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In the present study, stress analysis of fiber reinforced thin composite shafts subjected to
unbalance excitation and steady torque, is carried out. Shafts of uniform as well as variable
wall thickness are considered. The shaft is modeled as a simply supported Timoshenko beam
in which shear deformation, rotary inertia and gyroscopic effects have been included.
Modified equivalent modulus beam theory has been adopted. Rayleigh-Ritz displacements
are used for deriving the solution equations. Shafts with a uniform wall thickness, and with
variable wall thickness in which the thickness is varied along the axial length of the shaft for
three different cases of fiber angles have been studied. Axial variation of stresses is studied in
detail. Results obtained indicate that the stresses in the variable wall thickness are smaller
than the one with uniform wall thickness, even for the same weight of the shaft.
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NOMENCLATURE

xx 00

7-xO, ’xO

O’xx 0"00

E,G

Qij

Aij

Normal strains in the lamina u, v
in x and 0 directions
Shear stress and strain in the w
lamina in x-O plane
Normal stresses in the lamina
in x and 0 directions

Shaft longitudinal and shear
modulii, MPa

Shaft major Poission ratio
Elements in the lamina stiffness
matrix with respect to shaft z

geometric axes.

W, 1:

Elements in the extensional stiffness
matrix A of the laminate

Inplane displacement in the x and
0 directions

Transverse displacement along
r direction

Rotations due to bending in
x-z and y-z planes, respectively

Deflections in cartesian coordinates
(Fig. 1)
The bending and rotational slopes,
respectively

Distance to the ith lamina from
the mid-plane, m
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[M]

MDi
I

IDTi, DPi

A

r

Mean radius of the shaft, m
Thickness of the ith lamina and
total thickness, respectively

Whirl frequency
Critical speed of the shaft
Shaft material density, kg/m3

Shaft mass matrix
Shaft stiffness matrix
Mass of ith disk
Second area moment of shaft
cross-section

Lateral and polar mass moments
of inertia of ith disk, respectively

Cross sectional area of the
shaft (Eq. 2)

The amount of unbalance, kgm
Location of the unbalance mass
Applied torque, N

Subscript "," denotes differentiation with
respect to x or 0.

Overdot denotes differentiation with
respect to time.

1 INTRODUCTION

The literature on dynamics of composite shafts
deals primarily with critical speeds and unbalance
response which provides only part of the informa-
tion needed by the designer. Not much information
is available in literature on stresses in composite
shafts. Bauchau (1983) performed analytical and
experimental investigations on composite shafts of
uniform as well as variable wall thickness operating
in the sub-critical region. His analysis included
determination of shaft stiffness, strength character-
istics and dynamic stresses under unbalance condi-
tions. Darlow and Creonte (1995) further optimized
the shaft by allowing the fiber layup and thickness
to vary along the shaft length. Singh and Gupta
(1996) have determined modal stresses in the
uniform wall thickness composite shaft cross-
section by a layer-wise beam theory. In the present
study, unbalance response calculation has been
extended to evaluate the stresses induced in the

shaft. In general, unbalance may be distributed over
the entire length of the shaft and induced stresses
become important if the amount of unbalance is
more or if the shaft is operating near one of its
critical speeds. The stresses induced in the shaft due
to the application of constant torque in addition
to the unbalance excitation are evaluated. Axial
variation of stresses, which does not seem to have
been analyzed in literature for composite shafts, has
been studied in detail for various cases of shafts
with uniform and variable wall thickness. Present
study provides a better understanding on the
problem and will be useful in developing optimum
designs of rotating composite shafts.

2 METHOD OF ANALYSIS

Rayleigh-Ritz procedure is used for eigenvalue
analysis as well as the unbalance response analysis.
Referring to Fig. 1, the displacement, field is
described by the transverse displacements w and v
measured in the z and y directions, and the bending
slopes c and /3 in x-z and x-y planes. The
quantities w, v, c and ,L are assumed to be time
dependent and can be represented as

w- eift, v- eift, oz- 6eift, ,-/eift, (1)

(a)

y Z

z /--(0/0x ) y t._(0U/0x {)

(b)

FIGURE (a) Coordinate system of the rotor, (b) displace-
ment field in cartesian coordinates.
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where f is the whirl frequency. The kinetic and
strain energies of the system are determined. The
total kinetic energy is the sum of the kinetic energies
of the shaft and of the discs mounted on it. This
can be expressed as

pA ’T- 5- +

+_f (&2 +/2) dx + 2pI dx

NV

MDi((Xi)2+ +
i=1

+I((x) + 3(x)) + I(x)(x)

(2)

The strain energy, including the shear deformation
effects, is

where E and G are the longitudinal and shear
moduli of the shaft which are evaluated by using
classical laminate theory taking into account shear-
normal coupling effects as

E- (Alia A12b if- A16)/(at)
G (Alia A,zb + A16c)/(ft),

and

where

a- A22A66 A6,
A12A26 A16A22,

b A12A66 A16A26,

f-- AllAz2 A2,

is the total thickness of the shaft and A0. are the
elements in the extensional stiffness matrix of the
shaft given by

A O. Q(i,j,k)tk.
k=l

The shear correction factor K in Eq. (3) for thin
tube (Dharmarajan and McCutchen, 1973) is given
by KI= E/(2E- uG). The Lagrangian function can

be written as L U-T, where U and T are the
magnitudes of the strain and kinetic energies
respectively. The response quantities w, v, c and/3
are assumed in a series solution as

I krcx *;

#(x)- Z W, sin )--, #(x)- Vk sin
k=l k=l

I krcx
(X) Ak COS, (X) Bk COS

k=l k=l

kTrx

(4)

The solution equations are obtained by setting L
stationary with respect to the solution coefficients.
On setting the derivatives of L equal to zero, i.e.,

OL/OWk O, OL/OVk O,

OL/OAk O, OL/OBk O,

the time dependence cancels out in all the terms. A
set of 4K simultaneous algebraic equations in
the form of a quadratic eigenvalue problem is
obtained as

[-"2[m] -q-if{D] + {K]]{X} 0 (6)

where the matrix [D] involves the contribution due
to gyroscopic effect and is dependent on rotational
speed

Unbalance Response Formulation

Generally, the unbalance is distributed over the
entire length of the shaft. However, in the present
analysis the unbalance is assumed at the mass
location. A mass mr with eccentricity er and phase
angle qSr gives rise to unbalance Ur, which can be
represented as ur-mreZOr. The total kinetic

energy of all unbalance masses can be represented
as

Tu Urei+r [(Xr) i(Xr)] eit, (7)



238 H.B.H. GUBRAN et al.

where w(xr) and v(xr) are the displacements of the
rotor at location of unbalance x xr, and ur and qSr
are magnitude and phase (angular location) of
unbalance respectively. Equation (6) can now be
written as

[-af[M] + i{D] + [K]]{X} {F}. (8)

The unbalance response is obtained from the
solution of the simultaneous algebraic equations,
which give the unknown coefficients in Eq. (4),
through the solution vector

{,} W1, W2,..., Wk V1, V2,...., Vk
A1, A2, Az: BI B2, Bk]T.

Substituting the coefficients from the vector {X} in
Eq. (4), we obtain the displacement field v, w, c and
/3 in cartesian coordinates of Fig. 1. Displacement
field in polar coordinates (refer Fig. 2) Eq. (5) is
obtained by transformation from cartesian to polar
coordinates as

u(x, O,z) -(r + z)(c(x) cos 0 +/3(x) sin 0),
v(x, O, z) 9(x) cos 0 #(x) sin O,
w(x, O, z) #(x) cos 0 + (x) sin O.

(9)

Z

FIGURE 2 Displacement field in cylindrical coordinates.

ply from the stress-strain relations

Oxx 011 012 0 0 016 6-xx

cro0 021 022 _0 9 026 CO0

Txz 0 0 Q_44 Q_45 0 ")/xz

7-Oz 0 0 Q54 Q55 0 "/0

TxO k 061 062 0 0 066 k "YxO k

(11)

The stresses induced by the transmitted torque are

evaluated separately by determining the shear
strain 7xO- Tt/(2rcrZmtG), and then using stress
strain relation [11]. The total stresses are then
calculated by superimposing the stresses due to the
unbalance response and transmitted torque.

In Eq. (9) u, v, w on LHS denote displacements in x,
0, r coordinates, respectively, while 9 and on RHS
denote displacements in cartesian coordinates as
shown in Fig. 1. The strain-displacement relations
for thin shell are (Singh and Gupta, 1996)

exx U,x, eoo= (w + v,o)/(r + z),
"rxo u,x + u,0/(r + z),

xz + W,x, 7o + (w,o )/(r + z),
(o)

where b is the bending slope given by (ccos 0 +
/3 sin 0), and 05 is the rotational slope assumed to be
zero. Substituting the expressions for u, v, w, b and
qS, the strains in the tubular shaft at any location
can be calculated. The stresses are obtained in kth

3 RESULTS AND DISCUSSION

A graphite/epoxy shaft simply supported on rigid
bearings with a disc mounted at its mid-span is
studied. The shaft geometrical properties are,
length m, mean diameter 100mm, and the ply
thickness of 0.1 mm. The mass ofthe disc is 7 kg and
lateral and polar mass moments of inertia are 0.013
and 0.026 kgm2, respectively. The shaft material
properties are: longitudinal, transverse and shear
modulii of 130, 10 and 7 Gpa, respectively, major
Poissions ratio of 0.25, and density of 1500 kg/m3.
The total amount of unbalance of 0.01 kg cm

located at the same position of the disc, i.e, at the
mid-span of the shaft is taken. The shaft with a

uniform wall thickness has 4 base plies, and 2 outer
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plies. In the variable wall thickness shaft, the base
plies are kept fixed while the outer plies are varied.
In the present paper three different cases similar to
those presented by Bauchau (1983) of outer plies of
0- 0, 15 and 30 are studied. The base plies are
chosen to be of 45 as it provides maximum
torsional strength. The thickness of the outer plies
is allowed to vary along the axial length of the shaft,
and the axial symmetry about the mid-plane is
assumed. The shaft weight is kept the same in both
cases. The profile of the shaft and the configuration
of different cases are given in Fig. 3.

3.1 Critical Speed Analysis

Results for the first critical speed for the three
different cases of uniform as well as variable wall
thickness are summarized in Table I. The general
trends of the results are similar to those reported by
Bauchau (1983). However, in the present analysis
shear-normal and bending-stretching couplings
were taken into account. In the variable wall

sec+/-on ncl sec+/-on ncl sec+/-ion

Pry Angle T(hcml, py Angle Thlck,(mm) PYl Angeo ThiCk,o,1(m)
4 0,1 0,1.5 0,1

45 0,1 45 0,1 45 0,1
45 0,1

45 0,i 45 0,I
45 0,I

45 0,I 45 0,I
45 0,1 45 0.1

0,10,15
0.1

FIGURE 3 Variable wall thickness shaft configuration,
0-0, 15 and 30 for the cases A, B and C, respectively.

TABLE Effect of tapering on natural frequencies,
frequencies in (Hz)

Case Uniform thickness Variable thickness A% (increase)

A 44 51.5 17
B 36 42 16.7
C 28.5 32 12.3

thickness case, the natural frequency increases

significantly, i.e, 12% to 17% as shown in Table I.
A greater increase in the natural frequency can be
obtained by optimizing the number of segments and
the thicknesses along the axial length. However, in
the present study, the number of segments were

selected to be 5.

3.2 Stress Analysis

Stresses along the axial length of the shaft as well as
in plies at different locations due to unbalance
excitation and transmitted torque are evaluated and
compared in shafts with uniform and variable wall
thickness for the three cases described in Fig. 3.

3.2.1 Stresses due to Unbalance Excitation

Comparison of stresses in a dynamic situation
where system natural frequencies vary, requires
careful considerations. The present study gives a

comparative evaluation of the maximum stresses

developed in shafts subjected to steady state

response due to point harmonic excitation at the
mid-span.The shaft executed forward synchronous
circular whirl. In such a case the stresses induced at

any point on the periphery of the shaft will remain
the same; however, different points at different
locations along the shaft periphery will have
different stresses. For a comparative evaluation
the shafts corresponding to the cases A, B and C
with uniform and variable wall thickness, three
different criteria were considered in the present
analysis. In the first, a fixed amplitude of 500 gm is

predefined on the response plots shown in Fig. 4(a)-
(c), and the corresponding speeds for the uniform
and variable wall thickness shafts are found from
the individual plots for the cases A, B and C. The
shafts are operated each at its particular speed
corresponding to the response 6f 500 lam, due to

unbalance excitation and the stresses induced in
each shaft are evaluated. In the second, each shaft
of the uniform and variable wall thickness of the
cases A, B and C is operated at 10% below its first
critical speed. Stresses are evaluated in each shaft
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at these speeds. Unbalance is assumed to be the
same in all cases. In the third criterion, the uniform
and the variable wall thickness shaft of each of the
cases A, B and C are operated at the same speed
which is 10% below the critical speed ofthe uniform
shaft of the particular case. Results on the basis of
second and third criteria for the cases A, B and C
with unbalance excitation (U) and unbalance

400

8OO

02.’0
1200

o
1.5

12oo

800

2.0 2.5

(b)

2.0 2.5

Shaft speed, KRPM

FIGURE 4 Response vs speed: (a) case A, (b) case B and
(c) case C.

excitation and transmitted torque (U+T) are

presented in Figs. 5 and 6.
Results on the basis of second and third criteria

are shown in Fig. 5(a)-(d). Figure 5(a) shows the
stresses induced in the outer ply of case A (0 ply
angle) along the axial length of the shaft. However,
as this ply does not exit at the end segment of the
variable wall thickness shaft, the stress distributions
are shown only at the middle part. The nature ofthe
stress distributions can be explained from the fact
that there is no coupling present in the 0 ply, i.e.,
the normal and shear stresses are uncoupled. The
normal stresses Crxx and or00 attain a maximum value
at the mid-span, and a minimum value at the shaft
ends. The shear stress is maximum at the ends and
becomes zero at the mid-span. Results of the same

case also show that the stresses induced in the
variable wall thickness shaft are smaller compared
to the stresses in the shaft of the uniform wall
thickness. However, the stresses are much less if the
variable wall thickness shaft is operated at the same
speed as the uniform wall thickness shaft (dotted
lines in Fig. 5(a)).

Results for case A show that the maximum stress
induced at mid-span of the variable shaft operated
at the same speed as the uniform shaft (third
criterion) is reduced by about 61%. However, this

percentage is decreased to 3% if the variable shaft
is operated at 10% below its first critical (second
criterion). Variable shafts corresponding to the
cases B and C show a reduction in the maximum
stresses by about 61% and 55% for the third
criterion and by 1% for the second criterion. The
reduction in the maximum stresses induced in the
variable wall thickness shaft for the second criterion
can be explained by the increase of the shaft
stiffness as a result of increasing the shaft wall
thickness at the middle segment. However, the
reduction of maximum stress in the variable wall
thickness shaft corresponding to the third criterion
is due to increase in the shaft stiffness as well as due
to increase in separation margin from the shaft first

critical speed.
Observations made from Fig. 5(b) and 5(c) are

similar to that of case A, except that the normal
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Uniform at 2397 RPM (a)

Vadable at 2749 RPM
4 Variable at 2397 RPM

0
0.0 0.1 0.2 0.3 0.4 0.5

% Axial Length

4
Uniform at 97 RPM (b)

J
"’""

0.0 0.1 0.2 0.3 0.4 0.5

0
0.0

Uniform at 1560 RPM (C)
Variable at 1721 RPM
Vadable at 1560 RPM

0.1 0.2 0.3 0.4 0.5

1.5

1.0

Uniform at 2397 RPM (d)
Vadable at 2749 RPM
Variable at 2397 RPM J/,

0.0
0.0 0.1 0.2 0.3 0.4 0.5

% Axial Length % Axial Length

FIGURE 5 Variation of stresses induced in the shaft due to unbalance excitation along the axial length, (a) case A, (b) case B,
(c) case C and (d) base ply of case A.

stress Crxx and r00 at the ends of the shaft are not
zero. This can be explained as follows. Since shear
stress is not zero at the shaft ends, coupling
mechanism present in outer plies of cases B and C,
i.e., the 15 and 30 plies, respectively, produces
normal stresses, which is not the case in 0 ply ofcase
A. The magnitude of the stresses at end of the shaft
depends on the degree of coupling mechanism
present in that particular ply. This is clear from
Fig. 5(d), where the stresses induced in the base
ply (45) for case A has been plotted. The stresses
at the end of the variable shaft corresponding to

the second criterion are maximum compared to
the case of uniform shaft at the same location. This
can be explained by the amount of coupling pre-
sent in the 45 ply. Results also show that fiber
angle orientations strongly influence the stresses

induced in the shaft. Circumferential stress in-
creases as the fiber angle shifts from 0 ply angle to
45 ply angle. In general, the stresses induced in the
variable wall thickness shaft operating at the same

speed of the uniform wall thickness shaft (third
criterion) become smaller and uniform throughout
the axial length.
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0
0.o

Uniform at 2397 RPM
Variable at 2749 RPM
Vadable at 2397 RPM

0.1 0.2 0.3 0.4 0.5

% Axial Length
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lO

(b)

Uniform at 1976 RPM ...-’’.......-:c...:
Vadable at 2247 RPM
Vadable at 1976 RPM
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20-
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(c)
Uniform at 1560 RPM
Variable at 1721 RPM

--O=.
Vadable at 1560 RPM 1

9’...

0.1 0.2 0.3 0.4 0.5

% Axial Length

(d)
.-........--_......_,. Uniform at 2397 RPM

Variable at 2749 RPM
"--"--’ Vadable at 2397 RPM

0 = 0’
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2

% Axial Length

0.3 0.4 0.5

% Axial Length

FIGURE 6 Variation of stresses induced in the shaft due to unbalance excitation and transmitted torque along the axial length:
(a) case A, (b) case B, (c) case C and (d) base ply of case A.

3.2.2 Stresses Induced due to Unbalance
Excitation and Transmitted Torque

A steady torque of 100 Nm is applied to the shaft,
and stresses induced in different plies for uniform
and variable wall thickness shafts are evaluated.
In general a transmitted steady torque induces
shear stress only in metallic shafts; however, the
case here is different. For a composite shaft
transmitting a certain amount of steady torque,
the shear strain induced in the shaft gives rise
to normal stresses which are dependent on the
coupling mechanisms present in a particular ply. In
the present analysis, the stresses induced due to
unbalance excitation and transmitted torque for

the same cases of Fig. 5(a)-(d) are superimposed. In
0 ply angles the applied torque does not produce
any stresses in the fiber direction or perpendi-
cular to the fiber direction. However, this is not
the case for other ply angles. In Fig. 6(a) the nor-
mal stress (Crxx and or00) induced in the outer ply of
case A (0 ply) remains the same as that of case A
due to unbalance excitation only (Fig. 5(a)).
However, in the presence of coupling, i.e., cases B,
C and base ply ofcase A (Fig. 6(b)-(d)), the normal
stresses (ax and a00) induced in the outer plies
increase. In Fig. 6(d) the stresses induced in the
base ply at the shaft ends of the variable shaft
corresponding to case A are more than that of the
uniform shaft. This can be explained from the fact
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that in this case, i.e., for 45 ply angle, the shear
stress is maximum and the coupling mechanism is
strongest.

In Fig. 6(a)-(d) the stress discontinuities at the
location of the change in the cross-section of the
variable wall thickness shaft are observed. This can

be explained due to the change in the value of
shear modulus G at that particular location.

3.2.3 Interlaminar Stresses Induced due to

Unbalance Excitation and
Transmitted Torque

The interlaminar stresses induced in the shaft cross-
section at the mid-span due to unbalance excitation
and transmitted torque for the case A are shown in
Fig. 7(a) and (b). The uniform and variable wall
thickness shafts are operating at 2397 rpm.

Results of Fig. 7(a) show that for a 0 ply and
shaft subjected to unbalance excitation only, there
is no shear stress at the mid-span. Application of
steady torque gives rise to shear stress, while the
normal stresses remain unaffected (Fig. 7(b)).
Observations for the base plies 45 are different,
in which the application of a steady torque is found
to increase the shear stress as well as the normal
stress. It is seen (Fig. 6(d)) that the amount of
increase in the values of both normal stresses (axx
and or00 is same. The above observations can be
explained by the presence of coupling mechanisms

(Q16 Q26) in Eq. (11) in the 45 ply, and by their
absence (6 26 0)in the 0 ply. In general we
observe that the change in circumferential stress

(or00) is least because of torque transmission. As
expected, the shear stress changes considerably and
its value depends on the torque and fiber angle
directions. Also in all cases the maximum stresses in
variable wall thickness cases are smaller than the
corresponding maximum stresses in uniform wall
thickness shaft.

4 CONCLUSION

In this paper a simply supported composite shaft is
modeled as a Timoshenko beam. The formulation
takes into account rotary inertia, shear deformation
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(b)

0

0

45

0
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0
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45

45 <

0

0

60 70

Stress, Mpa

FIGURE 7 Variation of stresses across the shaft cross sec-
tion at the mid-span for the uniform and variable wall thick-
ness shaft case A at 2397rpm: (a) due to unbalance
excitation only and (b) due to unbalance excitation and trans-
mitted torque.

and gyroscopic effects. Three different cases (outer
plies with 0, 15 and 30) of uniform as well as

variable wall thickness shafts have been studied.
Natural frequencies are evaluated including shear-
normal coupling effects. Stresses induced in the
uniform as well as variable wall thickness shafts
due to unbalance excitation and steady torque are

also evaluated. From the results, following conclu-
sions are drawn.

(1) Varying the wall thickness of the shaft (as per
Fig. 3) without altering the shaft mass,
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(2)

(3)

increases the natural frequency by about 12-
17%. The modification in shaft wall thickness
as per Fig. 3 has predominant effect in the
first mode.
The trend of variation of stresses in the axial
direction is different compared to the case of
metallic shafts. Except for the shear stress 0-x0)
in the in 0 plies, the stresses are maximum at
the mid-span and minimum at the shaft ends.
This is because of coupling mechanisms
present. In 0 ply the variation of normal
stresses (Crxx and or00 is similar to that of
bending stresses in a metallic shaft.
In all cases, it is observed that maximum
stresses due to unbalance excitation (U) and
unbalance excitation and transmitted torque
(U+T) are less and uniform in the axial
direction for the variable wall thickness case

as compared to uniform wall thickness case.

Results show that the variable wall thickness
design is superior to the uniform wall thickness
design for both unbalance excitation and torque
transmission.
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