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This work investigates and analyzes the performance of conventional slip models among various regimes of Knudsen number
and developes a new multicoefficient slip-velocity model, by using Taguchi quality control techniques and numerical analysis. A
modified Reynolds equation is also derived based on the new slip-flow model. The multicoefficient slip model and its slip-corrected
Reynolds equation are suitable to a wide Knudsen range from slip to transition regime. In comparison with other conventional
slip models, it is found that the current results have a better agreement with the solution obtained from the linearized Boltzmann
equation and direct simulation of Monte Carlo method (DSMC).
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1. INTRODUCTION

The Reynolds equation for gas film lubrication has been
widely accepted for the description and analytical investi-
gations of the microflow in magnetic storage system. How-
ever, in the modern computer magnetic storage device, the
increasing demand for smaller, more compact disk storage
requires minimum film thickness. When the spacing between
flying head and the rotating disk approximates 103 of molec-
ular mean-free path or less, the gas dynamics cannot be de-
scribed from the continuum transport theory directly [1, 2],
and the gaseous rarefaction effects must be taken into ac-
count. Recently, the minimum spacing under the slider is
within the order of 50 nm or less. This rarefaction effect can
be incorporated by introducing phenomenological slip flow
at the solid surfaces to the continuum momentum transport
equation.

The rarefied flow is typically classified into four flow
regimes according to their Knudsen number, defined as the
ratio of molecular mean-free path λ to characteristic length,
or the minimum spacing h, in a gas film lubrication prob-
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lem [2, 3]. They are continuum flow (Kn ≤ 10−2), slip flow
(10−2 < Kn < 0.1), transition flow (0.1 ≤ Kn < 10), and
molecular flow (Kn ≥ 10). Commonly, the continuum flow
can be described by the Navier-Stokes equation and the free
molecular flow is described by the collisionless Boltzmann
equation.

Traditionally, in slip-flow or transition-flow regimes, the
flow is predicted by the Reynolds equation with slip correc-
tions (slip-corrected Reynolds equation), or by a molecular
generalized lubrication equation [4].

Slip flow may give a limited correction in slip-flow regime
by using conventional slip-flow models. Such as the well-
known first-order slip model of Maxwell [5], and the first-
order-corrected Reynolds equation of Burgdorfer [6]; the
second-order model of Hsia and Domoto [7], and the 1.5-
order slip of Mitsuya [8]; the Beskok and Karniadakis’ model
[9]. On the contrary, in transition-flow regime, especially
when the Knudsen number approaches or is larger than one,
the gas rarefaction effect becomes very sensitive to the slip-
flow model. The conventional models are limited to a nar-
row Kn range, and would result in some deviations over the
transition-flow regime [8, 9]. Therefore, to develop a univer-
sal slip model suitable to both slip and transition regime is
meaningful for the study and development of modern com-
puter storage system [10].
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Figure 1: The geometry of gas film lubrication.

In the current study, the authors devote themselves to
develop an improved slip model suitable to both slip and
transition regimes by means of the variable analysis using
Taguchi quality control method [11]. Based on this novel
model, a slip-corrected Reynolds equation is finally derived
and solved numerically. The results confirm that the multico-
efficient slip model and the slip-corrected Reynolds equation
perform better than the previous models for ultrathin film
gas lubrication problem.

2. THEORETICAL ANALYSIS OF SLIP MODEL

From the momentum transfer between the gas and the plates
as shown in Figure 1, the well-known slip-flow models are
given by
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(iii) 1.5th order:
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where us is slip velocity; σ is an accommodation coefficient
and y is in the bottom wall-normal direction.

It can be noticed that only the first order is derived using
the physical momentum transfer model. Therefore, we use
only one parameter A for the part of first order, but using
two variables B and C in the other part to make it more flex-
ible. The 1.5th-order slip model presented in (3) lacks phys-
ical sense. It is included here solely for comparison purpose.
Strictly speaking, the order of the slip boundary conditions
should be integers, and they should correspond to the order
of the Chapman-Enskog expansion of the Boltzmann equa-
tions. For example, the first-order expansion in Kn results in
the Navier-Stokes equations, while the second-order expan-
sion gives the Burnett equations, and so forth.

Table 1: The factors/parameters in three slip-flow models.

Models A B C

1st order 1.0 0.0 0.0
2nd order 1.0 0.5 0.0
1.5th order 1.0 2/9 0.0

The slip boundary condition (slip velocity) can be writ-
ten accordingly as a universal form:

us = Aλ
∂u

∂y
− BKnCλ2 ∂

2u

∂y2
. (4)

For ease in analysis, the accommodation coefficient is
taken as 1. According to (1), (2), and (3), the parameters A,
B, and C can be obtained as shown in Table 1.

Using this slip-flow model, velocity boundary conditions
for the lubricating film in Figure 1 have the form of
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Here, h is the height of channel in stream-wise location,
and h0 is the height at the channel trailing edge (slider exit); L
is the length of channel; p0 is ambient pressure; U is bottom
wall velocity.

The velocity distribution is obtained by solving the mo-
mentum equation without the inertia term subject to the
above boundary conditions (5), and this avoid difficulty in
computing the second-derivative term

u = 1
2µ

∂p

∂x

(
Aλh + 2BKnCλ2 + hy − y2) + U
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Here, µ is absolute viscosity of gas. The Poiseuille flow
rate with the universal slip model can also be derived as

Q = D

6
+ A

√
π

2
+ 2B

(
π

4

)C
D−(1+C). (7)

Here, D is inverse Knudsen number. Compared to the
conventional slip models, there are three parameters in the
universal model, which can be adjusted to give suitable val-
ues after investigating their effects.

3. PARAMETRIC STUDY USING TAGUCHI METHOD

Taguchi method [11] is a very efficient tool for analyzing and
developing high quality products at a low cost. Instead of the
real experiment, which could be simulated by using various
analytical tools or numerical techniques, the Taguchi method
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Table 2: The factors and levels used in Taguchi method.

Levels A B C

1 0.8 0.1 −0.1
2 1.0 0.2 −0.3
3 1.2 0.3 −0.5
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Figure 2: The definition of the flow rate differences between slip
model and Boltzmann result.

is implemented using a series of combinations from the dif-
ferent factors and levels involved. The grouping of these it-
erations is called an orthogonal array. Each parameter is re-
ferred to as a factor and each different value for each factor is
termed as a level.

In the present parametric study, we solve (7) by us-
ing three-factor and three-level orthogonal arrays L27(33) to
identify the factor/parameter that has the most influence on
the Poiseuille flow rate. This procedure will make the fol-
lowing numerical analysis easier and more accurate. We can
then determine the value of parameters A, B, and C better
and faster. The three factors are the parameters A, B, and C.
The three levels are shown in Table 2, which are chosen to be
around their values from the conventional models (Table 1).

Before applying the Taguchi method, we need to set sev-
eral monitor points so that to produce the calculated results.
Here the three points are selected for the wider possible range
of flow rate and defined as shown in Figure 2. In the first
case (case 1), three monitoring points are set at Kn = 0.8,
Kn = 8.0, and Kn = 80. The relative parameters of the three
points (monitor locations of ∆ on mass flow rate) P∆1, P∆2,
and P∆3 are included in Table 3. The associated three values
∆1, ∆2, and ∆3 are the differences between the current result
and the Boltzmann result of mass flow rate, respectively.

Table 3: The locations of three monitor points for case 1.

Monitor locations P∆1 P∆2 P∆3

Inverse Knudsen
1.107783675 0.110778369 0.011077837

number D
Knudsen number

0.8 8.0 80.0
Kn

Poiseuille mass
1.604009986 1.968469143 3.010591745

flow rate Q

The averages of the values ∆1, ∆2, and ∆3 are expressed
by ∆1, ∆2, and ∆3 for the three-level parameters A, B, and
C, respectively, as shown in Table 4. The difference between
the biggest value and the smallest value for each parameter is
expressed as R(∆), which provides the tabulated results of the
effects of parameters upon the mass flow rate. The higher the
R(∆) value, the greater the effect of the parameter has on the
difference of mass flow rate. For the first location, parameter
A has the highest effect on the difference of mass flow rate
∆1(Kn = 0.8) because there is a largest value of R(∆1) =
0.35449076 for A, whereas B has a little smaller (R(∆1) =
0.30342839) effect on ∆1, and C with R(∆1) = 0.02707428
has an even smaller effect on ∆1. It is also seen that B has the
largest effect on ∆2(Kn = 8.0), and C has the biggest effect
on ∆3(Kn = 80.0), as tabulated in Table 4.

In the second test example (case 2), the parametric study
is investigated around the critical Kn = 1.0. The three mon-
itor points are included in Table 5. The results in Table 6
indicate that the parameter A has the highest effect on the
difference of mass flow rate ∆1(Kn = 0.1), and both pa-
rameters A and B have the same effect on ∆2(Kn = 1.0),
whilst parameter C has negligible effect as compared to A
and B. Finally, parameterB has the highest effect on ∆3(Kn =
10.0).

In test case 3, the parametric study is investigated around
the critical Kn = 4.5. The three monitor points are included
in Table 7. The results in Table 8 at monitor location P∆1,
where Kn = 0.45, shows that factor A had the largest influ-
ence on the mass flow rate as R(∆1) was 0.354490757. Fac-
tor B would then affect the mass flow rate more than factor
C, as their R(∆1) values were 0.204426944 and 0.065018550,
respectively. At monitor location P∆2, (Kn = 4.5), factor B
would affect the mass flow rate most followed by factors C
and A. At monitor location P∆3, (Kn = 45.0), factor C had
the largest influence on the mass flow rate followed by factors
B and C.

4. DETERMINATION OF MODEL COEFFICIENTS

Using the Taguchi results in case 1, the parameter C is ad-
justed first because it has a significant effect on the mass
flow rate. From the ∆3 values in Table 4, the smallest C(=
−0.5) results in the smallest average value of the difference
of mass flow rate between the current and Boltzmann re-
sults. Therefore, a series of results are produced using smaller
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Table 4: Results for effects of parameters on case 1.

Factors Levels ∆1 ∆2 ∆3 R(∆1) R(∆2) R(∆3)

0.8 −0.40696934 0.36760041 7.39511538

A 1.0 −0.22972409 0.54484582 7.57236052 0.35449076 0.35449073 0.35449028

1.2 −0.05247858 0.72209114 7.74960566

0.1 −0.38143820 −0.25946671 2.72492099

B 0.2 −0.22972399 0.54484582 7.57236052 0.30342839 1.60862500 9.69487977

0.3 −0.07800981 1.34915829 12.41980076

−0.1 −0.24316046 1.23970878 16.17473602

C −0.3 −0.22992536 0.45595625 5.49420023 0.02707428 1.30083651 15.12659263

−0.5 −0.21608618 −0.06112773 1.04814339

Table 5: The locations of three monitor points for case 2.

Monitor locations P∆1 P∆2 P∆3

Inverse Knudsen
8.862269402 0.886226952 0.088622697

number D
Knudsen number

0.1 1.0 10.0
Kn

Poiseuille mass
2.648981333 1.603996634 2.038426876

flow rate Q

C(≤ −0.5) as shown in Figure 3. The results with C = −0.6
and C = −0.7 have the similar trends with Boltzmann result.
Therefore, in the analysis of other parameters, C is taken as
−0.65. Also in case 1, for the result of ∆2, parameter B has a
bigger effect (Table 4). The calculated results for different B
are shown in Figure 4. Apparently, the result with B = 0.25 is
preferred.

According to the investigated results of Taguchi method,
parameter A has a dominating effect on ∆1 in case 1 (Kn =
0.8). After the determination of parameters B and C, the pa-
rameter A can be determined and then is adjusted in detail
according to the results of case 2. Table 4 indicates that the
larger A is preferable; therefore the calculation is processed
with A ≥ 1.0.

From the results of case 2 in Table 6, when A is taken
around 1.2, a smaller value of ∆1 (the average value of differ-
ence of mass flow rate between the current and Boltzmann
results at Kn = 0.8) is obtained. Thus an investigation with
value of A around 1.2 is performed in detail in the regime of
0.1 ≤ Kn ≤ 10. The results in Figure 5 suggest that A should
be taken between 1.1 and 1.2. For the slip model used in the
regime around Kn = 1, a value of A = 1.15 is found reason-
able. Thereafter, a new slip model is constructed. It can be
expressed as

us = 1.15λ
∂u

∂y
− 0.25Kn−0.65λ2 ∂

2u

∂y2
. (8)

This new slip model is a multicoefficient slip model with
three adjustable coefficients and the corresponding velocity

distribution is
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5. THE MODIFIED REYNOLDS EQUATION

By using the newly derived slip model (5) and the velocity
distribution (6), as well as the nondimensional parameters

P = p

p0
; H = h

h0
; X = x

L
; Y = y

L
(10)

and for an isothermal process, one can obtain two-
dimensional Reynolds equation for an ultrathin gas bearing
lubrication using the newly proposed multicoefficient slip
model as shown in the following. (The details of its deriva-
tion can refer to [16]). This equation is termed as multicoef-
ficient slip-corrected Reynolds equation

∂

∂X

{[
PH3 +

6H
P

(
AKnPH + 2BKnC+2)] ∂P
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}
= Λ

∂(PH)
∂X
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with

A = 1.15, B = 0.25, C = −0.65, (12)

here Λ is bearing number, Kn = Kn0p/P0, where subscript 0
shows the reference conditions at the slider exit, and

Λ = 6UµL

h2
0p0

. (13)

This is the two-dimensional Reynolds equation. The
Poiseuille flow rate would be
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√
π

2
(1.15) + 2(0.25)D−(0.35)

(√
π

2

)(1.35)

+
D

6
. (14)



Novel Slip-Corrected Reynolds Equation for Gas Lubrication 109

Table 6: Results for effects of parameters on case 2.

Factors Levels ∆1 ∆2 ∆3 R(∆1) R(∆2) R(∆3)

0.8 −0.38713551 −0.39281973 0.58981884

A 1.0 −0.20989013 −0.21557435 0.76706427 0.35449076 0.35449081 0.35449082

1.2 −0.03264475 −0.03832898 0.94430965

0.1 −0.24779980 −0.39281973 −0.18518262

B 0.2 −0.20989013 −0.21557438 0.76706439 0.07581934 0.35449078 1.90449362

0.3 −0.17198046 −0.03832895 1.71931100

−0.1 −0.24108164 −0.21557434 1.67839098

C −0.2 −0.21497917 −0.21557434 0.63923311 0.06747207 0.00000004 1.69482211

−0.3 −0.17360957 −0.21557438 −0.01643119

Table 7: The locations of three monitor points for case 3.

Monitor locations P∆1 P∆2 P∆3

Inverse Knudsen
1.969393253 0.196939319 0.019693932

number D
Knudsen number

0.45 4.5 45.0
Kn

Poiseuille mass
1.663089037 1.814184546 2.675537109

flow rate Q

Figure 6 compares the flow rates of Poiseuille case for the
current and the previous slip-flow models. The flow rate
from the Boltzmann equation [8] is included here for bet-
ter comparison. In a wide regime, where the inverse Knud-
sen number varies from D = 100 to D = 0.01, the first-order
slip-flow approximation underestimates the flow rate from
the Boltzmann equation, while second-order slip-flow and
1.5th-order slip-flow approximations overestimate it. Using
the multicoefficient slip model, the flow rate produces a good
approximation that is closer to the flow rate from the lin-
ear Boltzmann solution. Note that the current effort gets
the coefficients of the arbitrary slip model by matching the
flow rate. This of course would ensure the correct flow rate,
but not necessarily the correct velocity profile. The bound-
ary conditions should be used to solve for the velocity pro-
file, which will in return integrate to the correct volumetric
flow rate. Flow rate is an integral value and infinitely many
parabolic velocity profiles with slip will give the desired flow
rate. This is the basic inconsistency in most high-order slip
models, which model the entire Knudsen regime with slip
corrections. It would thus be interesting to compare the ve-
locity profiles from the present model with the Boltzmann
solutions of pressure-driven channel flow from Sone et al.
[12]. Also, in the 2D Boltzmann equation solutions, the vol-
umetric flow rate increases logarithmically with Kn in the
free molecular flow regime, which is physically not possi-
ble. It is because there are intermolecular collisions existing
in the spanwise direction for degenerating of 2D geometry.
This model, originally by Fukui and Kaneko [13], is usu-
ally evaluated by a lookup table. Other curve fit in common
use is also known [14]. Thus the current method reduces

to a sophisticated interpolation of experimental data, where
the fitting parameters are introduced in the boundary condi-
tions.

The integral Reynolds equation (11) is solved using a
fourth-order Runge-Kutta method. The pressure profiles
obtained from the multicoefficient slip-corrected Reynolds
equation and the previous Reynolds equation are shown
in Figures 7 and 8. In Figure 7, the Kn number is 1.24
with the bearing number of 61.6, and the current result
DSMC result of Alexander et al. [14] and Reynolds equa-
tion results with the first-order slip and the second-order
slip models are included. In Figure 8, the pressure is calcu-
lated with the Kn number of 1.24 but the bearing num-
ber of 132.2, and the DSMC result is obtained from Ng
et al. [15, 16]. It is obvious that the Reynolds equation
result using multicoefficient slip model is in good agree-
ment with the DSMC computation. The differences be-
tween the DSMC prediction and the conventional approxi-
mations using previous models are significant. The current
results indicated that the slip-corrected Reynolds equation
with the newly proposed multicoefficient slip model per-
forms better both in slip and transition regimes than the
previous models. It is thus warranting to further compare
the current model with Beskok and Karniadakis’ [9] new
slip model for various applications and test cases of micro-
flows.

6. CONCLUSION

The authors have developed an improved slip model, termed
multicoefficient slip model, particularly suitable to the tran-
sition regime where the conventional slip models fail to de-
scribe the slippage phenomena accurately. With the current
new slip model, a slip-corrected Reynolds equation is further
derived. The predicted results of flow rate for plane Poiseuille
flow, and the results of pressure distributions for slope flow
are obtained using the new slip model and the modified
Reynolds equation, and are benchmarked with those avail-
able in the literatures. The present effort yields better results
than conventional models in a wider range of Knudsen num-
bers that may encounter in the modern computer magnetic
storage application.
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Table 8: Results for effects of parameters on case 3.

Factors Levels ∆1 ∆2 ∆3 R(∆1) R(∆2) R(∆3)
0.8 −0.421448350 −0.025598420 4.160507202

A 1.0 −0.244202957 0.151646972 4.337752342 0.354490757 0.354490817 0.354490489
1.2 −0.066957578 0.328892380 4.514997482
0.1 −0.346416444 −0.371743679 1.275862336

B 0.2 −0.244202957 0.151646927 4.337752342 0.204426944 1.046781421 6.123780727
0.3 −0.141989514 0.675037682 7.399642944
−0.1 −0.275848746 0.477314681 9.115722656

C −0.2 −0.245929882 0.120772086 3.305565834 0.065018550 0.620460510 8.523754120
−0.3 −0.210830212 −0.143145829 0.591968656
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Figure 3: The effects of parameter C.
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