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In this paper a method is proposed for unbalance identification ofelastic rotors. The method is
essentially based on the rotordynamic theory combined with experimental modal analysis and
allows to identify the unbalance distribution on the complete rotor. A rotor test rig designed
for rotordynamic experiments, modal analysis and especially for the unbalance identification
has been developed. It allows an arbitrary excitation with a particularly developed non-
contact magnetic exciter, as well as measuring vibrations in radial direction with non-contact
laser sensors and eddy currents. Special effects of rotordynamic like anisotropic journal
bearings and gyroscopic forces can be simulated. Experimental and theoretical results like
mode shapes and unbalance parameters for the laboratory model are presented in detail.
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INTRODUCTION

To balance flexible rotors, two basic techniques
are currently used: modal balancing and balanc-
ing with influence coefficients (Goodman, 1964;
Kellenberger, 1987). These methods have been
improved in practice and numerous combinations
and variations of these two basic techniques have
been developed. The disadvantage of balancing
rotors in this way, is the limited angular speed
range, for which the rotor is finally balanced.
The proposed method allows basically the

identification of the unbalance distribution on the
complete rotor. For that purpose the unbalance

vibration lU (fR) must be measured at constant
angular speeds fR. The measurement planes may
be at any location on the rotor, for example at
the balancing planes or other well accessible loca-
tions. Therefore the length of the vector IU(R) is
limited by the number of measurement planes.
To describe the motion of the rotor, it is necessary
to measure the displacement on one measurement

plane in two directions, preferably 90 apart. Here-
with the length of the vector lU (fR) amounts to
the number of measurement points nM.
An experimental modal analysis of the rotating

machines at the same angular speed fR follows.
The resulting frequency response function matrix
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(FRFM) H describes the relationship between the
forced vibration for unbalance the unbalance
vibration I_U (fR) and the exciting force in this
case the unbalance force/u (fR)"

n.
Therefore, a pseudo inversion of the generally
incomplete FRFM H/ leads to the unbalance
force vector and thus to the unbalance parameters
combined in the vector e_- ( including mass, geo-
metry and transformation parameters) by

.O+.U(fR). (2)

Finally, it may be possible to identify the origin of
the unbalance forces in opposite to the common

balancing methods. The knowledge of the unba-
lance distribution of the rotor enables:

balancing for arbitrary speed ranges (depending
on the numbers of balancing planes);
on-line monitoring of the unbalance state.

DISCRETIZATION AND MODAL
DESCRIPTION OF ROTATING MACHINES

A common procedure to get a linear, discrete
mechanical rotor-model is the finite-element-
method (Kr/imer, 1984; Lee, 1993). Such an FE-
model consists of:

TIMOSHENKO-beam elements to describe the
elastic shaft of the rotor;
rigid mass-elements composed of masses and
inertia moments to describe discs like turbine
bladed discs;
spring- and damper-elements to describe the
bearings of the rotor (in this case journal
bearings).

Using the principle of virtual work, the equation of
motion can be calculated as

+ + + f(t).

By that the generalized displacements are combined
in the complex extended vector

cc-Re{}; &__- l.e jFt Wi- I;Vi.ejw,
(4)

This vector describes the motion of the midpoint
We of a beam element e in the local non-rotating co-
ordinates x, y, z; its dimension is (nF 1) (Fig. 1).
The static and dynamic properties of the system are
described be the system matrices M, D, G, K. The
mass matrix M is a symmetric matrix composed
of the masses and inertia moments of the beam
elements and discs. The gyroscopic effects of the
cross section of the beam elements and the rigid
discs are considered by the gyroscopic matrix G.
This matrix depends linearly on the angular speed
fR of the rotor and is skew-symmetric. The
properties of the journal bearings are described by
the speed dependent bearing coefficients combined
with the unsymmetric stiffness and damping
matrices KL(fR) and D=DL(fR). Additionally,
the stiffness of the beam elements described by the
symmetric stiffness matrix KB, leads to the total
stiffness matrix K KL(2R) + KB.

Finally, the time dependent external forces have
to be introduced by the vectorf(t). In general, these
forces can be gearforces, steamforces, etc. In this

paper only harmonic unbalance forces or magne-
tic exciter forces are necessary for the further
computation:

f(t) Re{C}; jo_ . ejat ki /i" eJcFi. (5)

In the special case of unbalance excitation the
exciting frequency fF is equal to the rotational

FIGURE An elastic rotor-bearing model.

Pseudo inversion +.
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frequency fR. After a modal transformation the
amplitudes ofthe system response can be determined
by introducing the FRFM 17t(fF),2 consisting of
the outer product of the right- and left-hand eigen-
vectors, _)T and the eigenvalues

(6)

The eigenvectors can be normalized by using the
coefficients c. Regarding only harmonic excitation,
Eq. (6) can be reduced to

W- H(fF) F, (7)

where the time-independent amplitude vectors W
and _F are defined in Eqs. (4) and (5).

UNBALANCE PARAMETERS

The unbalance U of the discretized rotor is a

superposition of the unbalance of the beam
elements B and the disc elements s.

8- +

Unbalance of the Beam Elements

The connection curve of the centre of gravity of
the beam element e (Fig. 1) can be approximated by
a linear eccentricity function _eB(x, t) in y- and z-

direction. The centrifugal loading _re(X, t) of the
beam elements, caused by the eccentricity e_eB(x, t),
the angular speed fR and the mass density multi-
plied by the cross section of the beam element Be" Ae
reads

B(X, t). (9),)

Considering the principle of the virtual work, that
the virtual work of the distributed forces must be

equal to the virtual work of the nodal forces i.e.
Adistr Andal leads to the nodal centrifugal force
vector

y
B

f_Be fz f oeAe HT "eB(x, t)dx,
my
1Tl UB

(lO)

with HT as a matrix including the HERMITE
polynomials. The complex extension, the calcula-
tion of the integral in Eq. (10) and the transforma-
tion into global co-ordinates, determines the global
unbalance vector /B of the beam elements:

rB lB. MB B. (1 1)

The matrix IB consists of the HERMITE
polynomials, the geometry and the constitutive
equations of the beam theory. The matrix MB

consists the masses of the elements eAeLe. The
unbalance parameters are combined in the vector
_B [... e" ej’’ .IT for each degree of freedom
i= 1,...,4nK of the model.

Unbalance of the Disc Elements

The unbalance of the disc elements are partitioned
in a static and dynamic unbalance. The static
unbalance force can be determined using the second
Newton’s law and the dynamic unbalance is
calculated by the moment of momentum principle.
Therefore, the complex extended vector of un-
balance forces for one disc element e 1,..., ns is
determined by (A0e Oae Ope

s 0

0 /0
0 --j /0

(12)

Complex conjugate



14 T. KREUZINGER-JANIK AND H. IRRETIER

Transformation into global co-ordinates leads to
the unbalance of the disc elements.

_s s._s (3)

UNBALANCE IDENTIFICATION

The unbalance force vector is the product of the
angular speed of the rotor and the unbalance vector

Using Eqs. (8), (11), (13) and (14) allows an esti-
mation of the possibility to identify the unbalance
parameters gL using the amplitude of the unbalance
force vector F _

f2. ._, (15)

with

Ib--[OBOS]; _-- s (16)

Regarding the linear dependence of the z-compo-
nents from the y-components of the forces and
moments

Fy -j. Fz; My- -j. mz, (17)

2nK equations are available from Eq. (15) for
calculating (nK+2ns) unknown complex unba-
lance parameters. In practical case nK > 2ns; for
example a turbomachine has only 2 or 3 discs, but
more than 6 measurement locations. Hence, an
overdetermined equation system may be assumed,
which can be solved by least squares minimization,
minimizing measurement errors

_- o+p_,

with

0+ (Ov,w)-O*w (19)

and W as a weighting matrix.

At this point two basic equations are derived. In
Eq. (7) the relationship between the amplitude of
the harmonic exciting force F and the forced
vibration is given by the FRFM 171(fv). In Eq.
(18) the unbalance parameters

_
are determined in

dependence of the unbalance force _F. Therefore, by
inversion of the FRFM and elimination of the force
vector, the calculation of

_
by measuring the

unbalance response IV of

_
is generally possible.

However, because of the dimensions of the vectors
and matrices, fl is generally not complete and offull
size, and it could be singular. The reason for this
fact is that there is no way to measure all degrees of
freedom 4nK of the model and to identify all 4nK
modes of the rotor.
One possibility to invert the singular FRFM

presented in (Belz, 1997), is based on the assump-
tion for bimodal balancing (Kellenberger, 1987).
The theory leads to a pseudo-inversion of the
FRFM in the state space which finally delivers the
unknown unbalance vector

(20)

with the spectral matrix

A diag{ck (/’gR A) } (21)

and R and L as right-hand and left-hand modal
matrices, respectively.

EXPERIMENTAL MODAL ANALYSIS
AND UNBALANCE IDENTIFICATION
OF A ROTOR TEST STAND

Rotor Test Stand Set-Up

The rotor test stand shown in Fig. 2 is built to verify
the unbalance identification algorithm and to
simulate typical and special effects of real rotors.
The test rotor is driven by a drive controlled (1)
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(11)

(4)

(5)

(8.2) laser sensors
(8.4) steel sheet

package
rotor shaft

coil

force transducer

FIGURE 2 The rotor test stand.

asynchronous motor (ASM) (2), which is coupled
to the shaft by a non-contact magnetic coupling (3)
for no disturbance by the ASM.
On the surface tempered shaft (4), two discs (5)

and one coupling (3) are fixed. A special fixation of
the discs allows any location on the shaft. To set test
unbalances, 24 circumferential holes in each disc
exist. The rotor is supported in a fixed (6) and
variable (7) industrial circular journal bearing.

Measurement Set-Up

The non-contact exciter-system (8) consists of a

self-developed magnetic exciter (8.1) and to
realize the driving-point measurement two inte-

grated laser sensors (8.2) and a piezo-force trans-
ducer (8.3) for a direct measurement of the exciting
force. For minimizing the eddy current dissipation
a steel sheet package (8.4) is fixed at the excitation

The magnetic exciter’s first eigenfrequency is much higher than the highest excitation frequency
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point on the shaft. The magnetic exciter is driven by
a harmonic current, which originates a double
frequency harmonic magnetic force on the rotor.
The displacements are detected in six free eligible

measurement planes (9), by 12 non-contact dis-
placement sensors, consisting of two orthogonal
sensors for each plane. In the neighbourhood of the
magnetic exciter laser sensors and in a great
distance to the magnetic exciter eddy current
sensors are used.4

Finally, the speed of the rotor and the phase
information is fixed by using an infrared (IR) sensor

(10), which recognizes black-white contrast. The
IR-sensor produces a TTL-rectangular signal,
which can be used as a reference of the rotor.
To minimize time shifting, which is caused by

the multiplexer of the analog-digital-converter, a

special SSH-card (11) for PC-application has
been developed. This SSH-card collects all data
simultaneously and holds them for a short time, to
convert them multiplexed by the analog-digital-
converter (12).

Experimental Unbalance Identification

Starting with a small revolution n085rpm the
surface of the rotor shaft has been scanned. At a

higher constant rotor revolution nl >>no, the
sensors measure a superposition of the surface
and the unbalance vibration. The compensation
of the surface offset and fitting a harmonic
function, leads to the amplitudes and phase angles
of the unbalance vibrations i)/u,w for all riM dis-
placement sensors.

After saving the data of the unbalance vibration
the non-parametric identification of the FRFM
for the experimental modal analysis on the operat-
ing rotor can be started. For that purpose, several
exciter techniques are available, which are mainly
distinguished by the test signals. Preferably for this
application step sine testing or step periodic sweep

testing should be used, as in the higher frequency
range the force amplitude decays exponentially.
The reason for this effect can be explained by the
eddy current dissipations, which are minimized by
the steel sheet package, but which are not elimi-
nated for higher frequencies. To get the highest
exciter energy into the rotor shaft, the step sine
testing is used with equidistant frequency steps in
several frequency ranges of the eigenfrequencies.

Exciting the rotor at one location and measuring
the answer at the constant speed nl for all mea-

suring locations riM, the variation of the measure-
ment points can be finished. Remembering the
unsymmetry of the system matrices, the FRFM is

unsymmetric, too. Thus, a variation of the exciter
location is necessary to measure one row and one

column of the FRFM.
For the parametric identification, the modal

parameters are determined by a modified ortho-
gonal polynomial (MOP) algorithm, described in
detail by Ebersbach (1989).

Using the determined modal parameters
qR,L, and the measured unbalance response
tU, the unbalance vector fJ can be calculated at the
constant rotor speed fR by Eq. (20).

THEORETICAL AND EXPERIMENTAL
RESULTS

The First Rotor Test Stand Generation

The first experiments were realized on a rotor test
stand consisting of smaller discs and an old
magnetic exciter (Kreuzinger-Janik, 1995). This
old magnetic exciter was developed to excite plane
structures. Therefore and by exciting the rotor shaft
without a steel sheet package, only the first mode
shape could be identified (Fig. 3). For the same

rotor in (Belz, 1997) results are presented for the
unbalance parameter identification, by using simu-
lated data.

The eddy current sensors do not work in the magnetic field, because the permeability of steel changes in dependence of the magnetic
field.

SSH Simultaneous sample and hold.
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FIGURE 3 First bending mode of the rotor test stand (first generation) at 700 rpm (Kreuzinger-Janik, 1995).
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FIGURE 4 A calculated CAMPBELL-diagram.

The Second Rotor Test Stand Generation

The second rotor test stand generation, described in
Section 5, has been optimized in the disc constella-
tion by using much larger discs, optimized laser
sensors and a new developed magnetic exciter
system especially for rotor excitation.
The calculated CAMPBELL-diagram is shown

in Fig. 4. By using a step periodic sweep, a

frequency response function (FRF) at the driving
point at 700rpm could be measured (Fig. 5). It
is visible that both the forward as well as the
backward whirl are excitable by this magnetic
exciter.

CONCLUSIONS

In this paper the experimental modal analysis is
presented to identify the unbalance distribution
of rotors. After preparing the description of the
unbalance parameters, the unbalance identifica-
tion based on the bimodal balancing theory is
outlined. A rotor test rig to verify the unbalance
identification theory was described and finally, first
theoretical and experimental results are presented.

Actually the experimental modal analysis is used
to calculate the FRFM, for all measurement points
nM. Finally, by using such FRFs shown in Fig. 5,
the unbalance identification of the presented test
rotor will be realized in near future.
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FIGURE 5 Frequency response function (FRF) at the driving point 700rpm.

NOMENCLATURE

nM
nF

-UW

M, D, G, K
H

number of measurement points
number of degrees of freedom
angular speed of the rotor
excitation circular frequency
unbalance response amplitude
unbalance force amplitude
unbalance parameter vector

system matrices
frequency response function matrix
modal matrix
spectral matrix
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