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The inverse problem of dynamically loaded journal bearings

was solved using generalized Reynolds equation coupled with

a complete mass conservative cavitation boundary conditions,

as outlined by the Jacobsson-Floberg and Olsson (JFO)

cavitation theory. In the course of solution, the modi®ed

Thomas algorithms was employed, instead of standard

Gauss±Jordan reduction method, which fully utilizes the

sparse character of the system matrix, and thus greatly

reduces computational time. The developed model was tested

against the well-known mobility method for the case of

journal bearings in a commercial reciprocating air compres-

sor. It was found that the mobility method overestimates

minimum ®lm thickness and underestimates such param-

eters as lubricant ¯ow rate and bearing power loss. In

general, the level of error is acceptable for most industrial

applications. However, for the journal bearing where the feed

pressure is time dependent and starvation e�ects are pre-

dominant, the mobility method may produce large not

acceptable errors.

Keywords: Journal bearing; Cavitation; Mobility method; Mass conserva-
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The performance of dynamically loaded bearings is an

important issue for the engine industry. Recently, two

approaches may be observed in the course of the

development of bearing design and analysis. On the one

hand, there is a need in industry for a quick method or

algorithm for engineers who desire to have a reliable and

rapid design tool. On the other hand, the more involved

applications drive researchers to explore lubrication

phenomena in a comprehensive depth, using very complex

mathematical methods, with a hope to solve a more real-

istic bearing problem.

For a ®nite journal bearing, which lubrication behavior

can be described by 2D Reynolds equation, there does not

exist analytical solution. The analytical solutions are pos-

sible to obtain only for some speci®c bearing con®gurations

(Anaya-Dufresne et al., 1995). However, for a non-ideal,

®nite length bearing, numerical method has to be applied.

Cavitation is inevitable for submerged journal bearings,

like in a case of journal bearing system in most of

reciprocating machinery. The purpose of early cavitation

theories was to predict the boundaries between the full ¯uid

®lm and the gas region through some simple assumptions.

Then, the Reynolds equation can still be applied in the full

¯uid ®lm regions. Sommerfeld (1904) assumed that non-

cavitating boundary conditions are ®xed at ®lm angles

0� and 2�, respectively, which obviously violates mass

conservation principle and is even not true for a steadily

loaded bearing. Gumbel (1914) suggested another bound-

ary conditions, which set all predicted negative pressures

by the Reynolds equation to the cavitation pressure

(Gumbel boundary condition). Although the Gumbel

boundary condition produces reasonable load values, the

assumption still violates the conservation principle of mass,

thus produces poor approximate values of ¯ow rate and

power loss. A better cavitation boundary condition was

®rst suggested by Swift (1932) and Stieber (1933), which is

called Reynolds boundary condition in the literature. In

this type of boundary condition, the ®lm pressure is

assumed to develop from the point of maximum ®lm

thickness to the location where the pressure gradient

vanishes. Here, the ®lm rupture is appropriately treated

in the mass conservation sense, but the ®lm reformation is

kept under the same assumption as that in Sommerfeld

boundary condition. Therefore, the Reynolds boundary

condition is not a complete mass conservative boundary
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condition. For a dynamically loaded bearing with partial

groove, the ¯ow rate predicted by Reynolds boundary

condition can be higher by as much as 100% or more than

that measured from experiments (Etsion et al., 1975).

Finally, Floberg (1957); Jakobsson and Floberg (1957) and

Olsson (1965) formulated a complete mass conservative

boundary condition for a moving boundary that ensured

mass ¯ow continuity at ®lm rupture as well as at ®lm

reformation (JFO boundary conditions).

Unfortunately, JFOboundary conditions turned out to be

quite di�cult for computer programming, because bound-

aries of rupture and reformation, which change with the

transient load, have to be traced all the time. Therefore, JFO

boundary conditionswere not widely used until Elrod (1981)

suggested to overcome the bookkeeping task by introducing

a so called later Elrod algorithm, which automatically

conforms the requirements of mass conservation and the

JFO boundaries. Using this algorithm, Brewe (1986) and

Woods and Brewe (1989) calculated dynamically loaded

journal bearing and found excellent agreement with

Jakobsson's experimental data (Jakobsson et al., 1957).

Next, Vijayaghavan (1989) extended the Elrod's method by

discretizing a universalReynolds equation directly. Since the

Vijayaghavan algorithm exhibits better handling of lubri-

cant compressibility e�ects than Elrod algorithm, it has been

chosen for the modeling of the bearing lubrication, and it

will be called the rigorousmethod by the authors in this study.

With the solution of Reynolds equation, pressure

distributions can be calculated if eccentricity of bearing

journal center is speci®ed. Then the ¯uid ®lm supported

load can be obtained from the integration of the pressure

distributions. This is so-called a direct problem. However,

for journal bearings in reciprocating machinery, usually the

inverse problem needs to be solved, i.e., dynamical loads on

bearing are known but eccentricities of journal need to be

sought. The inverse problem is more di�cult to solve than

the direct problem, because it has to be solved through an

iterative fashion, which makes the analysis more complex

and time-consuming. There have been some attempts to

quickly predict the journal center trajectory during the load

cycle range. Booker (1965) suggested so-called mobility

method. He de®ned the velocity vector of a journal bearing

center as a function of its load and position vectors, and

derived mobility vectors, which de®ne the pure squeeze

velocity vector in terms of the load and position vectors.

The mobility method enables a full orbit of journal center

to be calculated very rapidly, without reiterative calcula-

tions at each time step. However, the method has a number

of limitations, which make it not appropriate in the

analysis of the following cases:

� The bearing is not fully ¯ooded by the lubricant

(starvation e�ects).

� The viscosity of lubricant is pressure dependent (com-

pressibility e�ects).

� The bearing is partially grooved in circumferential

direction (non-circumferential symmetrical e�ects).0

Furthermore, the mobility method employs Gumbel

boundary condition for cavitation, which is not mass

conservative and therefore it may generate signi®cant

error.

The purpose of this paper is to compare the results

produced by the mobility method and the rigorous method,

while both are applied for the analysis of dynamically

loaded bearings in a commercially available reciprocating

air compressor.

FORMULATION AND PROCEDURE

Governing Equations

Reynolds Equation

The ¯uid movement within the bearing can be simpli®ed as

a two-dimensional, compressible, unsteady, viscous ¯ow
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Universal Reynolds Equation

According to Elrod and Adams (1975), the universal

Reynolds Equation, which is not only valid in a full ®lm

region but also in a cavitated zone, can be derived from

Eq. [1] as
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In the above equations, Vc and Vf are the total clearance

volume and the volume occupied by the ¯uid, respectively,

�c is the ¯uid density within cavitated zone, g is the switch

function, and � is the bulk modulus of the lubricant. One

can integrate Eq. [6] to obtain

p � pc � g� ln ' �7�

Mobility Method

Booker (1965) rewrote Eq. [1] in polar coordinate system

for isoviscous ¯ow as
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where ! is the average angular velocity of journal and

sleeve (bearing) relative to the load line, _� is the load vector

velocity relative to the line of centers, ! is positive in CCW,

whereas _� is positive in CW, as shown in Figure 1.

Finally, Eq. [8] can be written to express a relationship

between squeeze ®lm speed and mobility vector as
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If the mobility vector M, initial position vector e and

load F are known, it is easy to obtain e in current time

step from Eq. [9]. The mobility vectorM for a ®nite bearing

can be obtained using numerical calculation and curve ®ts,

as demonstrated by Goenka (1984).

Load Capacity of Journal Bearing

The load supported by the bearing can be calculated

through the following two integral equations in polar

coordinates (Figure 1),
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where Fr and F� are radial and circumferential load

components, respectively. Next, Eq. [10] may be trans-

formed into the x ± y coordinate frame as follows:

Fr � ÿFx cos�ÿ Fy sin�

F� � ÿFx sin�� Fy cos� �11�

Numerical Procedure

Universal Reynolds Equation

Equation [3] is discretized by ®nite di�erence scheme using

Vijayaghavan's algorithm (1989), and for each node it

takes the following form

bi'
k�1
iÿ1 � di'

k�1
i � ai'

k�1
i�1 � ci i� 1; . . . ;m �12�

An alternating direction implicit (ADI) scheme devel-

oped by Douglas and Gunn (1955) which is second-order

accurate in time and space, with a truncating error of

O[(�t)2, (�x)2], was employed to ®nd the distribution of '.
The time step is split into two sub-steps. In the ®rst half of

time step the matrix is solved for each row (circumferential

direction) of grid points, while in the second half the matrix

is solved for each column (axial direction) of grid points.

The switch function g is updated immediately after each

half-time step, to avoid possible numerical oscillations

(Brewe, 1986). For the second half of time step, all the

boundary conditions are of Dirichlet type, and Eq. [12] can

be expressed in matrix form as follows:

d1 a1 � � 0
b2 d2 a2 � �
� � � � �
� � bmÿ1 dmÿ1 amÿ1
0 � � bm dm

2
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3
7775

'k�1
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�
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'k�1
m

2
666664

3
777775
�

c1
c2
�

cmÿ1
cm

2
6664

3
7775 �13�

Equation [13] presents a tridiagonal matrix system and

can be solved by Thomas algorithm (Anderson et al.,

1984). However, for the ®rst half time step, some rows in

circumferential direction do not meet any boundary points.FIGURE 1 Film geometry for dynamically loaded bearing.

73MOBILITY METHOD



In that case, periodic or wrap-around boundary conditions

should be applied as

'��� 2�� � '��� �14�

Now, Eq. [12] can be written in matrix format as:

d1 a1 � � b1
b2 d2 a2 � �
� � � � �
� � bmÿ1 dmÿ1 amÿ1
am � � bm dm

2
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3
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Nevertheless, the matrix in Eq. [15] is not tridiagonal,

due to the appearance of terms am and b1 in the corners

of the matrix. Therefore, the Thomas algorithm can not

be used directly for the solution. Vijayaraghavan (1989)

suggested lagging of the two o�-diagonal terms to make

matrix in Eq. [15] a tridiagonal one with applicable

Thomas algorithm. Unfortunately, the lagging method is

dubious when being used for dynamically loaded bear-

ing case. Of course, there are many other robust methods

to solve Eq. [15], for example, Brewe (1986) used

Gauss±Jordan elimination method, but he found it to be

very slow.

Modi®ed Thomas Method

To solve the non-tridiagonal matrix system described by

Eq. [15], a modi®ed Thomas method was developed by the

authors. The detailed development can be found in Yu

(1999). Here, only brief steps will be demonstrated.

At ®rst, the Thomas algorithm is used to remove bi terms

in the matrix of Eq. [15]. The initial successive steps are

very similar to those in Thomas algorithm, i.e.,

di � di ÿ
bi

diÿ1
aiÿ1

ci � ci ÿ
bi

diÿ1
ciÿ1

ei �
ÿ�bi=diÿ1�eiÿ1; if i 6� mÿ 1

amÿ1 ÿ �bi=diÿ1�eiÿ1; if i � mÿ 1

�

where i� 2, . . . ,mÿ1 and e1� b1.

In the above equations, the equality signs mean, ``is

replaced by'', as in the computer programming language.

Now Eq. [15] becomes

d1 a1 � � b1
0 d2 a2 � e2
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� � 0 dmÿ1 emÿ1
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Next, the task is to ``move'' the o�-diagonal term in the

last row, am, to the diagonal line. Assuming A1� am, then

Ai �
ÿ�Aiÿ1=di�ai; if i 6� mÿ 2

bm ÿ �Aiÿ1=di�ai; if i � mÿ 2

�
; i � 2; . . . ;mÿ 2

cm � cm ÿ
Aiÿ1

di
ci; i � 2; . . . ;mÿ 2

dm � dm ÿ
Aiÿ1

di
ei; i � 2; . . . ;mÿ 2

em � dm ÿ
Amÿ2

dmÿ1
emÿ1

cm � cm ÿ
Amÿ2

dmÿ1
cmÿ1

where i� 2, . . . ,mÿ1.

The ®nal matrix system takes the form:

d1 a1 � � b1
0 d2 a2 � e2
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0 � � 0 em
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The solutions of Eq. [17] are found as:

'm �
cm

em

'mÿ1 �
cmÿ1 ÿ emÿ1'm

dmÿ1

'i �
ci ÿ ai'i�1 ÿ ei'm

di
; i � mÿ 2; . . . ; 1

Table I shows a comparison of computational e�ciency

using di�erent algorithms for the solution of Eq. [15]. The

modi®ed Thomas method has the same e�ciency as

the Vijayaraghavan's lagged method. However, only the

former one is suitable for the dynamically loaded bearing

case. Furthermore, to solve an inverse problem for

dynamically loaded bearing, considering that it is necessary

to solve Eq. [15] iteratively all the time, it is a signi®cant

TABLE I Comparison of di�erent algorithms

Applicable to

dynamically

Number of loaded

Method multiplications bearing analysis

Thomas algorithm �m No

(Vijayaraghavan

lagged method)

Modi®ed Thomas �m Yes

algorithm

(by the authors)

Gauss ± Jordan �m3 Yes

elimination method
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saving of time if the modi®ed Thomas algorithm completes

the calculation.

Calculation Procedure

All the non-boundary nodes are assigned by the initial

condition ('� 1 and g� 1), and boundary nodes are

speci®ed through Eq. [7]. This initial condition assumes

that the eccentricity ratio and the load capacity are zeros

for the bearing at the starting time of the calculation. If the

actual load is added in at this instant, a large numerical

disturbance is introduced and numerical instability may

occur. To avoid this to happen, ®rst a gradually increasing

quasi-load has been applied to the bearing. As the load

increases gradually, the eccentricity ratio is increased until

the direction and value of the quasi-load is equal to

that of the actual load. Then the actual load replaces the

quasi-load and a normal calculation cycle starts. This

process is called ``run-in'' procedure.

At a given time step, the initial ' results from the last-

step calculation, then a guessed eccentricity ratio " is

chosen to calculate hydrodynamic pressure distribution

in the bearing. The resultant load carrying capacity can

be obtained through the integration over the pressure

distribution. If the resultant load is equal to the load added

to the bearing, then the code goes to next time step; if not,

the value of guessed " is changed and the calculation

TABLE II Parameters of two bearings

Length 0.018288m

Radius 0.02743m

Main bearing Groove length

(circumferential direction) 0.0249m

Groove width 0.00381m

(axial direction)

Radial clearance 4.89 � 10ÿ 5m

Groove length

(circumferential direction) 0.00762m

Connecting Groove width 0.00762m

rod bearing (axial direction)

Length 0.02235m

Radius 0.01445m

FIGURE 2 Pressure distribution in the main crankshaft bearing (!� 1800 rpm, Pfeed� 0.2068MPa).
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repeats again by keeping the same time step. This

procedure is terminated when the periodic condition is

satis®ed, i.e., j'(t)ÿ'(t��)j< " where � is the time

required to complete one duty cycle by the machine, and

" is the convergence tolerance. In other words, we do not

consider the solution as a convergent one until ' repeats

itself in the cycle.

Formulas for calculation of power loss and ¯ow rate

may be found in a book of Pinkus and Sternlicht (1961).

RESULTS AND DISCUSSION

A main crankshaft bearing and a connecting rod bearing of

a commercially available reciprocating air compressor have

been selected for this case study (Table II). Each bearing has

partial circumferential groove. Cycling load on each bearing

is shown in Figure 3(a) and Figure 4(a), respectively. The

main bearing has constant lubricant feed pressure (Figure

3(b)), whereas the connecting rod bearing has time

dependent lubricant feed pressure (Figure 4(b)).

Figure 2 shows that the cavitation bubble and the

pressure peak are moving circumferentially (crankshaft

speed� 1800 rpm, feed pressure� 0.2068MPa) in the main

bearing. Especially, when the pressure peak crosses the

groove, the pro®le of pressure peak is much distorted

(Figure 2(b)). The load capacity and other performance

parameters of the bearing may be impacted due to the

groove. For steady load acting on bearing, it is not di�cult

to ®nd a suitable groove position to avoid the loss of load

FIGURE 3 Results for main crankshaft bearing (!� 1800 rpm, Pfeed� 0.2068MPa).
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capacity. In the case of dynamical load, the loss can not

be avoided, however, the position of the groove can

be optimized so that the weakening of the load capacity

would be minimized. Figures 3(c) ± 3(f) demonstrate the

calculation results for the main bearing. Generally, both

approaches produce similar results. The maximum cycle

averaged deviation predicted by these totally di�erent

methods is less than 25%, although the deviation in the

FIGURE 4 Results for connecting rod bearing (!� 1800 rpm, Pfeed� 0.2068MPa, '� 0.01).
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minimum ®lm thickness is much higher. These results

demonstrate that the mobility method, though based on a

simple physical model, does depict well the main lubrica-

tion mechanisms in a fully ¯ooded bearing. It generates

reasonable and reliable estimation in the bearing design

process as a rapid approach. So, it is no unusual to ®nd

that many automotive manufacturers still use the mobility

method as their routine design tool. For example, in a

Pentium 266 PC, the typical time needed by the mobility

method to ®nish one cycle is about 10 seconds. However,

it takes 20±30 hours to complete the same task if the

rigorous method is applied.

However, the mobility method often underestimates

cycle average eccentricity ratio, cycle average ¯ow rate,

cycle average power loss, and overestimates minimum ®lm

thickness in comparison to the rigorous method. In other

words, if a bearing designer employs the mobility method

for the design, it is recommended to choose a larger safety

factor for the minimum ®lm thickness, the power loss and

the lubricant pump capacity.

In opposite to the main bearing, which always enjoys

constant lubricant feed pressure and therefore has fully

¯ooded lubrication conditions, the connecting rod bearing

encounters conditions of starved lubrication. Figures 4(c) ±

4(f) present the calculation results for this bearing. It is

found that the mobility method generates larger deviation

from the rigorous method than in the case of the main

bearing, especially in estimating the amount of ¯ow rate

(the di�erence is more than 70%). This is the result of

simple cavitation model and the assumption of constant

feed pressure in the mobility method.

CONCLUDING REMARKS

Mobility method is a very e�cient tool to obtain a quick

solution in a process of dynamically loaded journal bearing

design. For the constant feed pressure bearings, such as the

main crankshaft bearing in the considered reciprocating

compressor, it provides quite good results. The deviation

compared to the rigorous method is less than 25%. In

general, this level of error is acceptable for a bearing

designer. However, quite signi®cant error may be generated

when the mobility method is employed for the analysis of

connecting rod bearings, which have the characteristics of

time dependent feed pressure. The deviation of cycle value

may be even greater than 70%, when compared to the

more accurate solutions.

NOMENCLATURE

C radial clearance of bearing, m

D diameter of bearing, m

Fx dynamical force in x-direction (laboratory coordi-

nate), N

Fy dynamical force in y-direction (laboratory coordi-

nate), N

F� dynamical force in ®lm coordinate, N

Fr dynamical force in radial direction, N

g switch function, non-dimensional

h lubricant ®lm thickness, m

L width of bearing, m

M mobility vector of bearing, nondimensional

p pressure, Pa

Pfeed feed pressure of bearing, Pa

p0 dimensionless pressure, p��R�2=R2�!
pc pressure within cavitated zone, Pa

R radius of bearing, m

t time, s

uj journal velocity, m/s

ub bearing velocity, m/s

Vc total cavitated volume in cavitation area, m3

Vf ¯uid volume in cavitation area, m3

� lubricant bulk modulus, N/m2

� lubricant viscosity, Pa � s
� angular coordinate along circumference relative to

center line, rad

' fractional ®lm content in cavitated zone or density

ratio in full ®lm zone, non-dimensional

� lubricant density, kg/m3

�c lubricant density within cavitated zone, kg/m3

� machine cycle time, s

! angular velocity of shaft, rpm or rad/s

! average angular velocity of journal and bearing

relate to load line, rad/s

" eccentricity ratio of bearing, or calculation error

limit, non-dimensional
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