy and Quine [6],

(v) the coupling method, see Serfling [8] and Stein [10].
In the present paper, our argument closely follows the Chen-Stein technique
in Chen [3] and Stein [10]. The following theorem is our main result.

THEOREM 1.1. LetA € (0,1] and wg € {1,2,...,n—1}. Then

M=

1 .
|P(Sp=wo) —P(Pr=wo)| <— > p2. (1.8)
Wo ;5

2. Proof of the main result. Stein [9] gave a new technique to find a bound
in the normal approximation to a distribution of a sum of dependent random
variables. His technique was free from Fourier methods and relied instead on
the elementary differential equation

S (w)—wf(w) =h(w)-N(h), (2.1)
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where h is a function that is used to test convergence and N(h) = E[h(Z)]
where Z is the standard normal. Chen [3] applied Stein’s ideas in the Poisson
setting. Corresponding to the differential equation in the normal case above,
one has an analogous difference equation

Af(w+1) —wf(w) =h(w)-Pr(h), (2.2)

where ®,(h) = E[h(%,)] and f and h are real-valued functions defined on
Z*u{0}. Let wg € {1,2,...,n—1} and define h,hy,: Z* U{0} — R by

1, if w = wy, 1, if w < woy,
h(w) = hey (W) = (2.3)
0, if w # wy, 0, if w > wy.

Then we see that the solution f of (2.2) can be expressed in the form

Mz\wo 0P\ (1 - he-1), if wo < w,
wo!
Jwo(w) = (ww D! AWO—wPy (R 1), if we=w >0, (2.4)
0!
0, if w =0,
AE[fwo (Sn+ 1)] _E[Snfwo (Sn)] = P(Sn = wO) —P(QP/\ = wO)- (2.5)

Let Sﬁf) =Sp—X; for i = 1,2,...,n. By using the facts that each X; takes on
values 0 and 1 and that X;’s are independent, we have

E[Snfuwo(Sn)]= > PiELf(S;” +1)]

M=

i=1

= AE[ fuwy (Sn+1)] Zpl [fuwo (S +1) = fuo (Sn+1)]
i=1

= AE[fwo (Sn+1)]+ i PiE{Xi[ fw, (S +1) = fuo (S +2)]}

i=1

= AE[fwo (Sn+1) ]+ i PPE[fuwo (S +1) = fuoo (S +2) ],

i=1

(2.6)

which implies, by (2.5), that

n

P(Sn = wo) =P (P = wg) = Z Elfuw, (S +2) = fu, (S +1)]. (2.7
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From (2.4), it follows that
S (0 +2) —fwo(w+ 1)
—Awo-w-= Zw [(w+D)Pr(he+1) AP (ho)], if w < wo -2,

= Awo-w-2 [(w+1)QP;\(1 Newi1) + A2, (ho)], if w=cwy—1,

A@o-- Zw [(W+DPr(1~hws+1) =APr(1-he)], if @ = wo.

(2.8)
CASE 1 (w=<wop—2). Since
w+1
(w0 +1)Pr(Mews1) —APA (R e Z —(w+1 k), (2.9)
we have
| Frog (0 +2) — fuog (w+1) | = A2 ©L *Auf)‘—k( +1-k)
wo 10 wol@H 1= wol [ &k
(w+1)! {e_;\wﬂ)\_k}
wo! o K (2.10)
- (wo—1)!
w()!
L
= o

where we have used the facts that A € (0,1] and 0 < w+1—-k < w +1 in the
first inequality and the conditions w < wo—2 and e~ X' (Ak/k!) < 1 in the
second inequality.

CASE 2 (w = wo—1). We have

2\_1 o Ak wo-1 2\k
| fuog (@ +2) =~ faog (@ + D) = = | woe™ 3 Sr+de™ ¥ oo
0

k=wo+1 k=0
A—l
= ——E[P)]
wWo
_ 1
_.CUO

(2.11)
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CASE 3 (w = wy). Since

1)\w+2 2/\w+3 37\“”4
w21 T w+an T wrant

WoA®0 (wo+1)A®worl B
wol(wo+1) -+ (w+2) (w0+1) (wo+2)-- (w+3)

< Aw—w0+2 |:

Aw—wo+2

_ S
T (wo+1)(wo+2) -+ (w+2) Komo k!

g)‘A‘U*‘UOJrZE[QPA]
<
(wo+1)(wo+2) -+ (w+2)

e)\)\w—w0+3

" (wo+ 1) (wo+2) - (w+2)"

(@ +1)Pr(1~heer) ~APr(1-ho) = —e* 3 S0 (k=(w+1)) <0,
k=w+2
(2.12)
we have
wo—-w-2 (L)' -A k
| oo (@ +2) = fup (0 +1) | = A Z Tk (k= (w+1))
(2.13)
Aw! 1
< < .
(w+2)! " (w+1)(w+2)
From Cases 1, 2, and 3, we conclude that
1
| froo (@0 +2) = fwoy(W+1) | < —. (2.14)
wo
By (2.7) and (2.14), we have
|P(Sp = wo) —P(Pr = wo)|
(2.15)

S(iplZ)EwaO(SY(li)-’_z) fcuo(Sm-l-l i
i=1 =

<1

~ woy
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