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Abstract. 
Time reversal is a physical concept that can focus waves both spatially and temporally regardless of the complexity of the propagation medium. Time reversal mirrors have been demonstrated first in acoustics, then with electromagnetic waves, and are being intensively studied in many fields ranging from underwater communications to sensing. In this paper, we will review the principles of time reversal and in particular its ability to focus waves in complex media. We will show that this focusing effect depends on the complexity of the propagation medium rather than on the time reversal mirror itself. A modal approach will be utilized to explain the physical mechanism underlying the concept. A particular focus will be given on the possibility to break the diffraction barrier from the far field using time reversal. We will show that finite size media made out of coupled subwavelength resonators support modes which can radiate efficiently in the far field spatial information of the near field of a source. We will show through various examples that such a process, due to reversibility, permits to beat the diffraction limit using far field time reversal, and especially that this result occurs owing to the broadband inherent nature of time reversal.


1. Introduction
The reversibility of the equations governing the propagation of waves, whether acoustic or electromagnetic, is of major interest in many fields of wave physics. This property is quite intriguing on a fundamental point of view but has also led to many fascinating discoveries within the last years. Among them, time reversal (TR) has been a major subject of studies in various fields such as ultrasound acoustics, seismology, microwave, or more recently in the optical domain. 
In a typical TR experiment, a source emits a short pulse in a medium, which generates a wavefield that propagates away from it. Then this wavefield is measured onto a set of location on an array of sensors, the so-called time reversal mirror (TRM). The measured signals are digitized, memorized, and flipped in time. This first step, known as the “learning step”, results in the knowledge of a set of impulse responses between the source and the TRM, which are the broadband equivalents of the Green’s functions. In the second step, the time reversal one, these time reversed signals are sent back in the medium by the sensors, which results in a spatiotemporal focusing of the generated wavefield onto the initial source position, and at a specific time named the “collapse time” [1–3]. 
It has been shown that the temporal focusing of the wave depends on the medium as well as on the bandwidth used and the number of sensors constituting the TRM [2–4]. On a spatial point of view, in a homogeneous medium, time-reversed waves converge toward the focal point on a spot whose width is limited by the numerical aperture of the TRM, similar to the way conventional lenses focus light [1, 5]. In heterogeneous media, however, TRM behaves very differently than regular lenses, and it has been proved that the numerical aperture of the TRM does not play any role when the complexity of the medium is increased [2]. In the extreme case of TR in a chaotic closed cavity, it has even been shown that a single channel TRM can focus waves down to the size of half a wavelength, that is, the diffraction limit, provided that broadband signals be used [6].
TR, which was first demonstrated with ultrasounds, has been studied quite intensively in acoustic, and has led to interesting concepts such as TR underwater communications [7], interactive objects [8] or acoustic bazookas [9]. Then, the concept was transposed to the electromagnetic part of the spectrum, and it was shown that TR experiments can be done at very high frequency using modulated signals, since in this case only the low frequency complex envelope of the signals has to be time reversed [10, 11]. Since then, TR of electromagnetic waves has been studied in various areas such as sensing, detection and imaging [12–15], wireless communications [16–19], or medical imaging and therapy [20, 21]. 
One of the most astonishing results obtained using TR of electromagnetic waves is the fact that one can break the diffraction barrier using a TRM and a microstructured material, or in other words, that one can focus electromagnetic waves on deep subwavelength spots and from the far-field using TR [22–24]. This opens up very promising avenues in various fields such as telecommunications [18], imaging [20], or therapy [21] in microwaves, but also lithography and sensing at higher frequencies [25, 26].
The goal of this paper is to review the most recent works dealing with subwavelength focusing using TR, to explain this concept, generalize this approach, and propose new media for this purpose at the light of the proposed theory. To that aim, we will explain in a first part the basic principles of TR of waves, and in particular we will show that the broadband nature of TR experiments is of fundamental interest, hence distinguishing it from phase conjugation methods. We will also in this part transpose the concept to the specific case of electromagnetic waves, demonstrate analytically the result of a TR focusing experiment, and review some experimental results obtained in homogeneous media. Then, we will mention the original experiments that proved the possibility to focus electromagnetic waves on a deep subwavelength scale inside a random collection of metallic scatterers using far-field TR. A link will be made with the theory of TR focusing, and a theoretical study will be proposed that explains those results in terms of subwavelength Bloch modes in periodic arrays of subwavelength resonators. Finally in the last part we will present new results of TR subwavelength focusing from the far-field in arrays of split ring resonators, link those results with the developed approach, and generalize the concept to other possible structures.
2. Basic Principles of Time Reversal Focusing
The principle of TR is based on the fact that if within a given medium there exists a solution of the wave equation denoted 
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, necessarily exists as well. In other words, if one is able to record the entire field created by a diverging source placed inside a reversible medium, time reversing and reemitting the latter generates a wavefield that converges toward the initial source. Such an ideal TR experiment, however, requires the knowledge of the field throughout the medium, which is impossible in most practical environments. In practice, TR is made possible thanks to the Helmholtz-Kirchoff integral theorem. The latter states that the knowledge of a wavefield on the boundaries of a closed surface holds that of the field inside the whole volume contained by the surface. Hence, a more realistic TR experiment can be imagined as follows (Figure 1): a source generates a brief pulse inside a heterogeneous medium that is surrounded by sensors which record the corresponding fields until all the energy has exited the closed surface. In a second step, the sensors play the recorded fields in a reversed chronology which generates the time-reversed wavefield on the boundary of the closed surface. This conceptual TR experiment, named the “Time Reversal Cavity”, has been theoretically studied in acoustics [27, 28]. It has been shown that it produces at a point 
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 and a given frequency a field that is proportional to the imaginary part of the Green’s function between the initial source point 
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Figure 1: (a) Recording step: a closed surface is filled with transducer elements. A point-like source generates a wave front which is distorted by heterogeneities. The distorted pressure field is recorded on the cavity elements. (b) Time-reversed or reconstruction step: the recorded signals are time-reversed and reemitted by the cavity elements. The time-reversed pressure field backpropagates and refocuses exactly on the initial source.


Covering a whole surface with a collections of sensors respecting the Nyquist criterion, though, requires an enormous amount of electronic and is evidently not suitable in a regular experiment. In practice, closed TRMs are difficult to realize and the TR operation is usually performed on a limited angular area, thus apparently limiting focusing quality. A TRM consists typically of a small number of elements or time reversal channels. The major interest of TRM, compared to classical focusing devices (lenses and beam forming), is certainly the relation between the medium complexity and the size of the focal spot. A TRM acts as an antenna that uses complex environments to appear wider than it is, resulting in a refocusing quality that does not depend on the TRM aperture. 
The reference experiment using small aperture TRM is the following [2–4]: a multiple scattering medium is placed between a point-like sensor and a TRM which are separated by a distance much larger than a wavelength (Figure 2(a)). A short pulse is emitted by the point source, and the set of impulse response from this point to the array of sensors constituting the TRM is acquired. Those responses are then flipped in time and sent back by the TRM acting now as a source thanks to reciprocity. It is then possible to scan the field produced by this TR focusing by translating the point source sensor parallel to the exit of the multiple scattering media. In doing so, one obtains a focal spot whose width is not limited by the numerical aperture of the TRM, but rather by that of the multiple scattering which can be much larger. The temporal and spatial signal to noise ratios of such focusing experiments have been shown to depend linearly on the total number of degrees of freedom of the medium, namely, the number of uncorrelated sensors in the array times the number of uncorrelated frequency in the bandwidth [2, 3]. Very interestingly, the optics community has realized only recently that such experiments can be performed in the visible range, by means of spatial light modulators and in a monochromatic regime. Focusing well below the Rayleigh limit of conventional lenses has been demonstrated by inserting a multiple scattering media (a layer of paint) between an SLM and a CCD camera using this concept [29–31]. 
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Figure 2: (a) Typical focusing experiment using TR. A multiple scattering medium is placed between the TRM and a point-like sensor. The size of the focal spot obtained with TR is no longer limited by the aperture of the TRM but rather by that of the multiple scattering medium. (b) Simplified view of a single channel TR focusing experiment realized in a silicon cavity. The field produced by TR at the collapse time is scanned using a heterodyne interferometer, and its map is superimposed on the cavity: a diffraction limited spot is obtained using only one emitter.


What happens when the number of sensors of the TRM is reduced down to a single one? Regarding the mentioned optical experiments, the answer is quite obvious: a single laser source that is shined through a multiple scattering medium gives rise to a so-called speckle pattern, that is, a random interference pattern. It is clear that no focusing can occur whatsoever in this case since changing the phase of this single source only changes the phase of the output speckle, hence precluding any focusing effect. The solution to this problem lies in the use of interference between statistically independent speckles or equivalently between speckle patterns at frequencies which are uncorrelated. This is where TR strongly differs from its monochromatic ancestor, namely, phase conjugation. In fact, our students in acoustic waves realize this everyday experiment during their practical classes: a single sensor is used as the TRM and a multiple scattering medium is placed between the latter and a movable wavelength large sensor. After TR, they can observe that the waves are tightly focused on the original source position with a spot size limited by the diffraction when the numerical aperture of the multiple scattering medium is larger than unity.
This very simple yet fascinating experiment is easier to understand considering the setup of Figure 2(b) taken from [6]. An aluminium cone coupled to a transducer generated waves at one point (A) of a nonsymmetrical and ergodic silicon cavity. A second transducer is used as a receiver. The central frequency of the transducers is set to 1 MHz and their relative bandwidth to 100% (
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 MHz). The source is considered point-like and isotropic because the cone tip is much smaller than the central wavelength. A heterodyne laser interferometer measures the displacement field as a function of time at different points on the cavity, resulting in a spatiotemporal mapping of the field propagating in the cavity. In the learning step, the impulse response is acquired between points A and B, digitized and time reversed. Then the time reversed signal is sent from point A and the field generated by TR is scanned using the interferometer around point B. At the collapse time, the field, represented in the figure, is focused onto a spot whose width is about half a wavelength, limited by the diffraction limit. In other words, in this cavity, it is possible to reach the diffraction limit using a single sensor, thanks to TR. 
This can actually be explained through a simple physical picture. Such a cavity can indeed be described in terms of modes, which are eigenmodes of the propagation and whose eigenvalues are their resonant frequencies. When a point source emits a short pulse in this medium (at point A), it excites all the modes that are nonzero at this location, each one at its resonant frequency, just as a guitar cord being slapped. Measuring the field at point B then simply consists in acquiring the phase and amplitude of the relative eigenmodes of the cavity at this specific position, at every resonance frequency, and with the condition that those modes are all in phase in A. The TR focusing therefore naturally comes out considering that time reversing an impulse response is equivalent to phase conjugating the signal at every frequency of the bandwidth: 
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. Indeed, sending the time-reversed impulse response from point A annuls the phase of each eigenmode at point B and insures that all eigenmodes within the bandwidth interfere constructively at this point and at a specific time, the collapse time. From this very simple approach, one can also infer the signal to noise ratio of this focusing operation, namely, the ratio of the TR peak energy to the standard deviation of the field measure away from B and at a time different than the collapse one; at this specific time and at point B, all the modes interfere coherently, everywhere else and at any other time they add up incoherently: the SNR roughly equals the number of eigenmodes of the cavity within the bandwidth. Of course focal spot therefore has a width, which is given by the average correlation length of the modes, around half of the central wavelength, since within a disk of diameter 
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 around B, all points are in phase with B at every time.
At this point, it is worth making the link between this modal approach and the results of the time reversal cavity [27] linking the TR produced field to the imaginary part of the Green’s functions of the medium. This result, independent of the complexity of the medium, was a monochromatic one which can easily be integrated over the bandwidth in order to obtain the spatially varying field after TR and at the collapse time:
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Within a cavity or a complex medium where a modal analysis can be used, and if there is no degenerated modes which is the case for a high enough quality factor chaotic cavity, Green’s functions are proportional to the eigenmodes. Hence integrating (1) is formally equivalent to adding the eigenmodes of the cavity that resonate in the bandwidth. From now on, we will concentrate on the case of time reversal of electromagnetic waves.
Electromagnetic waves differ from acoustic ones since they are polarized, like elastic waves. Therefore, one has to take into account the orientation of the sources. In a typical time reversal scheme, a dipole source oriented along a given axis emits a short pulse. The wavefield propagates and is recorded with one antenna or a set of antennas, namely, the time reversal mirror. Second, the recorded signals are digitized, flipped in time, and transmitted back by the same set of antennas. An ideal TRM, “an electromagnetic time reversal cavity”, should cover a closed surface that totally surrounds the source, with three antennas every 
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, each one being sensible to one polarization of the electromagnetic field. Such a cavity would then grant the knowledge of the electromagnetic field inside the whole volume contained in the closed surface, since Helmholtz-Kirchoff still holds. Due to the fact that the propagation equations for electromagnetic waves are also reversible, if one could realize such a time reversal experiment, the generated wavefield should converge back to the initial source, just as for acoustic waves as seen in the previous part. 
The theory of such an electromagnetic time reversal cavity has been done recently. When considering electromagnetic waves, the Green’s function have to be replaced by dyadic Green’s functions. For a narrowband signal of oscillating pulsation 
	
		
			

				𝜔
			

		
	
, the time reversal focusing on position 
	
		
			

				𝑟
			

			

				0
			

		
	
 is equivalent to phase conjugation, and it can be demonstrated starting from Lorentz reciprocity theorem that the electric field generated at position 
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 is the permeability of vacuum, the tensor 
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 stands for the dyadic green function of the medium, and P represents the initial vector dipole source. When the dyadic green function is the free space one, it results in a cardinal sine function: the focal spot is diffraction limited to 
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, as we will experimentally prove it. When the time reversal mirror is placed in the near field of the initial source, the green function takes into account the evanescent component of the field generated by the source and a smaller spot can be obtained [34]. Note that the field amplitude at the focal point is proportional to the imaginary part of the Green’s function which is itself proportional to the so-called local density of states [35] (LDOS). 
Again, considering that time reversal uses broadband excitation, the resulting field takes advantage of the frequency diversity. For an excitation with a flat bandwidth, all frequencies add up in phase at a given time, the collapse time (
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). At this specific time, the time reversed field writes [23]
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At this stage, two remarks can be done. The first one is that compared to scalar waves, polarized wave offer more degrees of freedom using TR focusing since the polarization is conserved in a TR experiment. This can be of interest when trying to focus energy or in wireless communications issues, for instance, for multiple-input multiple-output communications (MIMO). The second remark that one can notice is that for electromagnetic waves as well, the TR field created at the collapse time in a medium, where a modal analysis can be done, can simply be understood as a sum of all the modes within the bandwidth interfering coherently at the original source position. This will have great implications in the next parts of the paper, when we will consider subwavelength scaled medium for TR focusing beyond the diffraction limit. Before that, we will show some experiments of TR focusing in homogeneous media or in other words, diffraction limited.
Again, it would be hardly possible to design an electromagnetic time reversal cavity and the number of antennas to be used for a TR experiment has to be reasonable. In order to demonstrate the first results of TR with electromagnetic waves, we have therefore used the knowledge acquired thanks to the experiments realized in the ultrasound domain. But another problem occurs while translating TR from the field of acoustic towards that of electromagnetic waves. Indeed, electromagnetic waves that can be easily manipulated in laboratories (e.g., is the range of the centimetres) have much higher frequencies than ultrasound. One could think that achieving TR at such high frequencies is not possible. In fact, we have proved that TR at any frequency can be realized using modulated signals, by simply time reversing the complex envelope of the latter and phase-conjugating the carrier [10]. Using IQ modulated radio-frequency signals in a reverberating chamber, similar to previous experiments in ultrasound, we have demonstrated spatial focusing of microwave using TR in [11]. Those experiments were done at the wifi frequency of 2.45 GHz, using a bandwidth of about 100 MHz, and in a homemade 1 m3 reverberating chamber (Figure 3(a)). The focal spot obtained by TR, measured as the temporal maximum of the absolute value of the field received on an array of 8 monopoles 
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 spaced, is presented in Figure 3(b). 
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Figure 3: (a) Picture of the experimental setup. The experiment is realized in a 1 m3 homemade reverberant chamber. The TRM consists of 8 commercial antennas 
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 spaced, while the field is measured at the TR focal spot using an array of 8 monopoles on a ground plane 
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 spaced. (b) Typical focal spot obtained using TR (Blue experimental, Red Analytical taking coupling into account). The focal spot in an homogeneous medium is diffraction limited to 
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, which reduces here to 0.4 λ due to the coupling between the monopoles.


As expected, the focal spot obtained is about 
	
		
			
				𝜆
				/
				2
			

		
	
 wide, the wavelength being defined at 2.5 GHz, since it is the integration over a rather narrow bandwidth of a sinc function. Quite interestingly for many applications, although the TR operations are done at low frequencies below 100 MHz, the waves inside the cavity are focused at the carrying frequency. This means that provided that modulators be available, it is possible to focus waves on any given diffraction limited spot by increasing the frequency of the carrier, and without changing the electronics devoted to the TR operation. This has interested researchers in the domains of microwave medical imaging and therapy [20] as well as in sensing and imaging [12–15]. But a very important question that remains is as follows can the focal spot obtained by TR be independent of the wavelength at which TR is achieved? Rephrased at the light of (4), this question cuts down to: can we find medium which have dyadic Green’s functions that possess spatial variations much smaller than the wavelength in free space? In the next part, we will show that a positive answer to this question has been experimentally given.
3. Far Field Subwavelength Focusing Using Time Reversal in an Array of Resonant Wires
Having the ability to focus waves on dimensions much smaller than the wavelength from the far-field, that is, while controlling the field at the scale of the wavelength, has always been a major field of study. Indeed, such a concept has many potential applications in various fields such as sensing, lithography, wireless communications using MIMO compact antennas, or more generally any domain where energy has to be deposited onto narrow focal spots. There exists, however, a very solid barrier that prevents waves from being focused on a subwavelength scale, in homogeneous media. The latter, known as the diffraction barrier or the Abbe’s limit, can be explained physically in rather simple words. 
A source field placed in a given medium, whether extended or point-like, possesses a spatial profile that can vary much faster than the wavelength at which it radiates. This can be the case for instance of a small dipole, whose near field contains fast varying components that decay as the distance cubed, or for a rough surface illuminated by a plane wave, which scatters the field into many wavevectors some of them being much larger than in the host medium. If one wants to study the propagation of such a wavefield in a given direction, the easiest way to do it is to perform a Fourier transform of this field on a plane perpendicular (transverse) to the considered propagation direction. The spatial components of the source field which vary faster than the wavelength have, in this transverse plane, wavevectors whose norm exceeds the wavenumber in the medium. Since the norm of any wavevector must equal the wavenumber, those subwavelength spatial variations must present a purely imaginary wavevector in the direction of propagation. Those waves are called evanescent ones, and due to their imaginary propagation constant, they decay exponentially from the source. This explains why from the far-field it seems impossible to focus onto subwavelength spots: all the waves that carry spatial information smaller than the wavelength are lost during propagation. Goodman describes this diffraction limit in other words; he characterizes the propagation from one plane to another as a low pass filter whose cutoff wavevector is that of the waves in the medium [5].
One way though, in order to circumvent this diffraction limit, is to make use of so-called near field techniques. The idea of near field imaging dates back to the beginning of the 20th century with a proposal that made Synge during an epistolatory conversation with Einstein about ways to beat Abbe’s limit [36]. The proposed method consists in illuminating a very small portion of an object using an opaque screen perforated with a deep subwavelength hole. The point-like source is then scattered by the object into a wave than radiates in free space, hence carrying local and subwavelength information about the object. From this proposal, the concept has been declined in many different ways and has led to the development of near field scanning optical microscope, that is based on aperture or apertureless probes, and whose principles are sensibly identical [37–40]. Basically the probe, for instance, the elongated tip of an optical fiber, is brought in the very near field of the object to be imaged. This very subwavelength apex scatters locally the evanescent field that is present at the surface of the object to be imaged, some of it being scattered as propagating waves. A conventional imaging system collects the light radiated by the probe, and the information of the object’s near field at the specific position of the tip is then extracted. Scanning the tip over the object point by point allows one to reconstruct the near field pattern of the object, and resolutions well below the diffraction limit have been reached using such microscopes.
Such method, however, appears quite limited from a focusing point of view. Indeed while dealing with focusing issues, the aim is to be able to focus a wave on several points without the need of any mechanical moving stage. The tip used in near field scanning methods being punctual, focusing onto such an object would be quite useless since it would not authorize position controllable focusing without a mechanical part, not mentioning the issue of multiple foci. Nevertheless, this method has inspired us since it makes use of the fascinating concept of evanescent to propagating waves conversion that is necessary in order to focus waves on a subwavelength scale and from the far field. The concept that we have imagined is the following. Suppose that we construct a medium that is able to convert the evanescent field created by a source into propagating waves that can be recorder in the far field. Then, using TR from the far field, because the wave equations are reversible, we should be able to focus back the wave on its initial position, and since the evanescent to propagating wave conversion is reciprocal [41], we should be able to obtain a subwavelength resolved focal spot. If we place a bunch of those sources at distance much smaller than the wavelength in the fabricated medium and learn the impulse response from those sources to a TRM, then we should be able to focus independently on each of them, hence demonstrating that the diffraction limit is beaten.
This is exactly the idea we have exploited in [22] in order to create focal spots much thinner than the wavelength. Indeed, using time reversal in a random collection of metallic scatterers, we have demonstrated time reversal focusing of microwaves from the far field onto spots as thin as 1/30th of a wavelength in air.
One point that was not obvious in the experiments of [22], however, was that the wires were all approximately of equal length. Considering this microstructured medium through this new prism, they can be visualized as an array of resonant wires, since they are all around a quarter wavelength long, and placed on top of a copper ground plane (i.e., resonant monopole). Such an array of resonators should behave as a matrix of coupled oscillators, similar to a system of 
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 coupled mass/spring systems. This is the idea that we have explored in order to grasp the physics of such a medium and infer the links with the results of TR focusing on a subwavelength scale.
In order to study far field TR in such an array of resonant unit cells, we have simplified the system; the medium (Figure 4(a)) is composed of a periodic array of 
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) plane. Furthermore, we perform all our measurements and simulations in free space or in an anechoic chamber in order to decouple the effect of the medium and those of the reverberating chamber used in [22]. Leaving the random medium for a periodic array of identical resonators presents two major advantages: first, a Bloch mode analysis can be performed, which greatly simplifies the study, and second, the medium can be analysed within the frame of the wire media that has been deeply studied in the past for different purposes [40, 41].
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(c)
Figure 4: (a) The experimentally and numerically studied resonant wire array. The 20 * 20 wires are 1.2 cm periodically spaced on a square grid and are 3 mm in diameter and 40 cm long. Superimposed are mapped the electric field of 4 Bloch modes out of the 400 that are supported by the structure. (b) Shape of the TEM field inside the structure. The transverse magnetic (electric) field is maximum (null) in the middle of the medium of the structure and null (maximum) at the interfaces with air. Only an electric evanescent component exists outside of the medium in the 
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 direction. (c) Dispersion relation linking the transverse wavevectors 
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). The solid curve is analytical (equation (5)), while the symbols represent various modes obtained numerically. This curve shows that the Bloch modes which are evanescent in the 
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 direction (the curve is under the light line) show a dispersive behaviour.


We have realized an in-depth study of this array of wires, and we will give the principal results in order to explain the principles of TR in such a medium. Part of this study has been published in [42]. We mention first that obviously, since this system is analogous to an array of coupled mass/spring systems, we expect that the system can be described in terms of eigenmodes and eigenfrequencies. The latter appear due to the strong coupling between the wires since they are very densely packed. Indeed, the first resonance 
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 of a wire is around 375 MHz, and they are therefore organized on a very deep subwavelength at the equivalent resonant wavelength 
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. The very difference between such a medium and a wavelength scaled one, for example, a classical photonic crystal, is that in our case the Bloch modes can be very subwavelength. Indeed, in such a system, Bloch theorem imposes that we find 
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 oscillators. Those modes possess wavevectors 
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 plane (which we will thereafter refer to as the transverse plane) linearly distributed onto the interval [
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]. Hence, the spatial variation of the modes supported by the deep subwavelength array of resonant wires ranges from the transverse size of the system for the fundamental mode toward the period of the system for the higher mode. Here we start to understand a very important feature of the system used in [22] and studied deeper in [42]: such a medium supports deep subwavelength modes that will be able to couple to the evanescent components created by a source placed either inside or in the very near field of the medium. Lets us now look at the dispersion relation of such modes or equivalently the relation between their eigenvectors and eigenfrequencies.
Such a system of 
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 periodic resonators should be analysable within the frame of classical coupled oscillators: a set of 
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 equations is written modelling the behaviour of the current in each wire, and including a coupling constant linking this specific wire to its neighbours. This approach, however, requires the knowledge of the coupling matrix, some computations, and there is actually a much more elegant way to obtain the desired results. The idea of this analysis is to start from an infinite wire medium of same periodicity and wire diameter as the one utilized here. Such medium, known as the wire medium, supports only transverse electromagnetic modes (TEM modes similar to those propagating in coaxial lines), since TE and TM modes turn out to be evanescent due to the very subwavelength period [43, 44]. Those TEM modes are known to be dispersionless: their longitudinal wavevectors 
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 its celerity in the host medium. When a set of TEM modes, each one presenting a complex phase (the decomposition of a point source for instance) propagates inside this medium, it remains unchanged independently of the distance of propagation in the 
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 direction, which according to some authors explains the phenomenon called canalization [43, 44].
If we start by cutting the wires along the 
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 direction such that they now present a finite length 
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, placing the wire medium between the 
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 planes, things become quite different. Indeed, the dispersionless TEM modes are trapped inside the medium and they propagate back and forth along the 
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 direction: they experience a Fabry-Perot type of cavity. Interestingly, the properties of this Fabry-Perot cavity depend on the transverse wavevector of the modes 
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, which in turns induces dispersion. Very naïvely, one can understand this in the following manner; the TEM modes are all evanescent outside the medium in the 
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				𝑧
				=
				±
				𝐿
				/
				2
			

		
	
 interfaces (Figure 4(b)) since they are subwavelength, or equivalently, since their resonant frequencies lie below the light line. It is well known that when a wave impinges from a medium 1 onto an interface with a medium 2 and gives rise in the latter to an evanescent wave, it adds a phase term to the reflection coefficient at the interface. This effect, responsible notably of the Goos and Hänchen shift [45], depends on the penetration depth of the evanescent wave inside medium 2: the longer this penetration depth, the larger the added phase. Taking this effect into account, it is pretty easy to obtain a relation between the TEM modes transverse wavevector 
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).
This dispersion relation is plotted in Figure 4(c) alongside simulation results obtained from CST Microwave Studio. From now on, it is clear that the TEM modes are no longer dispersionless inside the medium, which will have many implications. Indeed, if one uses an electrically small source in the near field of the medium at the 
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 interfaces, the field created by the latter decomposes onto the eigenmodes of the system. Since the modes are dispersive, namely, each mode possesses a different resonant frequency, and if the source is broadband and covers all the dispersion relation, then the Fourier decomposition of the source onto the modes is transposed into the spectrum of the field inside the structure. This means that the spatial information of the source on a subwavelength scale down to the period of the structure can be converted into a temporal waveform or a complex spectrum thanks to the dispersion that occurs inside this subwavelength scaled resonant medium. This aspect constitutes the first out of the two fundamental concepts that permit beat the diffraction limit using time reversal focusing from the far field.
We have shown that a subwavelength source placed in the near field of one interface of the finite length wire medium can decompose onto the subwavelength modes of the system provided that it is broadband and can excite all of the resonant frequencies of the modes. But up to now, the medium still remains infinite in the 
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 plane in order to obtain the finite size medium that we have studied has majors consequences. First of all, evidently, when we restrict the medium to 
	
		
			
				𝑁
				=
				2
				0
				∗
				2
				0
			

		
	
 wires, the dispersion relation is no longer continuous, but the transverse wavenumbers 
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 since we have only 
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 modes. But there exist a much more important outcome of the finite transverse dimensions of the structure: the modes become leaky in free space due to finite size effects. Of course, the efficiency of the conversion from those subwavelength modes to free space radiations is quite poor, and the more subwavelength the modes, the less efficient the conversion. 
What seems to be very limiting though is actually not a problem but rather a solution. Indeed, since the array of wires is resonant, energy can be built inside the structure with time. This implies that the modes which cannot exit the structure easily, the most subwavelength ones, are trapped inside the medium during a much longer time. Hence, they present a much higher quality factor, and on a monochromatic point of view their amplitude inside the medium is much higher than that of the source, due to a resonant amplification, or equivalently the Purcell effect [46]. From energy conservation considerations, one can easily infer that if the materials are lossless and even though the conversion of the modes to free space radiation is very weak, due to this resonant effect all the modes radiate equally efficiently in free space! This represents the second fundamental of such finite size subwavelength-scaled resonant media: the subwavelength modes very low conversion to free space radiations is totally counterbalanced by the resonant enhancement of the modes. This explains why those modes actually radiate efficiently in free space, even though they are deeply subwavelength inside the medium (down to the period of the medium). 
Together with the first principle, the physical mechanism of our concept can be summarized as follows. First, a source placed in the near field of our medium emits a broadband field that decomposes onto the eigenmodes of the latter. Due to dispersion, the spatial decomposition is converted into a temporal/frequency signature, which resonates inside the medium, with the quality factor of the resonance being higher for the most subwavelength modes. Then, due to the finite size effects and the resonant enhancement of the modes, each mode radiates with an equal efficiency in free space. This explains the efficient conversion of the subwavelength information into free space radiations of [22], and the fact that TR can give subwavelength resolution in this medium; indeed, if the conversion is possible from the source to free space, then the time reversed one is possible due to the reversibility.
We have verified experimentally and numerically those principles. Numerical simulations using lossless metal have shown us that using a 
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 wire medium, all the spatial information of a source is radiated in the far field with equal efficiency, regardless of its subwavelength nature [42]. We have also repeated the TR experiments of [22] using our periodic system in an anechoic chamber. As can been seen in Figure 5, we have recorded the field produced by a small monopole placed in the near field of the medium using 3 antennas in the far field of the structure. Those three antennas are placed at 0, 45°, and 90° around the medium, and we record the impulse response between these antennas and the monopole placed in the near field of the medium. The emitted signal is a 10 ns pulse centred at 300 MHz. It is clear from the temporal signals that even though placed in an anechoic chamber, the impulse response between the monopole and the three antennas is very long (1.5 μs rms, i.e., 150 times the original pulse). This means that the array of resonant wire itself constitutes a very high 
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 cavity for the TEM modes that resonate inside it. Next, considering the spectrum of the recorded impulse responses, it is clear that our analysis is correct, since we can see that the modes that are closer from the resonant frequency of a single wire (375 MHz) show increasing quality factors. 







Figure 5: Experimental results in an anechoic chamber of temporal waveforms (first row), frequency spectrum (second row), and focal spots obtained by TR (third row), for the 3 antennas placed in the far field of the structure at relative angles 0°, 45°, and 90°. In each case, the signals are very elongated due to the resonant nature of the medium only, the spectrum displays increasing quality factors for frequencies approaching 
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 wide. The last row presents a focal spot obtained using TR with the 3 antennas at a time. The focal spot is again 
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 wide and the sidelobes are lowered.


We have also performed TR focusing using the three far field antennas. To that aim, we first emit with the small monopole a 10 ns short pulse centred around 300 MHz. We then measure with a high speed digital scope the impulse responses between this monopole and each of the three far field antennas placed in the anechoic chamber. Those signals are then time reversed, that is, flipped in time. We generate the corresponding waveforms with a high sampling rate arbitrary waveform generator and send back those signals by the far field antennas acting now as emitters. Measuring the field received on an array of monopoles placed around the initial source position in the near field of the wire medium, we have access to the temporal signal obtained after TR. We define the focal spot obtained after time reversal as the maximum over time of the modulus of the amplitude received on each monopole. This operation is first realized with one of the three far field antennas at a time, and then with the three of them simultaneously. Clearly, TR focusing gives a focal spot that is deeply subwavelength (around λ/25) using any of the three far field antennas, that is, using a single antenna and in free space (anechoic chamber). As one should expect, when the three antennas emit simultaneously the time reversed signals, we obtain a similar focal spot, but the amplitude of the signal outside of the focal spot, which we call sidelobes, is lower owing to the utilization of multiple antennas.
A brief letter of this detailed study can be found in [42] and the rest of it will be published elsewhere. In [42], we call such a system a resonant metalens since it can project the image of an object with subwavelength details in the far field, coded in a temporal/frequency signature. We prove in those papers both TR focusing under the diffraction limit and imaging from the far field with subwavelength resolution based on the same concepts. Of course, here we did not mention the effect of material losses. Evidently, losses will diminish the quality factors of the most subwavelength modes propagating in the structure, which in turn will reduce their resonant enhancement and finally their radiation efficiency. This, in turns, will set a limit to the resolution of the system, whether it is used for TR focusing under the diffraction limit or for purposes of subwavelength imaging.
Finally, it is worth making a link between the results obtained here and the formula (4) linking the result of TR at the collapse time and the dyadic Green’s functions of the medium. Indeed, in such a periodic system, the Green’s functions of the medium are the modes that exist in the latter at each frequency. Equation (4) states that the result of TR focusing at the collapse time is the integral of the dyadic Green’s functions projected on the dipole vector of the initial source. Very concretely, if one’s aim is to focus using TR on a deep subwavelength scale, the idea is to sum a lot of independent subwavelength modes in phase at the focal spot and the collapse time. This is exactly what TR does, since it compensates the phase of the modes excited in the structure from the far field, such that they focus on the initial source position at a definite time. From this approach, it is clear that such results can be obtained provided that we are able to construct a medium supporting subwavelength modes, which must be independent (that is, the medium must be dispersive) and must present ohmic losses as low as possible. We will show in the next part that resonant wires, even though they are very convenient for this purpose due to their small transverse dimensions, are not the only candidates.
4. Using Any Subwavelength Resonator to Achieve Far Field TR Focusing below the Diffraction Limit
From the results of the last part, it appears that any medium of finite size supporting subwavelength modes, consisting of resonant unit cells and displaying dispersion can be utilized for the sake of subwavelength focusing from the far field using TR. Very conveniently, many of such media have been studied recently in the field of metamaterials. Basically, metamaterials are engineered materials made out of a periodic array of unit cells which exhibit interesting properties that can be tailored [47]. Most metamaterials are designed with a unit cell that is resonant and of subwavelength size. Examples of such unit cells include Split-Ring resonators (SRR), parallel cut wires, complementary SRR, and so forth. Usually such materials are analysed within the frame of the effective medium theory, and effective parameters are obtained through an averaging of the field across one unit cell. Materials with negative permeabilities and permittivities can be obtained, those possessing a band with double negative parameters falling into the class of negative index media [48].
In our case, we are not interested in averaging procedures in order to extract effective parameters since our focus is on finite size media. Such finite size media necessarily support modes which can be calculated using Bloch formalism. Provided that the size of its unit cell be subwavelength and resonant, a medium should behave just as the medium made out of resonant wires that we have studied before. Indeed, the modes supported by the medium for the first band should be evanescent since their dispersion relation, analogically to polaritons, lies under the light line. Hence, such modes should be once again trapped inside the medium which then acts as a cavity for those trapped modes. Under the condition that the unit cells be coupled, which should be the general case since arranged in a dense array subwavelength resonators will strongly interact with each others, the medium should also have a dispersive behaviour. This should permit to transpose the subwavelength spatial information of a source into the temporal/frequency signature of the field inside the medium. Finally, because we consider only finite size media, finite size effects should also ensure a conversion from the subwavelength modes to free space radiation whose weak efficiency should be compensated by the resonant enhancement of the modes in the medium.
Therefore, we argue that if one designs a resonator of subwavelength size and utilizes it in order to construct an array of such resonators, the latter being closely spaced, focusing using TR should produce subwavelength spots in such media. The focal spot size will in the best case be limited by the period of the medium, but may be limited to larger sizes depending on the losses of the system. We have verified our assertion with various unit cells such as high index dielectric cubes, spiral resonators, loaded wires, and Split-Ring resonators. The results obtained totally agree with our statement, and in all cases, at least numerically, TR focusing resulted in subwavelength focal spots. Here, for the sake of space limitations, we will only present the case of an array of Split-Ring resonators.
The unit cell of the structure, schematised in Figure 6(a), consists of four split rings. A first 8 mm wide SR is inserted inside a 1 cm wide one, the gaps being tilted of 180°. The copper strips are 0.5 mm wide and the gaps 1 mm wide. A structure identical to the latter is placed in front of the first one, tilted 90° from the first one. Each of those structures are printed using copper on the two sides of a 1 mm thick low loss dielectric substrate (Duroïd 500). The structure is designed in that way for two purposes. First, there are 4 SR such that the resonant frequency of the cell is lowered enough in order for the equivalent resonant wavelength to be much larger than the unit cell width. The second aim is to simplify the analysis of the following experiments by keeping only the magnetic resonance of the cell. Indeed a Split-ring usually possesses two fundamental resonances, one magnetic and the other electrical, both of which can be excited depending on the polarization of the field. Because on each side of the substrate the cell possesses gaps tilted 180° one from the other, the electric effects cancel and solely the magnetic resonance of the cell survives.
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(c)
Figure 6: (a) Unit cell of the SRR used in our numerical simulations and experiments. 4 basic SRR are used to design this cell in order to suppress the electric resonance. The SRR parameters are given in the text. (b) S parameters of a single cell obtained numerically using CST Microwave Studio. The S12 (transmission, solid blue curve) shows a sharp deep around 1.6 GHz while the S11 (return loss, dashed red curve) has a maximum at 1.6 GHz. Both curves indicated a sharp resonance of the SRR at 1.6 GHz. (c) Band structure of a plane of such SRRs arranged a square array of period 1.1 cm. The lower branch is the one that coupled evanescently to our source. Those modes are evanescent perpendicularly to the array since the band lies under the light line. The upper branch shows leaky modes (with good coupling to free space radiations and limited 
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) that are not interesting for our concept. Clearly the interesting subwavelength branch is dispersive which is crucial for our concept.


We have studied numerically the structure using CST Microwave Studio in order to obtain the 
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 parameters of a single unit, that is, the transmitted and reflected fields for a wave impinging on such a unit cell. They are plotted in Figure 6(b) as a function of the frequency. A clear resonance appears in the signal around the frequency 
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 GHz. Given the size of the unit cell, 1 cm, and its equivalent resonance wavelength which roughly equals 18 cm, this resonator can be described as deeply subwavelength. We have then numerically studied the behaviour of a planar array of such resonators, arranged on a square lattice of period 1.1 cm. Again, CST Microwave Studio has been used using the mode solver and we have obtained the dispersion relation of an infinite plane of such unit cells. This dispersion relation is plotted in Figure 6(c). Due to the coupling between the SR, this planar medium is dispersive, as it was demonstrated before [49]. This way, it is clear that if we put a small loop antenna in the near field of this planar array of SR and excite the loop with a broadband signal, the spatial information of the loop will be transferred to the spectrum of the field propagating inside the 2-dimensional medium. Fabricating a finite size version of such a medium should then permit us to focus waves on a deep subwavelength scale in this medium using far field TR.
We have fabricated such a structure using an array of 
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 unit cells respecting the aforementioned parameters. This array can be seen on the photo of the experimental setup presented in Figure 7(a). In our experimental demonstration, a small loop antenna oriented in the same direction as the SR is placed in the near field of the array of SR, at about 2 mm from the surface of the sample. This loop antenna is attached to a 3D positioning system that can be utilized to scan the magnetic field on top of the sample. This loop antenna is connected to one port of a network analyser. The other port of the network analyser is connected to an electromechanical switch which permits to switch between 8 Vivaldi antennas that are placed around the array of SR, at about 2 wavelengths in order to avoid any near field coupling, and which span over 360°, approximately every 45°. Those planar Vivaldi antennas are oriented parallel to the planar array of SR, meaning that the electric field is polarized parallel to the plane of SR as well. This way, the magnetic field produced by those antennas is perpendicular to the array of SR and can excite the modes of the medium.
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Figure 7: (a) Photo of the experimental setup. The array of 10 * 10 SRR is printed onto Duroïd 500 which has a low loss tangent. A small loop (attached on a grey tube) is used as the near field probe to measure the impulse responses from the 8 Vivaldis antennas to every SRR of the array. This probe can be translated in the 
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, or 
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 directions. A multiplexer (grey cylinder) is used to switch between the Vivaldi antennas. It is linked to the first port of a network analyser, while the second is connected to the probe. (b) Field at the collapse time after TR calculated using the set of impulse response for a passive TR focusing on the SRR (3,7), two units stand for one period of the array. Clearly, the focal spot is one period wide, that is, λ/18, deeply subwavelength.


We have performed a virtual TR focusing experiment using the following procedure. A set of impulse responses between the 8 Vivaldi antennas and the loop antenna is acquired when this small probe is placed on top of one of the hundred of SRs. The operation is repeated for every position of the loop antenna on top of the array, that is to say, we acquire the set of responses between the 100 SRs and the 8 Vivaldi antennas representing the time reversal mirror. This bank of impulse response can be written 
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				(
				𝑖
				,
				𝑗
				)
			

		
	
 stands for the couple of indices of the SR on the array. This signal bank is then utilized in order to compute the result of a time reversal focusing experiment on any of the 100 SRs. If we want to emulate the results of a TR focusing on the SR of indices 
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 on the array and from the 8 antennas of the TRM, we can compute the maximum over time of the fields that could be measured on top of every SR of the array when the TRM sends the impulse responses of SR 
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					which can be rewritten simply in the Fourier domain in order to accelerate the computation as
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The result of such a focusing experiment has been obtained using the experimentally measured impulse responses, and we map it in Figure 7(b). Clearly, the size of the focal spot is limited by the period of the array to 
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 at the central frequency of the original emitted bandwidth. This means that the losses on the substrate and the copper do not hamper the TR focusing, owing to the small loss tangent of the Duroïd. As a sidenote, we would like to mention that other focusing techniques may give better spatial focal spots depending on the losses experienced by the modes in the structure. Indeed, TR is a matched filter, meaning that it maximizes the energy focused at the focal spot and the collapse time [50]. An inverse filter may give better spatial results if the medium is too lossy by increasing the emitted energy in the most subwavelength modes, at the price of a reduced efficiency [50–52].
5. Conclusion
The goal of this was to introduce TR as a method for focusing below the diffraction limit from the far field in designed subwavelength scaled and resonant media. To that aim, we have introduced the basic principles of TR through a brief review of some results obtained using acoustic waves. We have shown that a TR focal spot can be explained in terms of a sum over the bandwidth of the Green’s functions of the medium, which happen to be proportional to the modes of the medium if the latter can be analysed within a modal approach. Starting from those original results, we have underlined that they can be transposed to the case of electromagnetic waves. More specifically, we have shown that in terms of focal spot TR behaves exactly identically with electromagnetic waves than it does in acoustics, notwithstanding the polarized nature of the latter which must be accounted for through the use of Dyadic Green’s functions. We have also reminded the reader how the drawbacks linked to the high frequency character of microwaves can be circumvented through the use of modulation techniques. This has led us to introduce our first experimental proof of concept of subwavelength focusing using far field TR in a random collection of metallic scatterers. This experiment has been explained in terms of conversion of evanescent waves to propagating ones, and linked to the reciprocity of evanescent waves. Then we have given evidence that this initial demonstration could be analysed within the simplified model of a subwavelength periodic array of resonant wires. The main characteristics of such a medium have been presented: dispersion allows the evanescent components of a source to couple to the subwavelength Bloch modes supported by the structure, while the weak conversion to propagating waves of the latter is counterbalanced by the resonant enhancement of the modes. We have verified that TR in such media indeed provides deep subwavelength focal spots whose widths are limited by the losses of the structure to 
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 in our experimental demonstration. At the light of this new approach, we have generalized the concept and argued that any dense and finite-size array of subwavelength resonator constitutes a medium which can be utilized to break the diffraction barrier using TR focusing. This has been evidenced using an array of Split-Ring resonators onto which focal spots as thin as 
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, the period of the array, have been measured.
We believe that this approach because of its generality and simplicity will have very interesting applications in various fields such as medical therapy, sensing, or telecommunications. We would like to underline that this concept is far from being limited to the domain of microwaves: we are currently working on its transposition to the optical domain using silver nanowires and we have already published a study with audible sound using arrays of Helmholtz resonators, that is, soda cans [53]. This broadens the range of the envisioned applications and testifies of the generality of this principle. Finally, we would like to add that such media, which we have called “resonant metalens” for their capability to project on the far field the near field information of a source regardless of its spatial extension, can also be utilized as imaging systems with subwavelength resolution.
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