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The paper deals with a manner of modelling and results of the calculation of dynamic
properties and vibrations of the double spool aircraft turbofan engine AI-25, used in
aeroplanes L-39 (Albatross). The calculations take into account the flexibilities of the
engine’s both coaxial rotors, their supports (including their hydrodynamic dampers), and
its casing as well. Besides the short description of the engine design peculiarities and of its
calculating model, there is also a short description of the used method of calculations, with
focus on its peculiarities as well. Finally, some results of calculations and conclusions that
follow from them are presented.
The calculating model of the engine is considered as a dynamic system that consists of two

coaxial rotors, their flexible supports, and the engine casing. The model respects nonlinear
elements between rotating and nonrotating parts of the engine, such as e.g., the oil squeeze
damper, the labyrinth sealing, etc. The rotor system is considered as rotationally symmetric
and with internal material damping. The basic calculating model is based on the finite
elements method (FEM). For the more demanding nonlinear problems which would allow to
respect also the flexibilities of the engine stator parts and especially their experimentally
obtained data, the method of dynamic compliances was found to be more successful. It was
also found that the nonlinear problems of complicated rotor systems require special
algorithms of calculations to be applied.

Keywords." Rotor systems, Nonlinear vibrations, Numerical analysis, Vibrodiagnostics,
Aircraft jet engines

1. INTRODUCTION

The reliability and the lifetime of the aircraft jet
engines are closely connected with the magnitudes
of their vibrations in working conditions. They

depend not only on the magnitude of service
disbalance of the engines’ particular rotors (which
can vary during the engine service), but also on
the dynamic properties of the engine as a whole.
Knowledge of these engine dynamic properties
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thus has great importance not only during the pro-
cess of engine design and development but also in
course of their vibrodiagnostics in the service. For
the mentioned engines the coaxial arrangement of
their rotors and considerable casing flexibility is

typical, which is also the reason for the importance
of their bound flexural whirling vibrations.
One typical representative of these engines is

the aeroengine AI-25 from the military advanced
trainer L-39 (Albatros) of Czechoslovak produc-
tion, shown in Fig. 1. During the vibrodiagnostic
service tests of this engine (and also of another

similar one) it was found that reliable measuring of
the engine vibrations is possible only on the engine
casing, by means of accelerometers fixed at the
points marked by letters K and T in Fig. 1. Our
experience gained at that time is presented in

Kamenick et al. (1993). Figures 2 and 3 show
two typical vibration spectra ofthis engine obtained
by means of the accelerometer located on its casing
at point K (Fig. 1). Figure 2 presents the engine
vibration spectra under slow change of its rota-
tional speeds (Hz), while Fig. 3 represents a spec-
trum at the instantaneous time period t= 176s.

compressor
connect.

low pressure (fan) _asin& high pressure

comb. chamber turbine exhast part

FIGURE Simplified scheme of the engine AI-25.

mm/=

400 600 800 Hz

FIGURE 2 Time dependence of the engine spectra.



ANALYSIS OF DYNAMIC PROPERTIES 335

mm,/s

12.8

RUTO SPEC CH.R RT 176

FIGURE 3 Instantaneous vibration spectra of the engine at t- 176 (see Fig. 2).

The vibration components at frequencies

fL1 210 Hz and fL2 420 Hz here correspond to
the first (subscript 1) and second (subscript 2)
harmonics of the low pressure rotor (subscript L)
and fu 315 Hz and fH2 630 Hz are the same
harmonics of the high pressure rotor (subscript H).
The biggest amplitude of the spectra in Fig. 3 is
evidently the component with frequency fLx,. 0.5.

f _< (0.45-0.50),fL1 95 Hz. Some engines do not
have this vibration component at all, another group
of engines have the amplitude of this component
(roughly) ten times greater than those ones at
frequencies .f and fu. Also the amplitudes of
frequency components off and fH differed for
different groups of engines in their magnitudes. It is
obvious that the explanation of these peculiarities
of different groups of the same engine design can be
offered only by a mathematical modelling of this
engine bound flexural vibration that allows imita-
tion of its various service excitations.

This paper describes the method used and
presents some partial (but typical) results from the
vibration modelling of the above mentioned engine.
It also summarises our experience gained during the
process of the problem solution.

2. DESCRIPTION OF THE ENGINE AND
ITS CALCULATING MODEL

The simplified longitudinal cross section of the en-

gine AI-25 and its calculating model are presented
in Figs. and 4. The by-pass ratio of this double
spool aircraft engine is 2.0 and its take off thrust is
17 kN. The length and face diameter at the engine
inlet (see Fig. 1) are 2.1 and 0.60 m, and its total mass
(including accessories) is approximately 400kg.
The operational ranges of high pressure (HP) and
low pressure (LP) rotors of the engine are nH--
10000--18000 RPM and n- 7000-12000 RPM.
The distances of the fan and HP compressor own

bearings are 0.237 and 0.670m. Their front ball
bearings (of external diameter 120ram) are equi-
pped with hydrodynamic, so-called squeeze film
dampers (SFD). Further main bearings of the
engine rotors are roller ones and without SFD.
From the calculating model of the engine (Fig. 4)

it is evident that the number ofthe calculating nodes
of the HP and LP rotors are 12 and 15, and that of
the engine casing is 21. In the case of the linear

calculating model (i.e. both rotors without SFD),
the following stiffnesses of the respective rotor
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FIGURE 4 Calculating model of the engine AI-25.
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supports were assumed: kl=3.61.107N/m and
ks 9.615.107 N/m), together with local dampings
bl =bs= 1. 103N s/m and with the parameter of
proportional damping/3 1.10-5. In the case of
the nonlinear model, the properties of the SFD were
calculated using the method described further. The
internal excitation of the HP rotor was considered
at point 12 of 5.10-4 kg m and that of the LP rotor
at points and 14 of 10-3 kg m.

3. THE USED METHOD OF CALCULATION

The calculations were performed by the Program
System of Rotordynamics of the Mechanical
Faculty of Brno Technical University consisting
of various calculating procedures presented by
Malenovsk/ and Zapom61 (1994, 1995), Male-

novsk and KamenickS, (1995), Zapom61 and
MalenovskS/ (1993, 1994, 1996). They are based
on the finite element method (FEM) and on the

method of dynamic compliances (MDC) that are

known, e.g. from Vance (1990), Bishop et al. (1965),
Lalanne and Ferraris (1990), Kr/imer (1993), E1-
Shafei (1991), E1-Shafei and Eranki (1996). The
specific procedures in this Program System of
Rotordynamics are divided into the linear and
nonlinear ones and further, according to the needs,
to the calculation of eigenvalues (including their
respective vectors) and to the calculation of
responses in the case of forced vibration.
The possibilities and ways of taking into account

the nonlinear features of SFDs of different kinds
and design variants are described in Vance (1990),
E1-Shafei (1991), E1-Shafei and Eranki (1996). Our
Program System of Rotordynamics is for the time
being based only on the method described by E1-
Shafei (1991), E1-Shafei and Eranki (1996). For the
solution of the systems of nonlinear equations the
Aitken or Newton-Raphson methods were used.

For the calculation of the eigenvalues of the
engine and their respective deflection curves, using
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MDC, following equation was used: The solution of the engine forced vibration
was based on the assumption that the dominant

-G G GTM --GL2 +G2
-G, --G2L2 G GLC -GC2
+G -G2C -G. GCz GHc

In this equation G;j. are matrices of dynamic
compliances of the HP and LP rotors (abbrevia-
tions H and L), or of the engine casing (abbrevia-
tion C), where the subscripts or 2 mark the
submatrices in the total matrices of isolated engine
parts (H, L, C), which are utilised for the derivation

QLC 0

QHc 0

excitation is caused by the internal disbalance of
the engine rotors. Besides that it was assumed that
the elliptical trajectories of the centres of the
shaft around their equilibrium states are even

for the nonisotropic rotor supports approximately
circular.

-E 0 0 0 0 0 0 0 +G2
0 E 0 0 0 0 0 0 +GzL2
0 0 E 0 0 0 0 0 +G2
0 0 0 E 0 0 0 0 -G2
0 0 0 0 E 0 0 0 -G2
0 0 0 0 0 E 0 0 -G2
0 0 0 0 0 0 E 0 0
0 0 0 0 0 0 0 E 0
0 E 0 0 E 0 0 0 -GTM

0 0 E 0 0 0 E 0 0
0 0 0 0 0 E 0 E 0

+G o
+GzL3 0

+G3 0
0 +GI
0 +G2
0 +G3

0 0
-GLC 0

0 -GHC

qL qL
qLH qL
qLC q
qH q
qHL q
q-C q
qCL 0
qCH[ 0

QLH[ 0

_Q.Cj 0

(2)

of the final matrix. Their order is given by the
number of bonds between the individual subsys-
tems (H, L, C) of the engine.
The eigenvalues of the engine (which are complex

ones) can be determined from the condition of the
nontrivial solution of Eq. (1), i.e. from the condi-
tion that its determinant equals zero. Respecting
the nonlinear properties of the bounding elements
of the engine, e.g. their SFD, requires the knowl-
edge of the displacement, velocity and acceleration
at each of the nodes of the engine system. These
kinematic magnitudes have been determined by
means of the forced vibration procedure with
respect to the respective rotational speed. The
values obtained in such a way were then used as
the starting magnitudes for finding the engine
eigenvalues.

In accordance with the MDC for the forced
vibration of our engine model (Fig. 4) Eq. (2) is
true. In this equation Q and q are the force and the
displacement, E is the unit matrix, and G;j-are
similar matrices as in Eq. (1), but in this case their
order is higher. Their order is specifically higher by
the number of places (nodes) where the force of
internal disbalance is applied and by the number of
places (nodes) where the knowledge of the response
of the system is required.
The simplified notation of Eq. (2) can be as

follows:

Gq=Q, (3)

where G is the matrix ofthe system, q is the vector of
unknown magnitudes, and Q represents the right
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Z

Oyz- fixed co-ordinate system

Oft- rotating co-ordinate system

H centre of the shaft

FIGURE 5 The relative location of the shaft and the stator.

side vector of the system of algebraic equations,
which is known. The order of the matrix G is given
by the sum of six times total number of all bonds in
the engine system plus two times the number of
points (nodes) where the knowledge of the system
response is required.
The starting equation for the determination of

the additional forces of the SFD at the point of its
location is the well-known Reynolds equation. In
our case the additional damping and inertial effects
of the SFD were determined (for the stable forced
vibration) by the use of relations of E1-Shafei
(1991), E1-Shafei and Eranki (1996).
For the calculation of the radial (subscript r) and

tangential (subscript t) forces (F) of damping and
inertia, in accordance with Fig. 5, for the SFD with
cavitation (i.e. with 7r-film), the next equation was
used:

Ft btr btt Pt mtr

Here b represents the damping coefficients bound
with velocity (v) and m are masses bound with
acceleration (a). Assuming that the elliptical trajec-
tories are close enough to the circular ones (when
the velocities and accelerations in radial and
tangential directions are 1: e@, 1: 0, at =0,
ar--eb2, in accordance with notation in Fig. 5

for the expressions of the coefficients b and masses

m, the Eqs. (5) and (6) are true.
The p and 7 in these relations are the oil density

and dynamic viscosity. In the case of the SFD
without cavitation, the coefficient mrr is two times

greater and the coefficient mtt equals zero. In the
general case of the SFD the relations for the deter-
mination of forces in the fixed co-ordinate system
are more complex. Even far more complex would be
the relations for the stiffness, damping and mass

matrices, which could be obtained by the use of the
respective partial derivations. For this reason it is
more suitable to perform derivations numerically,

rlR3L 6re
53 (1 e2) 3/2’

riR3L 12rr (5)
bt 53 (2 + e2)(1 e2) ’/2’

brt-0, btr-0,

mt
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3 [(3c/(2+c2)--1) 2 (3c/(2+e2)+1)2.1m2 (1 (1 + e)

12(8 / 2)
m3 10 (2 / C2)2’

tort mtr 0.

(6)

4. SOME CALCULATION RESULTS

Our calculations were directed at first on the
eigenvalues of the engine system and the respective
deflection curves of its elements (i.e. of its rotors
and casing). Subsequently, the problem of the
stable forced vibration of the engine, caused by an

internal disbalance of any point of both rotors and
at any of their response points, was solved. Besides
the linear problem (solved by Malenovsk) and
Kamenick), 1995), when only the flexible massless
spring supports with stiffnesses k and k5 (see Fig. 4)
were supposed instead of the SFD, also the
nonlinear problem with the SFD (cavitating and
long from the p.o.v, of boundary conditions) was
solved. The basic calculating data of these SEDs
and of the oil used were following: R =0.06m,
L 0.018 m, ( 0.1 --0.5 mm, r/= 0.0422 Pa and
p 885 kg/m3.
The analysis of the engine natural frequencies

was done in the engine operational range of

speeds, i.e. for the HP rotor in the range of 0-
300 Hz 0-18 000 RPM and for the LP rotor in
the range of 0-200 Hz 0-12 000 RPM. The slip
of RPM between both rotors of the engine was

simplified by the assumption of linearity, according
to the relation: nL 2. nn/3. First of all, the well-
known Campbell diagrams of the engine, i.e. its
natural frequencies (for both the forward and the
backward precession motions of its rotors) were

calculated for the different rotational speeds of
both rotors. These diagrams (for both the linear and
nonlinear problems) we do not specify here because
they are presented in a much more complex form
further (see Figs. 6 and 7).
The results of the analysis of the forced vibration

of the engine, caused by the internal disbalance
of its rotors, are in Malenovsk) and Kamenick)
(1995). Here, i.e. in Figs. 8 and 9, we give only two

examples presenting two similar amplitude-
frequency (AF) relationships of the HP rotor

displacement at its node 8 (see Fig. 4). They present
the engine response at this node caused by its
disbalance excitations of magnitudes 5.10-4 kg m
at the node 12 of the HP rotor and of the

10 ..3 Kg m at the nodes and 14 of the LP rotor.
The relationship in Fig. 8 corresponds to the case
of rotor supports without the SFD and in Fig. 9
with the SFD for the radial clearance f 0.1 mm.

-14
xl04z00 // 1.5 RPM

Frequency [Hz] 300 2

FIGURE 6 The engine 3D-response diagram at node 8 HP rotor (linear model).
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FIGURE 7 The engine 3D-response diagram at node 8 HP rotor (nonlinear model).
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FIGURE 8 Linear model amplitude-frequency response.
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From the comparison of the displacement ampli-
tudes in both these figures it can be seen that in the
case with the SFD the amplitudes are lower.
Another important result of our calculations was

the determination of the deflection curves of both
the engine rotors for the chosen cases of their
resonance vibrations. In Figs. 10 and 11 there are
two examples of them. Figure 10 corresponds to

the case of rotor supports without the SFD and
Fig. 11 to the case with the SFD. The respective
rotational speeds of the HP rotor are nn-
10 208 RPM in the first case and nn 10 786 RPM
in the second case. The location of the engine
response and also the conditions of its excitation
are the same in both the cases as mentioned above
for Figs. 8 and 9.
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FIGURE 9 Nonlinear model amplitude-frequency response.
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FIGURE 10 Deflection curves of linear model.
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5. CONCLUSION

The above presented results make it clear that our

Program System of Rotordynamics and the calcu-
lation modelling of the bound flexural vibration of
the engine AI-25 offer realistic results concerning
the dynamic properties and the behaviour of the
engine as a whole, as well as in regard to the
behaviour of its elements. From the point of view
of the service vibrodiagnostics of such engines the
application of this method allows to minimise the
number of used accelerometers and their easy
replacement due to their location on the engine
casing only.
The combination of the two calculating methods

(i.e. FEM and MDC)within our Program System
of Rotordynamics allows to take into account
(during the calculations) more exact experimentally
obtained data describing the dynamic properties of
some more complex elements of the engine, e.g.
their casings.

In our future work we want to direct our
attention to the better adjustment of the results of
the calculations to experiments. We also want to
extend the possible variants of calculation of
different kinds of hydrodynamic dampers and the
utilisation of methods of modal analysis within our
Program System of Rotordynamics. Another ofour
aims is the axonometric presentation of the mutual
deflections of the individual parts of the engine (e.g.
its coaxial rotors and casing) and the animation of
their motions.
The modal method is more suitable for determi-

nation of the response at transient vibration i.e. for
calculating simulations. The equation for determi-
nation of the transient vibration of the system with
two coaxial shafts, stator and bounding elements is
similar as in Eq. (2). On the right side there are the
responses of free subsystems and the convolutory
integrals. Instead of matrices of dynamic compli-
ances there are the modal matrices. During the
calculation it is necessary to analyse at first the
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free parts and the solution of the whole system can
follow after that. For the solution of the nonlinear
equations the Newton-Raphson method can be
used. Using this model it is possible to simulate a
transient of the engine at its constant RPM (e.g.
simulation of a blade loss) or to simulate a transient
event of the engine at its variable RPM (e.g.
simulation of an engine run through its resonance

state).
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NOMENCLATURE

Acceleration
Damping coefficient
Displacement of the shaft
Frequency
Force
Matrix of dynamic compliances
Stiffness
Length of the SFD
Mass
RPM
Displacement
Force vector
Radius of the shaft
External radius of the damper
Velocity
Dynamic viscosity of oil
Radial clearance (6 R- r)
Density of oil
Relative displacement (c e/)
Angle between fixed and rotating co-ordinate
system

Abbreviations

L, LP
H, HP
FEM
MDC
SFD
C

Low pressure rotor

High pressure rotor
Finite element method
Method of dynamic compliance
Squeeze film damper
Casing (of the engine)
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