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Hematopoietic stem cell (HSC) has been discussed as a basis for gene-based therapy aiming to cure immune system infections,
such as HIV. This therapy protects target cells from infections or specifying technic and immune responses to face virus by using
genetically modified HSCs. A mathematical model approach could be used to predict the dynamics of HSC gene-based therapy
of viral infections. In this paper, we present a fractional mathematical model of HSC gene-based therapy with the fractional order
derivative 𝛼 ∈ (0, 1]. We determine the stability of fractional model equilibriums. Based on the model analysis, we obtained three
equilibriums, namely, free virus equilibrium (FVE) 𝐸0, CTL-Exhaustion Equilibrium (CEE) 𝐸1, and control immune equilibrium
(CIE)𝐸2. Besides, we obtained Basic ReproductionNumber𝑅0 that determines the existence and stability of the equilibriums.These
three equilibriums will be conditionally locally asymptotically stable.We also analyze the sensitivity of parameters to determine the
most influence parameter to the spread of therapy. Furthermore, we perform numerical simulations with variations of 𝛼 to illustrate
the dynamical HSC gene-based therapy to virus-system immune interactions. Based on the numerical simulations, we obtained
that HSC gene-based therapy can decrease the concentration of infected cells and increase the concentration of the immune cells.

1. Introduction
An immune system is body’s primary defense system that
has a function to fight against microbes. Humoral immunity
consists of innate immunity and adaptive immunity. The
main principle of innate immunity is an initial defense which
responds quickly against microbes. Meanwhile, adaptive
immunity would be activated when innate immunity failed
to eradicate microbes. Adaptive immunity consists of B
lymphocytes cells (B cells) and T lymphocytes cells (T cells).
T cells consist of CD4+ T cells and cytotoxic T lymphocytes
(CTL and CD8+ T cells). Adaptive immunity has some
capabilities such as specificity, diversity, and memory, so it
can eradicate microbes effectively [1].

Viruses are one of the microorganisms that infect the
immune system. A virus will be detected and then eradicated
by innate immunity. However, there are several viruses that
can escape from innate immunity and infect CD4+ T cells.
Infected CD4+ T cells will produce cytokines to stimulate
proliferation and differentiation of precursor CTL cells to
become effector CTL cells that would eradicate infected
CD4+ T cells [2].

Hematopoiesis is the process to derive blood cells that are
located in bone marrow. The first stage of hematopoietic is a
stem cell. Hematopoietic stem cells (HSCs) have an ability to
multipotency and self-renewing. While in embryonic phase,
HSCs that migrate to thymus would be differentiated to
mature T cells [1]. Gene-based therapy has been discussed to
cure immune impairing infections, such asHIV.The therapy’s
concept is specifying technic and immune responses to face
viruses by using genetically modified HSCs. In 2012, Kitchen
et al. performed an in vivo experiment withHSCs gene-based
therapy. Based on the experiment, engineered HSCs have the
ability to establish functional antivirus responses that sup-
pressed HIV replication. Hence, it will allow suppression of
infected CD4+ T cells and prevent suppression of uninfected
CD4+ T cells [3].

Korpusik [4] developed a mathematical model to study
the influence of a constant influx of CTLs on the dynamic
of the virus and immune system interactions, using a mod-
ification of the basic mathematical model of virus-induced
impairment of help [2]. In addition, Korpusik and Kolev
[5] developed a mathematical model to study the dynamical
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virus-immune system interactions after a single injection of
CD8+ T cells derived from HSCs.

Ordinary differential equation (ODE) system that con-
sists of first-order differential equations can be generalized
to fractional differential equation (FDE) system that consists
of fractional order differential equations 𝛼, with a fractional
order parameter 0 < 𝛼 ≤ 1 [6]. In most biological systems,
FDE are naturally connected to systems with memory [7].
In addition, memory effect has an important role in the
disease spread.The presence ofmemory effects on past events
will affect the disease spread in the future. The distance of
memory effect indicates the history of disease spread. Thus,
memory effects on the spread of an infectious disease can be
investigated using fractional derivatives [8–13].

In this paper, we extend the ODE model from Korpusik
and Kolev [14] into a fractional differential equation system
model. We also determined equilibria and stability of the
equilibria from the proposed model. Finally, we perform
numerical simulation to support the mathematical model
interpretation.

2. Mathematical Model Formulation
In this section, we proposed a mathematical model of HSCs
gene-based therapy based on [5].Themodel was constructed
under the following assumptions:

(1) The model consists of five compartments, namely,
concentration of uninfected CD4+ T cells (𝑋), con-
centration of infected CD4+ T cells (𝑌), concentra-
tion of precursor CTL (𝑊), concentration of effector
CTL (𝑍), and concentration of CD8+ T lymphocytes
derived from HSCs (𝐻).

(2) Uninfected CD4+ T cells are produced with constant
rate.

(3) Viral infections occur only in a human body.
(4) Free virus particle only infected uninfected CD4+ T

cells.
(5) Effector CTL only killed infected CD4+ T cells.
(6) Injected HSCs will be differentiated into a precursor

CTL.
(7) The proliferation rate of precursor CTL cells depends

on susceptible CD4+ T cells, infected CD4+ T cells,
and CTL precursor cells at the current time.

The transmission diagram of the model is shown in
Figure 1.

The basic model from Korpusik and Kolev [5] was given
as follows: 𝑑𝑋𝑑𝑡 = Λ − 𝜃𝑋 − 𝛽𝑋𝑌 (1a)𝑑𝑌𝑑𝑡 = 𝛽𝑋𝑌 − 𝑎𝑌 − 𝑝𝑌𝑍 (1b)𝑑𝑊𝑑𝑡 = 𝑚𝛾𝐻 + 𝑐𝑊𝑋𝑌 − 𝑞𝑊𝑌 − 𝑏1𝑊 (1c)𝑑𝑍𝑑𝑡 = 𝑞𝑊𝑌 − 𝑏2𝑍 (1d)𝑑𝐻𝑑𝑡 = −𝛾𝐻 (1e)
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Figure 1: HSCs gene-based therapy transmission diagram.

Here, all parameters Λ, 𝜃, 𝛽, 𝑎, 𝑝, 𝑐, 𝑏1, 𝑏2, 𝛾 > 0, 0 ≤ 𝑚, 𝑞 ≤ 1
and 𝑋(0), 𝑌(0),𝑊(0), 𝑍(0),𝐻(0) ≥ 0. The description of the
parameter for the model is presented in Table 1.

The differential equation (1a) describes the dynamic of
uninfected CD4+ T cells concentration. Concentrations of
CD4+ T cells increase by production of bone marrow and
decreased caused by natural death rate and infected by
free virus particle. The differential equation (1b) shows the
dynamic of infected CD4+ T cells concentrations. Concen-
trations of infectedCD4+T cells increase, caused by infection
of free virus particle. Infected CD4+ T cells will be decreased
because of natural death rate and it was killed by effector CTL
cells.

The differential equation (1c) describes the dynamic
of precursor CTL cells concentrations. Concentrations of
precursor CTL cells increased by CTL proliferation process
and HSCs were differentiated into CD8+ T cells that are parts
of precursorCTL cells. Concentrations of precursorCTL cells
are decreased, caused by differentiating into effector CTL,
and decreased by natural death rate. Equation (1d) shows
the dynamic of concentrations of effector CTL cells at time.
Concentrations of effector CTL cells are increased, caused
by differentiating of precursor CTL into effector CTL phase,
and decreased, caused by natural death rate.The last equation
(1e) shows the dynamic of CD8+ T cells concentrations
that derived from HSCs. Concentrations of CD8+ T cells
are decreased, caused by successfully passing the thymic
selection and differentiating into functional precursor CTL
cells.

Next, we consider a fractional order model of (1a)-(1e)
above. The fractional model corresponding to system (1a)-
(1e) is as follows:𝑑𝛼𝑋𝑑𝑡𝛼 = Λ − 𝜃𝑋 − 𝛽𝑋𝑌𝑑𝛼𝑌𝑑𝑡𝛼 = 𝛽𝑋𝑌 − 𝑎𝑌 − 𝑝𝑌𝑍𝑑𝛼𝑊𝑑𝑡𝛼 = 𝑚𝛾𝐻 + 𝑐𝑊𝑋𝑌 − 𝑞𝑊𝑌 − 𝑏1𝑊



International Journal of Mathematics and Mathematical Sciences 3

Table 1: The description of parameters in the model.

Parameter Description UnitΛ Production rate of uninfected CD4+ T cells Concentration cells/time unit𝜃 Death rate of uninfected CD4+ T cells 1/ time unit𝛽 Infection rate Concentration cells−1/ time unit𝑎 Death rate of infected CD4+ T cells 1/ time unit𝑝 Effector CTL rate of killing infected CD4+ T cells Concentration cells−1/ time unit𝑚 Fractions of HSCs that successfully differentiated into functional CTL cells -𝑐 Proliferation rate of precursor CTL Concentration cells−2/ time unit𝑞 Fraction of precursor CTL cells that differentiated into effector CTL cells -𝑏1 Death rate of precursor CTL 1/ time unit𝑏2 Death rate of effector CTL 1/ time unit𝛾 Differentiation rate of CD8+ T lymphocytes 1/ time unit

𝑑𝛼𝑍𝑑𝑡𝛼 = 𝑞𝑊𝑌 − 𝑏2𝑍𝑑𝛼𝐻𝑑𝑡𝛼 = −𝛾𝐻
(2)

where the fractional order derivative 0 < 𝛼 ≤ 1. Fractional
derivative of the model (2) is adopted from Caputo’s defini-
tion. The main advantages of Caputo approach are the initial
values for fractional differential equations with the Caputo
derivatives taking on the same form as for integer order
differential equations [15]. The Caputo fractional derivative
is defined as follows.

Definition 1 (see [15]). Let 𝛼 > 0, 𝑡 > 0, and 𝑛 ∈ N. Caputo
fractional derivative𝐷𝛼 fl 𝑑𝛼/𝑑𝑡𝛼, with fractional order 𝛼, of
function 𝑓(𝑡) is defined by𝐷𝛼𝑓 (𝑡) = 𝐼𝑛−𝛼𝐷𝑛𝑓 (𝑡)

= {{{{{
1Γ (𝑛 − 𝛼) ∫𝑡0 𝑓(𝑛) (𝑠)(𝑡 − 𝑠)𝛼−𝑛+1 𝑑𝑠, 𝑛 − 1 < 𝛼 < 𝑛𝑓(𝑛) (𝑡) , 𝛼 = 𝑛,

(3)

where Γ(∙) is the gamma function.

3. Stability Analysis

In this section, we study stability of the equilibriums of the
fractional order model (2) above. We begin by computed
the basic reproduction number 𝑅0 of model (2). Basic
reproduction number 𝑅0 is defined as the average number
of new cases of an infection caused by one typical infected
individual, in a population consisting of susceptible only [16].
If𝑅0 < 1, then the infections will die out, while if𝑅0 > 1, then
there is an epidemic case [17].

The stability theorem on fractional order system was
given in the following theorem.

Theorem 2 (see [18]). Consider a nonlinear fractional order
system 𝐷𝛼𝑥 (𝑡) = 𝑓 (𝑥) (4)

where 0 < 𝛼 ≤ 1, 𝑥 ∈ R𝑛, and 𝑓 ∈ R𝑛. The equilibrium points𝑥∗ of system (4) are calculated by solving equation 𝑓(𝑥) = 0.
The equilibrium points 𝑥∗ are locally asymptotically stable if
all the eigenvalues 𝜆𝑗 (𝑗 = 1, 2, . . . , 𝑛) of the Jacobian matrix𝐴 = 𝜕𝑓/𝜕𝑥 evaluated at the equilibrium points 𝑥∗ satisfy the
following condition:

arg 𝜆𝑗 > 𝛼𝜋2 . (5)

The equilibriums of the fractional mathematical model in (2)
satisfy the following equations:

Λ − 𝜃𝑋 − 𝛽𝑋𝑌 = 0 (6)𝛽𝑋𝑌 − 𝑎𝑌 − 𝑝𝑌𝑍 = 0 (7)𝑚𝛾𝐻 + 𝑐𝑊𝑋𝑌 − 𝑞𝑊𝑌 − 𝑏1𝑊 = 0 (8)𝑞𝑊𝑌 − 𝑏2𝑍 = 0 (9)−𝛾𝐻 = 0 (10)

The fractional model in (2) has three equilibriums, namely,
virus-free equilibrium (𝐸0), CTL-Exhaustion Equilibrium(𝐸1), and control immune equilibrium 𝐸2. The virus-free
equilibrium is condition when there is CD4+ T cells in human
body (𝑋 ̸= 0), no infected CD4+ T cells (𝑌 = 0), and CTL
precursor is not activated (𝑊 = 0). The virus-free equilibrium
of model (2) above is given by 𝐸0 = (𝑋0, 𝑌0,𝑊0, 𝑍0, 𝐻0) =(Λ/𝜃, 0, 0, 0, 0).

Basic reproduction number (𝑅0) is an important parameter
in epidemiological cases. Basic reproduction number 𝑅0 is
defined by average secondary infections caused by one primary
infection in susceptible population. In this paper, we use Next
GenerationMatrix (NGM) that developed by [19] to determine𝑅0. By using the Next Generation method, we obtained the
basic reproduction number 𝑅01 = 𝛽Λ/𝜃𝑎. Stability of virus-
free equilibrium is presented in Theorem 3.

Theorem 3. The virus-free equilibrium 𝐸0 of model (2) is
locally asymptotically stable if and only if 𝑅01 < 1.
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Proof. The Jacobi matrix that evaluated at the virus-free
equilibrium (𝐸0) of the model (2) above is as follows:

𝐽 (𝐸0) =(((((
(

−𝜃 −𝛽Λ𝜃 0 0 0
0 𝛽Λ𝜃 − 𝑎 0 0 00 0 −𝑏1 0 𝑚𝛾0 0 0 −𝑏2 00 0 0 0 −𝛾

)))))
)

. (11)

The eigenvalues of the Jacobi matrix 𝐽(𝐸0) are 𝜆1 = −𝜃, 𝜆2 =𝛽Λ/𝜃 − 𝑎, 𝜆3 = −𝑏1, 𝜆4 = −𝑏2, and 𝜆5 = −𝛾. Hence, we have|arg(𝜆1)| = |arg(𝜆3)| = |arg(𝜆4)| = |arg(𝜆5)| = 𝜋 > 𝜋/2.
Meanwhile, |arg(𝜆2)| = 𝜋 > 𝜋/2 if and only if 𝑅01 = 𝛽Λ/𝑎𝜃 <1. If the condition𝑅01 = 𝛽Λ/𝑎𝜃 < 1 is satisfied, then it is clear
that all the eigenvalues satisfy the condition |arg 𝜆𝑗| > 𝛼𝜋/2,
for 𝑗 = 1, 2, 3, 4, 5. Hence, the virus-free equilibrium (𝐸0) of
model (2) is locally asymptotically stable if 𝑅01 < 1.

We continue with the stability analysis of the CTL-
Exhaustion Equilibrium (𝐸1) of the model (2). The CTL-
Exhaustion Equilibrium is condition when there is CD4+ T
cells in human body (𝑋 ̸= 0), there are infected CD4+ T cells(𝑌 ̸= 0), but CTL precursor is not activated yet (𝑊 = 0). The
CTL-Exhaustion Equilibrium of the model in (2) is given by𝐸1 = (𝑎/𝛽, (𝛽Λ − 𝑎𝜃)/𝛽𝑎, 0, 0, 0). This equilibrium will exist
whenever 𝑅01 > 1.
Theorem 4. Let 𝑞𝛽−𝑐𝑎 < 0 and 𝑅02 = 𝑏1𝑎𝛽2/(𝑎𝜃−𝛽Λ)(𝑞𝛽−𝑐𝑎). The CTL-Exhaustion Equilibrium (𝐸1) of the model in (2)
is locally asymptotically stable if and only if 𝑅02 > 1.
Proof. The Jacobi matrix evaluated at the free virus equilib-
rium 𝐸1 = (𝑎/𝛽, (𝛽Λ − 𝑎𝜃)/𝛽𝑎, 0, 0, 0) of the model in (2)
above is as follows:

𝐽 (𝐸1)

=(((((((
(

−𝛽Λ𝑎 −𝑎 0 0 0𝛽Λ𝑎 − 𝜃 0 −𝑝(Λ𝑎 − 𝜃𝛽) 0 0
0 0 (𝑎𝜃 − 𝛽𝜆) (−𝑐𝑎 + 𝑞𝛽𝑎𝛽2 ) − 𝑏1 0 𝑚𝛾
0 0 𝑞 (Λ𝑎 − 𝜃𝛽) −𝑏2 00 0 0 0 −𝛾

)))))))
)

. (12)

The eigenvalues of the Jacobi matrix 𝐽(𝐸1) above are 𝜆1 = −𝛾,𝜆2 = −𝑏2, 𝜆3 = (𝑎𝜃 − 𝛽Λ)((−𝑐𝑎 + 𝑞𝛽)/𝑎𝛽2) − 𝑏1, and 𝜆4,5 is
root of polynomial 𝜆2 + 𝑏𝜆 + 𝑐 = 0, where 𝑏 = 𝛽Λ/𝜃, and𝑐 = 𝛽Λ − 𝑎𝜃. We have |arg(𝜆1)| = |arg(𝜆2)| = 𝜋 > 𝜋/2.
Then we determined the argument of 𝜆4 and 𝜆5. Based on
the condition of existence of 𝐸1 that 𝑅01 = 𝛽Λ/𝑎𝜃 > 1, we
obtained 𝑐 = 𝛽Λ−𝑎𝜃 > 0. By using Routh-Hurwitz criterion,
we obtained |arg(𝜆4)| = |arg(𝜆5)| > 𝜋/2.

Since all parameters are assumed to have positive value,
the third eigenvalue 𝜆3 is a real number. We obtained that|arg(𝜆3)| = 𝜋 > 𝜋/2 if and only if the condition ((𝑎𝜃 −𝛽Λ)(𝑞𝛽 − 𝑐𝑎) < 𝑏1𝑎𝛽2) is fulfilled. It is clear that all the
eigenvalues satisfy the condition |arg 𝜆𝑗| > 𝛼𝜋/2, for 𝑗 =(1, 2, 3, 4, 5). Hence, the CTL-Exhaustion Equilibrium 𝐸1 of
model (2) is locally asymptotically stable if and only if (𝑎𝜃 −𝛽Λ)(𝑞𝛽 − 𝑐𝑎) < 𝑏1𝑎𝛽2 or 𝑅02 > 1. This completes the
proof

Last, we analyze the stability of the control immune
equilibrium (𝐸2). The control immune equilibrium is the
condition when there are CD4+ T cells in human body(𝑋 ̸= 0), there is infected CD4+ T cells (𝑌 ̸= 0), and
CTL precursor is activated (𝑊 ̸= 0) so that can give the
immune response. The control immune equilibrium is given
by 𝐸2(𝑋∗, 𝑌∗,𝑊∗, 𝑍∗, 𝐻∗), where

𝑋∗ = Λ(𝜃 + 𝛽𝑌∗) = 𝑞𝑌∗ + 𝑏1𝑐𝑌∗ ,
𝑌∗ = 𝜃𝑞 + 𝛽𝑏1 − Λ𝑐 ± √𝐴2𝛽𝑞 ,
𝑊∗ = ( 𝑏2𝑞𝑌∗)(𝛽Λ − 𝑎𝜃 + 𝑎𝛽𝑌∗𝑝𝜃 − 𝑝𝛽𝑌∗ )

= 𝑏2 (𝑅01 + 𝛽𝑌∗/𝜃 − 1)𝑝𝑞𝑌∗ (𝜃 − 𝛽𝑌∗) ,
𝑍∗ = 𝑞𝑏2𝑊∗𝑌∗ = 𝛽Λ − 𝑎𝜃 + 𝑎𝛽𝑌∗𝑝𝜃 − 𝑝𝛽𝑌∗ ,

and 𝐻∗ = 0.

(13)

The equilibriums will exist if the conditions𝐴 = (Λ𝑐 − 𝜃𝑞)2 −2𝛽𝑏1(Λ𝑐 + 𝜃𝑞) + (𝛽𝑏1)2 ≥ 0, 𝜃 > 𝛽𝑌∗ and 𝑅01 +𝛽𝑌∗/𝜃 > 1 are
satisfied.

The Jacobi matrix of themodel in (2) that evaluated in the
equilibrium point 𝐸2 is

𝐽 (𝐸2) =(((
(

−𝛽𝑌∗ − 𝜃 −𝛽𝑋∗ 0 0 0𝛽𝑌∗ 𝛽𝑋∗ − 𝑝𝑍∗ − 𝑎 −𝑝𝑌∗ 0 0𝑐𝑊∗𝑌∗ 𝑐𝑊∗𝑋∗ − 𝑞𝑊∗ 𝑐𝑋𝑌∗ − 𝑞𝑌∗ − 𝑏1 0 𝑚𝛾0 𝑞𝑊∗ 𝑞𝑌∗ −𝑏2 00 0 0 0 −𝛾
)))
)

. (14)
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By using the control immune equilibrium condition, the
Jacobi matrix 𝐽(𝐸2) could be simplified into

𝐽 (𝐸2)

=(((
(

− Λ𝑋∗ −𝛽𝑋∗ 0 0 0𝛽𝑌∗ 0 −𝑝𝑌∗ 0 0𝑐𝑊∗𝑌∗ 𝑐𝑊∗𝑋∗ − 𝑞𝑊∗ 0 0 𝑚𝛾0 𝑞𝑊∗ 𝑞𝑌∗ −𝑏2 00 0 0 0 −𝛾
)))
)

. (15)

From the Jacobi matrix 𝐽(𝐸2) above, we get the polynomial
characteristic equations as follows:

(𝜆 + 𝛾) (𝜆 + 𝑏2) (𝜆3 + 𝑎1𝜆2 + 𝑎2𝜆 + 𝑎3) = 0 (16)

where 𝑎1 = Λ/𝑋∗, 𝑎2 = 𝛽2𝑋∗𝑌∗ + 𝑝𝑌∗𝑊∗(𝑐𝑋∗ − 𝑞), and𝑎3 = 𝑝𝑌∗𝑊∗(Λ𝑐 − Λ𝑞/𝑋∗ − 𝑐𝛽𝑋∗𝑌∗).
Based on the characteristic equations (16) above, we

obtain eigen values 𝜆1 = −𝛾, 𝜆2 = −𝑏2, and 𝜆3,4,5 is the roots
of the following equation:

𝜆3 + 𝑎1𝜆2 + 𝑎2𝜆 + 𝑎3 = 0. (17)

The argument of the first and second eigen values is 𝜋,|arg(𝜆1)| = |arg(𝜆2)| = 𝜋. Next, we will determine the
argument of the third, fourth, and fifth eigen values. The
third, fourth, and fifth eigen values are roots of polynomial
with degree of three (17), satisfying the following conditions:

(i) 𝜆3 + 𝜆4 + 𝜆5 = −𝑎1
(ii) 𝜆3𝜆4 + 𝜆4𝜆5 + 𝜆3𝜆5 = 𝑎2
(iii) 𝜆3𝜆4𝜆5 = −𝑎3

Then, we will analyze two conditions when 𝑎3 < 0 and 𝑎3 > 0.
If 𝑎3 < 0, then we have Theorem 5. On the other hand, if𝑎3 > 0 then we obtainTheorem 6 below.

Theorem 5. If Λ(𝑐𝑋∗ − 𝑞)/𝑐𝛽(𝑋∗)2𝑌∗ < 1, then the immune
control equilibrium 𝐸2 of model (2) is unstable.

Proof. Let 𝑎3 = 𝑝𝑌∗𝑊∗(Λ𝑐 − Λ𝑞/𝑋∗ − 𝑐𝛽𝑋∗𝑌∗) < 0; we
obtained Λ(𝑐𝑋∗ − 𝑞)/𝑐𝛽(𝑋∗)2𝑌∗ < 1. Since 𝑎3 < 0, then
based on the third condition (iii) above we have 𝜆3𝜆4𝜆5 >0. There are two possibilities, either all the eigen values of
the polynomial (17) are real number or one of the eigen
values is real number and two other eigen values are complex
numbers.

(1) Let all the eigen values 𝜆3, 𝜆4, 𝜆5 be real number.
Because of 𝜆3𝜆4𝜆5 > 0, then there are two possibili-
ties. First, all the eigen values are real positive number.
If all the eigen values are real positive numbers, then
it is clear that |arg(𝜆3)| = |arg(𝜆4)| = |arg(𝜆5)| = 0 <𝛼𝜋/2. Second, one of the eigen values is real positive
number and two others are real negative number. Let𝜆3 ∈ R, then |arg(𝜆3)| = 0 < 𝛼𝜋/2.

(2) Let one of the eigen values be real number, 𝜆3 ∈ R,
and two others eigen values are complex numbers,𝜆4 = 𝑎 + 𝑏𝑖, 𝜆5 = 𝑎 − 𝑏𝑖, where 𝑎, 𝑏 ∈ R. Because𝜆3𝜆4𝜆5 > 0 and 𝜆4𝜆5 > 0, then we obtained 𝜆3 > 0.
As a result, |arg(𝜆3)| = 0 < 𝛼𝜋/2.

From the two conditions above, we find that the immune
control equilibrium 𝐸2 of the model (2) is unstable wheneverΛ(𝑐𝑋∗ − 𝑞)/𝑐𝛽(𝑋∗)2𝑌∗ < 1.
Theorem 6. The immune control equilibrium 𝐸2 of the model
(2) is asymptotically stable if Λ(𝑐𝑋∗ − 𝑞)/𝑐𝛽(𝑋∗)2𝑌∗ > 1 for
some fractional order 𝛼.
Proof. Let we consider the polynomial

𝜆3 + 𝑎1𝜆2 + 𝑎2𝜆 + 𝑎3 = 0 (18)

where 𝑎1 = Λ/𝑋∗, 𝑎2 = 𝛽2𝑋∗𝑌∗ + 𝑝𝑌∗𝑊∗(𝑐𝑋∗ − 𝑞), and𝑎3 = 𝑝𝑌∗𝑊∗(Λ𝑐 − Λ𝑞/𝑋∗ − 𝑐𝛽𝑋∗𝑌∗).
Let 𝑎3 = 𝑝𝑌∗𝑊∗(Λ𝑐 − Λ𝑞/𝑋∗ − 𝑐𝛽𝑋∗𝑌∗) > 0. Hence we

obtained Λ(𝑐𝑋∗ − 𝑞)/𝑐𝛽(𝑋∗)2𝑌∗ > 1. If 𝑎3 > 0, then based
on the third condition (iii) above we have 𝜆3𝜆4𝜆5 < 0.

(i) Let the polynomial characteristic (18) above have
complex number roots. Let one of the eigen values be
real number, 𝜆3 ∈ R, and two other eigen values are
complex number, 𝜆4 = 𝑎 + 𝑏𝑖, 𝜆5 = 𝑎 − 𝑏𝑖, where𝑎, 𝑏 ∈ R. Since 𝜆3𝜆4𝜆5 < 0 and 𝜆4𝜆5 > 0, then
we obtained 𝜆3 < 0. As a result, |arg(𝜆3)| = 𝜋 >𝛼𝜋/2. In addition, we can found a fractional order
value 𝛼 ∈ (0, 1] such that the arguments of the third
and fourth eigen values satisfy |arg(𝜆4)| > 𝛼𝜋/2 and|arg(𝜆5)| > 𝛼𝜋/2. As a result, the immune control
equilibrium 𝐸2 of model (2) is asymptotically stable
for some fractional order 𝛼.

(ii) Let all the eigen values of the polynomial character-
istic (18) above 𝜆3, 𝜆4, 𝜆5 be real numbers. Then we
will determine the conditions such that all roots of the
polynomial (18) above are either negative or complex
roots with negative real parts by using Routh-Hurwitz
criterion.
Based on Routh-Hurwitz criteria, the polynomial (18)
will have real negative or real negative parts roots if it
satisfies 𝑎1, 𝑎2, 𝑎3 > 0 and 𝑎1𝑎2 − 𝑎3 > 0. Hence, we
obtained the following conditions:

(a) Since all parameters are assumed to be positive
and𝑋∗ ̸= 0, then it is clear that 𝑎1 > 0.

(b) The coefficient 𝑎2 will have positive value if 𝑎3 is
positive.

(c) The coefficient 𝑎3 will have positive value if it
satisfies Λ(𝑐𝑋∗ − 𝑞)/𝑐𝛽(𝑋∗)2𝑌∗ > 1.

(d) It is clear that the coefficients 𝑎1, 𝑎2, 𝑎3 satisfy𝑎1𝑎2 − 𝑎3 > 0.
Based on [20], for𝛼 ∈ (0, 1] these conditions are sufficient

but not necessary. Therefore, the argument of 𝜆3, 𝜆4, 𝜆5 will
satisfy |arg(𝜆3)| = |arg(𝜆4)| = |arg(𝜆5)| = 𝜋 > 𝜋/2 if
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Table 2: The sensitivity indices of 𝑅
01
.

Parameter Sensitivity indices
𝛽 1
Λ 1
𝑎 -1
𝜃 -1

Table 3: The sensitivity indices of 𝑅
02
.

Parameter Sensitivity indices𝛽 0.945Λ 1𝑎 -0.994𝜃 -1𝑏1 -0.049𝑞 -0.006𝑐 0.055

the condition Λ(𝑐𝑋∗ − 𝑞)/𝑐𝛽(𝑋∗)2𝑌∗ > 1 is satisfied. As a
result, the immune control equilibrium 𝐸2 of the model (2) is
asymptotically stable. This completes the proof.

4. Sensitivity Analysis

In this section, we will analyze the sensitivity of parameters of
the model (2) above. Sensitivity analysis is used to determine
the relative importance of model parameters to disease
transmission and prevalence based on the sensitivity index of
basic reproduction number 𝑅0. The calculation of sensitivity
index of 𝑅0 follows the approach in Chitnis [21].

Definition 7 (see [21]). The normalized forward sensitivity
index of a variable, 𝑚, that depends differentially on a
parameter, 𝑘, is defined as

Υ𝑚𝑘 fl
𝜕𝑚𝜕𝑘 × 𝑘𝑚. (19)

Based on Definition 7, the sensitivity indices of 𝑅01 with
respect to each parameter such as 𝛽, Λ, 𝑎, and 𝜃 can be
computed in the same way as (19). The sensitivity indices of𝑅01 are given in Table 2. Based on Table 2, it can be seen
that parameters 𝛽 and Λ positively affect the rate of model
changed. Respectively, the parameters 𝑎 and 𝜃 negatively
affect the rate of model changed. But, we did not know what
is the relative importance of model parameters of 𝑅01. So, we
also analyze the sensitivity parameters of 𝑅02.

Based on Definition 7, the sensitivity indices of 𝑅02 with
respect to each parameter such as 𝛽, Λ, 𝑎, 𝜃, 𝑏1, 𝑞, and 𝑐 can be
computed in the same way as (19). The sensitivity indices of
parameter Λ are (𝜕𝑅02/𝜕Λ)(Λ/𝑅02) = Λ(𝑐𝑎 − 𝑞𝛽)/𝛽(−𝑎𝑏1 −Λ𝑞) + 𝑎𝑐Λ; we next substituted the value of parameters of
Table 4 so we obtain (𝜕𝑅02/𝜕Λ)(Λ/𝑅02) = 1. The sensitivity
indices of 𝑅02 are given in Table 3.

Based on Table 3, it can be seen that if production rate
of uninfected CD4+ T cells (Λ) is increased (decreased)
about 10%, then 𝑅02 will increase (decrease) about 10%.

Respectively, if death rate of infected CD4+ T cells (𝑎) is
increased (decreased) about 10%, then 𝑅02 will decrease
(increase) about 9.94%, and the same for other parameters.

5. Numerical Simulation

In this section, we present numerical simulations to show
the dynamics of the model at free virus condition, CTL-
exhaustion condition, and control immune condition using
MATLAB R2009a. The initial conditions of simulations of
free virus condition are 𝑋0 = 3.6, 𝑌0 = 0.2,𝑊0 = 0.01, 𝑍0 =0.01, and𝐻0 = 0.001. The parameter values are presented in
Table 4. Based on Table 4, we have that basic reproduction
number R0 is 𝑅01 = 𝛽Λ/𝑎𝜃 = (0.15)(0.2)/(0.8)(0.05) =0.75 < 1 that shows free virus condition or there is no spread
of viral infection.This simulation used variations of fractional
order 𝛼 and time interval for 2500 time units.

The result of simulation of free virus condition can be
seen in Figure 2. Based on Figure 2, greater the fractional
order 𝛼 leads to the increase of concentrations of uninfected
CD4+ T cells but concentrations of infected CD4+ T cells
are decreasing that show free virus conditions. Besides,
concentrations of precursor CTL cells are decreasing caused
by the decrease ofCD4+T cells.That also implies the decrease
of effector CTL. Meanwhile, concentrations of CD8+ T cells
are decreasing because theywere differentiated into precursor
CTL cells.

Next, we will interpret the simulation of CTL-exhaustion
condition. The initial conditions of simulations of CTL-
exhaustion condition are 𝑋0 = 1.5, 𝑌0 = 0.8,𝑊0 = 0.6, 𝑍0 =0.3, and 𝐻0 = 0.001. The parameter values are presented in
Table 4 except for 𝛽, 𝑎, and 𝜃, which are 𝛽 = 0.216, 𝑎 = 0.4,
and 𝜃 = 0.02. Therefore, we have basic reproduction number𝑅01 = (0.216)(0.2)/(0.4)(0.02) = 5.4 > 1 and 𝑅02 = 𝛽Λ/𝑎𝜃 +𝑏1𝛽2/𝜃(𝑞𝛽 − 𝑐𝑎) = 10.1 > 1 which is condition when there is
spread of viral infections in the human body.This simulation
used variations of fractional order 𝛼 and time interval for
2500 time units.

Based on Figure 3, it can be seen that greater the fractional
order 𝛼 leads to the decrease of concentrations of uninfected
CD4+ T cells but concentrations of infected CD4+ T cells
are increasing.That implies the conditions of viral infections.
But, concentrations of effector CTL cells are decreasing. That
implies the CTL-exhaustion conditions where CTL are not
activated yet so they cannot against the viral infections.
Meanwhile, concentrations of CD8+ T cells were decreased
because they differentiated into precursor CTL cells.

Last, we will show the simulation of control immune
conditions. The initial conditions of simulations of CTL-
exhaustion condition are 𝑋0 = 5, 𝑌0 = 1,𝑊0 = 2.5, 𝑍0 =0.8, and 𝐻0 = 0.001. The parameter values are showed in
Table 4 except for 𝜃, that is, 𝜃 = 0.02. Therefore, we have
basic reproduction number 𝑅01 = 1.87 > 1 and 𝑅02 =1.01 > 1 which is condition when there is spread of viral
infections in the human body.This simulation used variations
of fractional order 𝛼 and time interval for 2500 time units.
Based on Figure 4, it can be seen that greater the fractional
order 𝛼 leads to the increase of concentrations of uninfected
CD4+ T cells but concentrations of infected CD4+ T cells



International Journal of Mathematics and Mathematical Sciences 7

0 500 1000 1500 2000 2500

3.5

3.6

3.7

3.8

3.9

4

Time (days)

X 
(C

on
ce

nt
ra

tio
n)

 = 0.8
 = 0.89

 = 0.95
 = 1

 = 0.8
 = 0.89

 = 0.95
 = 1

 = 0.8
 = 0.89

 = 0.95
 = 1

 = 0.8
 = 0.89

 = 0.95
 = 1

0 500 1000 1500 2000 2500
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Time (days)

Y 
(C

on
ce

nt
ra

tio
n)

0 500 1000 1500 2000 2500

1

2

3

4

5

6

7

8

9

10
x 10 −3

Time (days)

W
 (C

on
ce

nt
ra

tio
n)

0 500 1000 1500 2000 2500
0

1

2

3

4

5

6

7

8

9

10
x 10 −3

Time (days)

Z 
(C

on
ce

nt
ra

tio
n)

0 500 1000 1500 2000 2500

1

2

3

4

5

6

7

8

9

10
x 10 −5

Time (days)

Z 
(C

on
ce

nt
ra

tio
n)

 = 0.8
 = 0.89

 = 0.95
 = 1

Figure 2: The dynamics of mathematical model of HSCs gene-based therapy for free virus conditions.
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Figure 3: The dynamics of mathematical model of HSCs gene-based therapy for CTL-exhaustion conditions.
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Figure 4: The dynamics of fractional order mathematical model of HSCs gene-based therapy for control immune conditions.



10 International Journal of Mathematics and Mathematical Sciences

Table 4: Parameters value of the model.

Parameter Description Value SourceΛ Production rate of uninfected CD4+ T cells 0.2 [14]𝜃 Death rate of uninfected CD4+ T cells 0.05 Assumption𝛽 Infection rate 0.15 [14].𝑎 Death rate of infected CD4+ T cells 0.8 [14]𝑝 Effector CTL rate of killing infected CD4+ T cells 0.016 [14]𝑚 Fractions of HSCs that successfully differentiated into functional CTL cells 0.01 Assumption𝑐 Proliferation rate of precursor CTL 0.1 Assumption𝑞 Fraction of precursor CTL cells that differentiated into effector CTL cells 0.1 Assumption𝑏1 Death rate of precursor CTL 0.05 [14]𝑏2 Death rate of effector CTL 0.05 [14]𝛾 Differentiation rate of CD8+ T cells 0.005 Assumption

are decreasing. Meanwhile, concentrations of precursor and
effector CTL cells are increasing, which means the precursor
and effector CTL cells are activated so they can fight against
the viral infections.That implies control immune conditions.
Meanwhile, concentrations of CD8+ T cells were decreased
because they differentiated into precursor CTL cells.

6. Conclusions

We were discussed about the stability analysis of fractional
order mathematical model of HSCs gene-based therapy. The
model has three equilibriums points. The existence and
stability of the equilibriums were achieved. Based on the
numerical simulations, we conclude that HSCs gene-based
therapy has potential to reduce the viral infections because it
can decrease the concentration of infection cells and increase
the concentration of the immune cells.
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