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A numerical study is conducted on the fully-developed laminar flow of an incompressible
viscous fluid in a square duct rotating about a perpendicular axis to the axial direction of the
duct. At the straight duct, the rotation produces vortices due to the Coriolis force. Generally
two vortex cells are formed and the axial velocity distribution is distorted by the effect of this
Coriolis force. When a convective force is weak, two counter-rotating vortices are shown with
a quasi-parabolic axial velocity profile for weak rotation rates. As the rotation rate
increases, the axial velocity on the vertical centreline of the duct begins to flatten and the
location of vorticity center is moved near to wall by the effect of the Coriolis force. When the
convective inertia force is strong, a double-vortex secondary flow appears in the transverse
planes of the duct for weak rotation rates but as the speed of rotation increases the secondary
flow is shown to split into an asymmetric configuration of four counter-rotating vortices. If
the rotation rates are increased further, the secondary flow restabilizes to a slightly
asymmetric double-vortex configuration. Also, a numerical study is conducted on the
laminar flow of an incompressible viscous fluid in a 90-bend square duct that rotates about
axis parallel to the axial direction of the inlet. At a 90-bend square duct, the feature of flow
by the effect of a Coriolis force and a centrifugal force, namely a secondary flow by the
centrifugal force in the curved region and the Coriolis force in the downstream region, is
shown since the centrifugal force in curved region and the Coriolis force in downstream
region are dominant respectively.

Keywords." Rotating channel, Numerical analysis, Coriolis force, Centrifugal force,
Secondary flow, Laminar

1 INTRODUCTION

The study of a flow in a rotating duct is of interest
in fluid mechanics. The earliest work on this subject
consisted of theoretical investigations of the weak

rotation case for laminar flow in circular pipes.
Barua (1954) showed that for weak rotations the
secondary flow in the duct consisted of a counter-

rotating double-vortex. A short time later, Benton
(1956) calculated the secondary flow and the
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distortion of the axial velocity profile by the effect
of Earth’s rotation. And Hart (1971) proved
experimentally and theoretically that at relatively
rapid rotation rates an instability exists in the form
oflongitudinal roll cells. At higher rotation rates, he
showed that the flow restabilizes and the gradient of
the axial velocity along the axis of rotation in the
interior of the duct is zero. Johnston et al. (1972)
and Lezius and Johnston (1976) studied instabilities
for laminar and turbulent flows in a rotating duct.
Speziable (1982) and Kheshgi and Scriven (1985)
studied the feature of laminar flow in rotating
square ducts using the numerical method.

In this paper, a numerical study is conducted on

the three-dimensional, steady and fully-developed
laminar flow of an incompressible viscous fluid in a
straight square duct rotating about a perpendicular
axis to the axial direction of the duct and in a 90-bend square duct rotating about an axis parallel to
the axial direction of the entrance region. Figures
and 2 show the schematics of a straight square duct
and a curved duct rotating about a constant axis.
When the straight square-duct system rotates

about an axis not parallel to that of the duct, that
flow is not rectilinear. The Coriolis force due to the
rotation throws the fast moving fluid in the duct
core towards the direction of the force. In general,
two vortex cells in the cross-section are then formed
and the axial velocity profile is distorted. When
convective inertia become important, the equation
of motion become nonlinear and the possibility of
multiple steady flow states aries. Indeed, under
certain conditions a four-vortex flow is formed.

When the 90-bend square duct (entrance
length=45D, exit length=30D, mean radius of
curvature 2.3D) rotates about an axis parallel to
the axial direction of the entrance region, the
complex flow feature of the effects of the Coriolis
force and the centrifugal force is shown. A
secondary flows by the centrifugal force in the
curved region and the Coriolis force in the down-
stream region are shown, since the centrifugal force
in the curved region and the Coriolis force in the
downstream region dominates flow respectively.
Axial flow velocity profile is distorted by those
effects of the centrifugal force and the Coriolis
force.

In this numerical analysis, SIMPLE (Semi-
Implicit Method for Pressure Linked Equations)
algorithm is used to solve the full Navier-Stokes
system, cast in a rotating frame of reference, for
straight and curved ducts. In the case of a straight
duct, a periodic condition (V(x=0)= V(x=L))
is used as a boundary condition. Therefore two-
dimensional flow is observed at the converged
solution. In the case of a curved duct, Neumann
condition (OV/Oz 0) is used at the exit region. In
this paper, the flow is analysed for a variety of
Reynolds number, Ekman number and Rossby
number. The flows in the straight and curved ducts
are compared with each other.

FIGURE Scheme of a rotating straight square duct. FIGURE 2 Scheme of a rotating curved square duct.
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2 GOVERNING EQUATION

The Navier-Stokes equations in the frame of
reference rotating with the duct are

0--7+ (17. V)t7+ fix ( x ?)+ 2fi x I7

Vp +

V. - 0. (2)

When is equal to k and the centrifugal term
is combined with the thermodynamic pressure in
the modified pressure P--p-p2(x2+y2), the
dimensionless Navier-Stokes system becomes

ov
Ot---7 + Ro( V + 2c

-V P* EkV.2 *,

V*. lP* O. (4)

Here Ro-U/fD is Rossby number and Ek-u
D2 is Ekman number. The position of the axis of
rotation does not have an effect on the flow as

shown in Eq. (3), whereas the rate of rotation f
has an effect on the flow through Coriolis force.

3 RESULT AND DISCUSSION

3.1 Straight Square Duct

The problem to be considered is that of the laminar
flow of an incompressible viscous fluid in a straight
square duct that is subjected to a constant rota-
tion f. In the absence of rotation the fully-devel-
oped velocity field is of the unidirectional form.
When the axial pressure gradient OP/Ox--G is

constant, the fully-developed velocity field is deter-
mined from the Poisson equation:

GV2u (5)

This flow yields the quasi-parabolic profile for
the axial velocity. However, for non-zero rotation

rates, the flow field becomes three-dimensional,

where exist a secondary flow. In the system with

rotation, the governing equation takes the form of
the Eqs. (3) and (4). Then the axial velocity profile is
distorted from parabolic velocity profile. In Eq. (3),
the Coriolis term serves as the driving mechanism
for the creation ofsecondary flow in a rotating duct.
When the duct rotates slowly, the effect of a

slight amount of rotation serves as a perturbation
for the flow through rotating duct. A small amount
of rotation forces a secondary flow with two

counter-rotating vortices. When the duct rotates

rapidly, the flow in the duct interior is dominated by
the Coriolis force and surrounded by horizontal
Ekman layers along the channel roofand floor, and
vertical double layers along the left and right walls.
When the effect of convective inertia term

Ro(lP*. V*)17" is strong, a double-vortex secondary
flow appears in the transverse planes of the duct for
weak rotation rates but as the speed of rotation

increases, the secondary flow is shown to be
splitted into an asymmetric configuration of four
vortices. If the rotation rates are increased further,
the secondary flow restabilizes to a asymmetric
double-vortex configuration.
When the effect ofconvective inertia term is weak

(Re= 10), the progression of flow fields with
Ekman number is illustrated in Fig. 3 by the vector
fields and axial velocity contours in the transverse
plane. Regardless of Ekman number, it is shown
that the flow contains a pair of counter-rotating
vortices in the plane perpendicular to the axis of
rotation. And the center of vortex moves to upper
and lower wall, as the rate of rotation increases.
Because the rate of rotation is small at high Ekman
number (Ek =0.1), Coriolis force does not give a
substantial effect on the flow. Therefore the axial

velocity profile shown in Fig. 4 has quasi-parabolic
velocity distribution. But at low Ekman number

(Ek 0.001), the Coriolis force dominates flow in
the duct interior except for thin viscous boundary
layers (Ekman boundary layer and vertical double
boundary layer).
When Ekman number decreases, at the near

region of the upper or lower wall the value of

Fmax/Hma are 0.0494, 0.228 and 0.281 for Ek 0.1,
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FIGURE 3 (a) Secondary flow in rotating square duct for three Ekman number at Re--10; (b) Axial velocity contours for
three Ekman number at Re 10.
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FIGURE 4 Axial velocity profile in a rotating square duct
for Re--10: (a) along the horizontal centerline of the duct;
(b) along the vertical centerline of the duct.

0.01 and 0.001 respectively. At high Ekman
number, the secondary flow is weak but at low
Ekman number, the magnitude of the secondary
flow is comparable to axial velocity. As the speed
of rotation increases, the strength of the secondary
flow becomes larger. At low Ekman number
(Ek =0.001) the maxima in the axial velocity are
within the Ekman boundary layer and the flow has
nearly uniform axial velocity profile in the vertical
planes of the duct as can be seen in Fig. 3(b). When
the effect of convective inertia force is weak, Fig. 4
shows the axial velocity profiles in the horizontal

and the vertical centreplane for various Ekman
numbers. When Ekman number is 0.1, the axial
velocity profile along the horizontal centreline is
quasi-parabolic. But those become blunt as Ekman
number decreases. In Fig. 4(b) the axial velocity
along the vertical centreline of the duct is symmetric
and begins to flatten in the core region of the duct
with the increase of rotation rate. When Ekman
number is 0.001, the gradient of the axial velocity
along the vertical centreline is zero in the core

region and the peaks of the axial velocity is located
in the Ekman boundary layer.
When the effect of convective inertia is not small

(Re= 500), the progression of flow fields with
Ekman number is illustrated in Figs. 5 and 6. When
convective inertia plays a significant role, more

complicated flow evolves, that is, the unstable flow
with a four-vortex exists in the duct interior.
WhenEkmannumber is high (Ek 0.1), a double-

vortex secondary flow appears in the transverse
planes of the duct. But as the speed of rotation
increases, the secondary flow with two vortices split
into a four-vortex secondary flow. If the rotation
rate is increased further, the secondary flow
restabilizes to a slightly asymmetric double-vortex
configuration. The unstable flow with a four-vortex
results from a disparity in the symmetry of the
convective and the Coriolis terms. In Fig. 6(a), the
axial velocity profile in the horizontal centreplane
of the duct has asymmetric form and the peak of
the axial velocity is shifted in the direction of
Coriolis force. The axial velocityprofile on the
vertical centreplane of the duct has a symmetric
form and flattens with the increasing of the rate of
rotation. But the unstable flow with a four-vortex
(Ek 0.01) shows three peaks in velocity profile. As
the rate of rotation increases further, the axial
velocity profile on the vertical centreplane shows
two peaks in the near region of the upper and lower
walls with the plateau in core region. Near the
upper and lower wall, the values of Vrnax/Umax are
0.033, 0.12 and 0.28 for Ek=0.1, 0.01 and 0.001
respectively. The secondary flow distorts substan-
tially the axial velocity profile even though the
magnitude of secondary flow is small as shown in



J.H. BAEK AND C.H. KO

(a)

0.08

-0.02 0.00 0.02 0.04 0.06 0.08
Y

Ek=0.1

0.0

Ek=0.01

(b) Z

0.1171

4. .02 0. 0.02 0.04 0. 0.

Ek=0.1

z
0.10 ............ 1 Level u/Umean- 1.52348

0.710957

0.406261

-0.04 -0.02 0.00 0.02 0.04 0.06 0.08

Ek=0.01

-0.04 -0.02 00 02 04 0.06 0.08
Y

Ek=0.00075

Z
0.10 Level uUn

1.28622

E 1.20047

0.0 O I.11473
C 1.02898

B 0.94323

A 857482
0.98 0177174

0.685986

0.600237

-0.04 -0.02 0.00 0.02 0.04 0.06 0.08

Ek=0.00075

FIGURE 5 (a) Secondary flow in rotating square duct for three Ekman number at Re---500; (b) Axial velocity contours for
three Ekman number at Re--500.
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FIGURE 6 Axial velocity profile in a rotating square duct
for Re--500: (a) along the horizontal centerline of the duct;
(b) along the vertical centerline of the duct.
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FIGURE 7 Axial velocity profile in a rotating square-duct
for Ek =0.01" (a) along the horizontal centerline of the duct;
(b) along the vertical centerline of the duct.

the previous values, that is, Coriolis force has a
substantial effect on the axial velocity flow profile.

Figure 7 shows the change of axial velocity with
Rossby number when the convective inertia is small
(Ro-1,2) the secondary flow has two vortices.
However when the Rossby number is 5, 10 and 20,
the flow shows the feature of four vortices, which
reveals three peaks of the axial velocity in the
vertical centreplane. Therefore the effect of convec-
tive inertia is large; the flows have unstable region
with a four-vortex.

3.2 Curved Duct

The problem of the incompressible laminar flow in
a curved square ,duct with a constant rotation is
solved by the numerical method. In this case, the
phenomena in a curved duct are influenced by the
centrifugal force as well as the Coriolis force. This
curved duct rotates about an axis parallel to the
axial direction of the entrance region as shown in
Fig. 2. In the curved region, the flow is affected by
a centrifugal force and a Coriolis force as well.
Because the centrifugal force is strong but the
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Coriolis force is weak at the Reynolds number of
500, a secondary flow dominated by the centrifugal
force appears as shown in Fig. 8. But the secondary
flow becomes asymmetric with the increasing of
the rate of rotation, since Coriolis force becomes
stronger. However in the downstream region, the
secondary flow subject to the Coriolis force is
formed, since only the Coriolis force affects the

flow. But the secondary flow of the downstream
region becomes slightly asymmetric although the
influence for the flow of the curved region are

getting reduced as the flow goes to downstream.
Of course if the length of the duct is long enough
to reduce the effect of the centrifugal force, the
secondary flow will become symmetric again.
Figure 9 shows the secondary flow patterns at

Ek:0.1

Ek=0.01

Ek=0.1

Ek=0.01

Ek=0.005

FIGURE 8 Secondary flow in curved region for three
Ekman number at Re 500.

Ek=0.005

FIGURE 9 Secondary flow in the downstream region for
three Ekman number at Re 500.
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the exit plane at difference Ekman numbers. The
flow features at the exit plane shown in Fig. 9 are
similar to those of the rotating straight duct at
Re- 500.

4 CONCLUSION

A numerical study of the flow in the rotating
straight duct and the rotating curved square duct
has been conducted using the SIMPLE algorithm.
At the straight square duct, the secondary flow
consists of the type of double-vortex configuration
and the axial velocity is nearly symmetric when the
convective inertia is weak. And the axial velocity
profile flattens as the rate of rotation increases. But
for the strong convective inertia, a double-vortex
secondary flow appears in the transverse planes of
the duct for weak rotation rates but as the speed of
rotation increases, the secondary flow is shown to
be splitted into an asymmetric configuration with
four vortices. If the rotation rates are increased
further, the secondary flow restabilizes to a asym-
metric double-vortex configuration. And the axial
velocity profile is distorted by the secondary flow.
When the rotation rate increases, the axial velocity
along the vertical direction of the duct flattens and
finally that profile has uniform profile in the core

region.
In the curved square duct, the flow in the duct is

more complicated by the interaction of the Coriolis
force and the centrifugal force. In the curved region,
the centrifugal force is dominant but in the down-
stream region, the Coriolis force has a noticeable
effect on the flow. When the rate of rotation
increases, an asymmetric secondary flow is formed
in the curved region. But the flow in the down-
stream region is restored to the flow of a rotating
straight duct.

NOMENCLATURE

D
Ek
H
L

P
P
p,

Re
Ro
b/max

U
)max

V

x,y,z

P

duct width (m)
Ekman number, Ek- u/D2

duct height (m)
straight duct length (m)
pressure (N/m2)
modified pressure, P =p 1/2pf2(x2 + y2)
dimensionless modified pressure
position vector (m)
Reynolds number, UD/u
Rossby number, Ro- U/f2D
maximum x-direction velocity
axial mean velocity (m/s)
maximum y-direction velocity
velocity vector (m/s)
dimensionless velocity vector
coordinate system
kinematic viscosity (mZ/s)
density (kg/m3)
angular velocity (tad/s)
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