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An optimal procedure for the design of rotor blade that generates low vibratory hub loads in nonaxial flow conditions is presented
and applied to a helicopter rotor in forward flight, a conditionwhere vibrations and noise become severe. Blade shape and structural
properties are the design parameters to be identified within a binary genetic optimization algorithm under aeroelastic stability
constraint.Theprocess exploits an aeroelastic solver that is based on a nonlinear, beam-likemodel, suited for the analysis of arbitrary
curved-elastic-axis blades, with the introduction of a surrogate wake inflow model for the analysis of sectional aerodynamic loads.
Numerical results are presented to demonstrate the capability of the proposed approach to identify low vibratory hub loads rotor
blades as well as to assess the robustness of solution at off-design operating conditions. Further, the aeroacoustic assessment of the
rotor configurations determined is carried out in order to examine the impact of low-vibration blade design on the emitted noise
field.

1. Introduction

Main rotors play a fundamental role in helicopter dynamics,
providing both lifting force and thrust, but, as a by-product,
they are sources of vibrations and noise, primarily due
to the nonaxial flow condition of most of their typical
mission profiles. The reduction of these annoying effects
is of primary interest for rotors designers, since vibrations
strongly affect fatigue life of structures, maintenance costs,
onboard instrumentation efficiency, and passengers and pilot
comfort as well as acoustic disturbance inside the cabin;
similar problems concern wind turbines due to wind shear
effect. At the same time, the external noise emission causes
community disturbance, thus limiting the public acceptance
of helicopters for operations nearby populated areas.

In the last years, several innovative blade shapes have
been investigated by manufacturers and researchers, in order
to alleviate vibrations and noise caused by main rotor. In
particular, advanced geometries characterized by curved
elastic axis (with tip sweep and anhedral angles included)
have shown to be effective to this purpose (see, e.g., [1, 2]).

Such blades reduce normal tip Mach number and conse-
quently drag due to compressibility, alleviate the interac-
tions occurring between the blades and the vortices of the
rotor wake (and hence the blade-vortex interaction- (BVI-)
noise), and may significantly affect the rotor aeroelastic
behavior, introducing strong bending-torsion coupling.

The objective of this paper is the presentation and appli-
cation of an optimal design procedure aimed at identifying
rotor blades that generate reduced vibratory hub loads. It is a
very challenging goal, in that it deals with an inherently mul-
tidisciplinary, multidimensional, constrained minimization
problem, characterized by nonlinear, multimodal objective
functions (i.e., functions with several local minima in the
design domain). Because of this, genetic algorithms (GAs)
seem to be an appropriate approach to achieving the optimal
solution. Indeed, they are able to escape local minima and
search for the global optimumeven in very complex problems
allowing, at the same time, the implementation of very
efficient computational algorithms due to their intrinsically
parallel nature.
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In the past literature on similar topics, several approaches
based on deterministic optimization methods can be found
[3–7], whereas only a limited number of more recent works
address the use of nondeterministic methods such as GAs,
for the same aim of [8–10]. For the sake of computational effi-
ciency, in both optimizationmethodologies, often a surrogate
model for the direct evaluation of the objective function is
adopted [4, 8–10]. Extensive reviews of works dealing with
rotorcraft optimization are given in [11–13].

In this work a binary-based GA developed by the authors
is adopted, where blade tip sweep angle, blade tip anhedral
angle, and the distribution of the mechanical/structural
properties are considered as design variables to be identified
under aeroelastic stability constraint. Recently, this binary-
based GA has been successfully applied for the optimal
design of aircraft cabin noise control and marine propeller
blades [14, 15]. The interested readers may find details on
GA optimization procedures in [16, 17], while a thorough
survey of multidisciplinary design optimization techniques is
presented in [18].

In the optimal design process, a fundamental role is
played by the simulation of the aeroelastic behavior of the
rotor, since vibratory loads are a by-product of the interaction
between the blades and the complex aerodynamic field in
which they operate. In the past years, several authors have
developed structural models for curved/swept tip blades,
usually solved through the finite element method approach.
One of the earliest models suited for swept tip blades has
been presented and successfully applied to hingeless rotors
in [19, 20]. Among the others, a formulation for blades with
varying sweep, droop, twist angles, and platform has been
introduced in [21], while more recently a curvilinear-axis
blade formulation has been applied to horizontal-axis wind
turbines [22]. In the optimization procedure proposed here,
the rotor aeroelastic tool consists of an enhanced version
of that recently developed by the authors, presented and
validated in [23, 24]. It is based on a nonlinear, beam-
like model spatially integrated through a Galerkin approach,
suited for the analysis of blades having arbitrarily curved
elastic axis (including geometrical discontinuities as sweep
and anhedral tip angles). A good trade-off between accuracy
and computational efficiency is achieved by the identification
and application of a surrogate model of the wake inflow
used for sectional aerodynamic loads prediction, relying on
a boundary element approach for the analysis of unsteady
potential flows [25].

The numerical investigation will assess the capability
of the proposed optimal design approach to identify rotor
blades generating reduced vibratory hub loads as well as the
robustness of the solution at off-design operating conditions.
An analysis of the influence of wake inflow model used in
the aeroelastic tool on the optimization process will be also
presented. Furthermore, observing that vibratory hub loads
and noise emission are usually strictly related (alleviation of
vibrations often corresponds to noise increase and vice versa),
the acoustic performances of the identified optimal rotor will
be examined. To this purpose, a boundary element approach
based on Farassat’s Formulation 1A [26] for the solution of
Ffowcs Williams and Hawkings’ equation [27] is applied.

2. Materials and Methods

In the following, an outline of the aeroacoustoelastic and
optimization tools developed by the authors is presented.

2.1. Rotor Aeroelastic Solver. For the purposes of this work,
the availability of an efficient and accurate computational tool
for the aeroelastic analysis of rotor blades having arbitrary
shape is of paramount importance. The one applied here has
been developed by the authors as a combination of a suited
structural dynamics model with the aerodynamic loads given
by a quasi-steady sectional formulation corrected with inflow
contribution, in order to take into account the effect of wake
vortices.

The rotor blade structural dynamics is described through
a beam-like model, obtained as an enhanced version of the
formulation presented by some of the authors in [23]. It is
valid for slender, homogeneous, and isotropic rotating blades
with curved elastic axis and includes spanwise variation
of mass and stiffness properties as well as variable built-
in pretwist, precone, sweep, and anhedral angles. Nonlinear
strain-displacement relations are considered with the appli-
cation of a second-order approximation scheme, in order
to take into account the moderate displacements usually
experienced by rotor blades. A detailed description of this
blade structural model is presented in Appendix.

The distributed aerodynamic loads are modeled by the
quasi-steady approximation of the sectional Greenberg the-
ory [28] (see Appendix). Three-dimensional unsteady effects
deriving from the wake vorticity are taken into account
through the influence of the wake inflow on the relative
velocity at the rear aerodynamic center of the blade cross
sections.The evaluation of the inflow is obtained by a bound-
ary element method (BEM) for the solution of the boundary
integral equation approach presented in [25], suited for the
analysis of potential flows around rotors in arbitrary motion.
Simple analytical wake inflow models might also be applied.

The aeroelastic integrodifferential model derived by cou-
pling these structural dynamics and aerodynamic formula-
tions has been spatially integrated through application of the
Galerkin approach. In particular, as outlined in Appendix,
a spectral description of the curvature components in the
undeformed-axis frame is considered, in order to develop a
solver with good convergence properties even in presence
of sweep and anhedral tip angles (i.e., for elastic axis shapes
with discontinuous first-order derivatives). The projections
are applied to the bending and torsion moment equilibrium
equations, with coinciding sets of trial and test functions
(note that, in addition to shear undeformable assumption, the
assumption of inextensible elastic axis has been adopted akin
to the approach in [29]). Because of the test functions chosen,
the present approach yields equations that are strongly related
to those that could be derived from application of the
Rayleigh-Ritz approach (see Appendix).

The aeroelastic response to steady flight conditions is
evaluated by integrating the set of ordinary time-differential
equations through a harmonic balance approach [30, 31].
Aeroelastic stability about the equilibrium solution is instead
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examined by eigenanalysis of the (numerically) linearized
system [31].

2.2. Rotor Aeroacoustics Solver. The aeroacoustic solver used
to evaluate the noise radiated by rotor blades is based on
the boundary integral Farassat’s Formulation 1A [26] for the
solution of the Ffowcs Williams and Hawkings equation [27]
that represents a rearrangement of the mass and momentum
conservation laws into an inhomogeneous wave equation. It
is composed of three separate integral time-retarded contri-
butions known as thickness, loading, and quadrupole noise,
each related to a specific mechanism of noise generation.The
thickness term depends on blade geometry and kinematics
of the problem; the loading term is related to blade airloads;
whereas the quadrupole source contribution accounts for the
possible nonlinear effects taking place in the flow field. The
quadrupole field term has been neglected since the blade
velocity is far from the transonic/supersonic regimes (as
it is in the rotor configurations examined here). Thickness
and loading noise terms are solved by a simple zeroth-order
formulation applied to the blade surface discretized into
panels, with the integrand functions assumed uniform in
each panel and equal to the values at the panel centroid.

The aeroacoustic formulation is based on the knowledge
of the aerodynamic loads distributed over the blade surface.
Here, they are obtained from the same aerodynamic tool
applied for validating the vibratory performance of the blade
identified in the optimal design process (see Section 3).

2.3. The Optimal Blade Design Process. The blade opti-
mization procedure applied in this work is driven by a
binary-based genetic algorithm developed by the authors
[14, 15]. Genetic algorithms are probabilistic programming
techniques that mimic the natural evolution in finding the
optimal solution of a given problem [16]. In this process,
potential solutions are called individuals and the whole set of
individuals is called population. Each individual is identified
by a string (chromosome) of binary digits (genes) ordered in
a given sequence. The optimization procedure starts from a
completely random-generated population and, at each step of
the evolution process, individuals are quantitatively evaluated
in terms of the corresponding value of the objective function.
The population size in genetic algorithms is a crucial issue to
consider when dealing with specific optimization problems,
as it can seriously affect their efficiency. Indeed, a very small
population (i.e., composed of few individuals) may lead to
an unsatisfactory coverage of the problem domain as well as
to sampling errors [32], while a large population can lead to
high computational time, due to the number of the objective
functions to be evaluated. Here, following [17], an estimate
of the population size based on the variance of the objective
functions is used.

Constraints are included in the optimization process
through a quadratic extended interior penalty-function
approach [33], which enhances the breeding possibility of
individuals potentially able to generate good offspring. In
this sense, constraints are taken into account indirectly,
turning the constrained optimization process into a sequence
of unconstrained minimization procedures. To build a new

generation, the best individuals are selected on the basis of
a fitness measure evaluated from the objective function and
constraints. For the present analysis, a tournament operator
is used based on a random selection of four parents, which
are compared one versus one in two pairs and the couple of
“winners” are selected to be parents of two children with two
independent crossover operations. A single random-point
crossover operator is used.

Once the mate is performed, a binary uniform mutation
operation is applied to avoid premature convergence to
local optima. This operator alters one or more binary digits
(genes) in the chromosome by flipping it with a given
probability. The amount of chromosome variations during
the evolutionary process is controlled through a user-defined
mutation probability factor, which is decreased during the
optimization to reduce the impact of random mutations as
the solution converges to an optimum. In order to prevent
possible negative aspects of the evolution process and hence
drive the solutions to get better over time, at each step of
the optimization process, the best individuals (a given, user-
defined percentage of the population size) are selected to
become part of an elite group which is unchanged in the
next generation. This technique, in addition to avoiding the
possibility to obtain worse generation during the process,
enhances its convergence properties [34, 35]. The optimiza-
tion procedure is iterated until either the chromosomes
similarity (bit-string affinity) achieves a user-defined value
[36], or the maximum number of iterations is reached.

Here, this optimization process is applied to reduce the
vibratory hub loads generated by a helicopter rotor in forward
flight. Following past works [5, 37, 38], the goal is pursued by
tailoring the structural, inertial, and aerodynamic properties
of the rotor blade. In particular, the following design variables
are considered: bending and torsional stiffnesses, mass per
unit length (assumed to be uniformly distributed spanwise),
and sweep and anhedral angles (defined in the 15% long
blade tip region). Simple distributions of the structural design
variables are considered in that the main objective of this
work consists in the assessment of the effectiveness of the
proposed optimization methodology to helicopter rotors
design. Anyway, more complex variables distributions might
be introduced at the cost of increasing the computational
effort required. Given that 𝑁-bladed rotor transmits to the
hub periodic forces and moments of fundamental frequency
𝑁/rev, the objective function to be minimized in the opti-
mization is a linear combination of the scalar norm of the
𝑁/rev harmonics of hub forces and moments.

The tailoring of inertial, structural, and geometrical
properties of the blades for low-vibration purposesmay affect
the aeroelastic stability of the rotor and, at the same time, the
helicopter trim controls setting. Therefore, the optimal blade
design process includes constraints regarding the equilibrium
trim conditions and the rotor stability. Specifically, at each
iteration, trim control settings are reevaluated together with
the vibratory loads through an aeroelastic trim procedure,
whereas the stability is imposed by setting a minimum
acceptable value of the resulting critical damping. Finally, in
order to have a dynamic behavior of the optimal blade similar
to that of the reference one (in terms of eigenfrequencies
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Table 1: Blade design variables.

Baseline Single-point opt. (Drees inflow) Single-point opt. (LIN surrogate) Multipoint opt. (LIN surrogate)
𝐸𝐼
𝜂
/𝑚
0
Ω
2
𝑅
4 0.01060 0.01283 0.00857 0.00898

𝐸𝐼
𝜁
/𝑚
0
Ω
2
𝑅
4 0.03010 0.03514 0.02948 0.02570

𝐺𝐽/𝑚
0
Ω
2
𝑅
4 0.00147 0.00104 0.00113 0.00188

𝑚/𝑚
0

1.0 1.053 1.188 1.033
Λ
𝐴
[deg] 0.0 4.24 −4.4 −4.1

Λ
𝑆
[deg] 0.0 19.29 23.7 18.2

and blade deflections amplitude), upper and lower bounds on
the design variables are imposed. In particular, with respect
to the baseline values, the largest acceptable variations of
bending and torsional stiffnesses are selected to be equal to
30%, and the largest acceptable variation of distributed mass
is 20%, while the tip sweep angle, Λ 𝑆 (positive backwards),
and the tip anhedral angle, Λ𝐴 (positive downwards), are
constrained to be −20

∘
≤ Λ 𝑆 ≤ 30

∘ and −10
∘
≤ Λ𝐴 ≤ 15

∘,
respectively.

All the numerical results that are presented in the next
section have been obtained by considering populations with
individuals identified through a chromosome string of 24

digits (which allows a very fine resolution of the design
variable range). The optimization process is iterated until
a bit-string affinity of 85% or a maximum number of 50
populations is reached.

3. Results and Discussion

In this section, application strategies and effectiveness of
the proposed optimal approach for the design of rotor
blades generating low vibratory hub loads are examined. In
particular, four main issues are investigated: (i) single-point
and multipoint optimization algorithms performance, (ii)
effect of aerodynamic modeling on the optimization process,
(iii) robustness of optimal blade design in off-design flight
conditions, and (iv) impact of low-vibration blade design on
the emitted noise.

The optimal design processes have been applied to a Bo-
105-like rotor with four hingeless blades and solidity𝜎 = 0.07,
operating at Lock number 𝛾 = 5.5 and thrust coefficient𝐶𝑇 =

0.005. The baseline values of the blade design variables are
given in Table 1.

Akin to the baseline rotor blade, the optimized blade
has been assumed to have uniform structural properties.
All computations have been carried out using nine shape
functions in the modal description of each structural dof,
whereas five harmonics have been included in the harmonic
balance solution (these discretization parameters guarantee
aeroelastic converged results).

The optimization process includes a constraint imposing
aeroelastic stability in the design advancing flight condition
(in order to cover the whole flight envelope more than one
condition may be considered). However, noting that hover
flight is usually critical in terms of aeroelastic stability, this
constraint has been imposed in hovering as well. Control
settings have been determined as those corresponding to the
rotor momentum trim.

3.1. Single-Point Optimization. First, a single-point optimiza-
tion algorithm has been applied, assuming the design flight
condition at advance ratio 𝜇 = 0.3. The analytical Drees
formula has been considered as the first candidate for wake
inflow model in the aeroelastic tool, in that yielding an
extremely computationally efficient solution process, fully
suitable for use in GAs.

In this case, the optimization led to a reduction of about
84% of the objective function, �̂�, given by the following linear
combination of the scalar normof the 4/rev harmonics of hub
forces and moments:

�̂� = (𝐹
2

𝑥
+ 𝐹
2

𝑦
+ 𝐹
2

𝑧
)
1/2

+ (𝑀
2

𝑥
+ 𝑀
2

𝑦
+ 𝑀
2

𝑧
)
1/2

. (1)

This is achieved with the identified optimal blade design vari-
ables given in Table 1. With respect to the baseline values, the
optimal design shows an increase of blade mass and bending
stiffnesses, a reduction of torsional stiffness, a rearward tip
sweep angle of 19.3 deg, and a downward tip anhedral angle of
4.2 deg. Figure 1(a) depicts the 4/rev vibratory hub loads from
baseline and optimal rotors evaluated through the aeroelastic
model used in the optimization procedure, demonstrating
that very good reductions, ranging from 60% to 85%, are
achieved.

Then, the optimal blade design has been validated against
application of an aerodynamic model more accurate than
that used in the synthesis process. To this purpose, a high-
fidelity aeroelastic model based on the numerical free-wake
inflow evaluated through the BEM formulation mentioned
in Section 2.1 has been considered. This analysis confirms
the aeroelastic stability of the optimal rotor configuration,
but a reduction of the objective function with respect to
the baseline configuration of only 5% is obtained. To better
understand the results deterioration, the vibratory hub loads
of both baseline and optimal rotor from the high-fidelity
aeroelastic model are presented in Figure 1(b). From the
comparison of Figures 1(a) and 1(b), it is apparent that
the vibratory loads are very sensitive to the aerodynamic
model used for their evaluation, with considerably higher
values predicted by the high-fidelity aerodynamic model.
Furthermore, the out-of-plane component of the hub forces,
𝐹𝑧, is significantly increased from its baseline value, whereas
the in-plane force,𝐹𝑥, and the torquemoment,𝑀𝑧, areweakly
affected by the blade redesign. These results show that the
sensitivity of the vibratory loads to the design variables as
predicted by the two inflow models is very different (for
some load components, even opposite), thus suggesting the
need of using the more accurate aerodynamic model in rotor
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Figure 1: Vibratory 4/rev hub loads: optimal versus baseline configuration at 𝜇 = 0.3.

aeroelastic optimization.Thus, the process has been repeated
replacing the Drees model with the inflow numerically
evaluated through the free-wake BEM in the aeroelastic tool.
This allows the introduction of aerodynamic phenomena, like
blade-vortex interactions, that may play an important role
in the generation of vibratory loads and that are completely
neglected in using simple analytical wake inflow models.
However, noting that a direct use of the BEM solver in the
optimization process would significantly decrease its compu-
tational efficiency, a surrogate model of the BEMwake inflow
has been synthesized and used in the optimizer. This model
is based upon a linear interpolation of a database of the BEM
wake inflow, previously evaluated for a limited number of
blade operating conditions falling in the domain of definition
of the optimization problem in terms of both design variables
and flight conditions. In order to limit the number of rotor
disk wake inflow computations to be performed to define
the surrogate model (rapidly increasing with the number
of considered parameters), and considering that only one-
point and two-point optimizations have been performed,
for the purposes of this work, a different surrogate model
has been synthesized for each considered flight condition.
Furthermore, for the database definition, nine blades have
been considered, differing only in the values of the sweep and
anhedral blade tip angles. Indeed, a preliminary sensitivity
analysis has shown that the wake inflow is weakly affected by
mechanical/structural blade properties.

Using this linear (LIN) surrogate inflow model in the
optimization process, the optimal blade variables given in
column 3 of Table 1 have been identified, showing decreased
blade mass and bending stiffnesses with respect to the
baseline values and an upward tip anhedral angle. This
blade model yields a reduction of the objective function of
74% in the synthesis phase that is slightly lower than that
obtained with the Drees inflow model. However, in this
case, validating the optimal design against application of the

high-fidelity aeroelastic solver based on the (nonsurrogate)
BEM free-wake inflow model has given positive results.
Indeed, the optimal blade has confirmed both a stable
aeroelastic behavior and a significant (63%) reduction of the
examined objective function.

Figure 2(a) presents the comparison among vibratory
hub loads given by (i) the baseline rotor, (ii) the optimal
blade rotor within the optimal design process (synthesis),
and (iii) the optimal blade rotor in the validation analysis.
It demonstrates the effectiveness of the proposed design: the
results obtained in the synthesis and validation phases are
indeed quite similar, as only small discrepancies appear in
the prediction of the in-plane force, 𝐹𝑦, of the out-of-plane
force, 𝐹𝑧, and of the torque moment, 𝑀𝑧. The sensitivity of
vibratory loads to variations of the design variables predicted
by the surrogate wake inflowmodel is similar to that from the
high-fidelity aerodynamic model, and hence it has proven to
be well suited for rotor blade optimization applications. The
validation of the optimal design against aerodynamic model-
ing variation has been performed also in terms of aeroelastic
stability: the high-fidelity aeroelastic solver predicts a stable
behavior of the optimal blade rotor both at 𝜇 = 0.3 and in
hovering that are the two flight conditions considered for the
stability constraint. Further, the 1/rev and 2/rev blade loads in
the rotating frame, which do not contribute to the vibratory
hub loads but stress blade root, are monitored in Figure 2(b).
It shows that these loads, although not taken into account
in the minimization process, at least in this case, are either
practically unaffected or decreased, with the exception of the
2/rev normal shear force that is subject to an increase of about
25%. However, this can be considered as an acceptable minor
drawback of the optimal design configuration.

Next, in order to assess the robustness of the design
with respect to off-design flight conditions, vibratory hub
loads and aeroelastic stability of the optimal rotor have been
examined at advance ratio 𝜇 = 0.15. Akin to the case with
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Figure 3: Optimized versus baseline rotor 4/rev hub loads at off-
design condition; 𝜇 = 0.15.

𝜇 = 0.3, the critical eigenvalues are not appreciably affected
by the blade redesign, and thus a stable behavior of the rotor is
maintained. With regard to the vibratory loads, although the
objective function is reduced by about 32%, Figure 3 shows
that the vibratory lateral shear force and torque moment are
considerably increased with respect to those at the baseline
configuration. In addition, it is worth noting that at 𝜇 = 0.15

the vibratory hub loads are higher than those at the 𝜇 =

0.3 design flight condition. The reason for this is explained
by Figures 4(a) and 4(b), which depict the time histories
of the blade lift spanwise distribution for the baseline rotor
in the design and off-design flight conditions, respectively.

Indeed, these figures show a more irregular distribution
(in space and time) of the airloads in the off-design flight
condition because of the occurrence of strong blade-wake
interaction effects, as revealed in Figures 5(a) and 5(b), which
depict an isometric view of the computed wake geometry
at the two flight conditions. Figure 5(b) clearly shows that
during the low-speed flight (𝜇 = 0.15), the wake remains
close to the rotor disk, thus inducing severe blade-wake
impingement, at both the advancing and retreating sides of
the rotor.The strong blade-wake interactions inducing higher
vibratory loads at lower advance ratio may be captured by
free-wake aerodynamic simulation andwould remain hidden
if simplified wake inflows were used (like, e.g., those based
on prescribed wake shape or semianalytic ones) [39, 40].
Note also that neither advancing-side blade tip transonic
effects nor retreating-side dynamic-stall/reverse flow effects
are considered here, although these might significantly affect
the vibratory loads in high-speed flights.

The observation that the low-speed flight condition (𝜇 =

0.15) is more severe in terms of vibratory hub loads than the
design flight condition, combined with the fact that the off-
design behavior of the optimal blade configuration has been
proven to be unsatisfactory, suggests to apply a multipoint
optimization approach in order to take into account several
flight conditions in the optimization process, so as to broaden
the range of the flight envelope where the optimal blade
design might be effective.

3.2. Multipoint Optimization. For the multipoint optimiza-
tion, the objective function has been defined as a combi-
nation of the vibratory hub loads arising at 𝜇 = 0.15 and
𝜇 = 0.3. The attempt is to develop a blade design process
taking into account aerodynamic effects that characterize
both high-speed and low-speed flight conditions. Specifically,
the following combination of the scalar norm of the 4/rev
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Figure 5: View of BEM free-wake geometry.

harmonics of hub forces and moments at the two flight
conditions has been considered:

�̂� =

2

∑

𝑖=1

[(𝐹
2

𝑥
+ 𝐹
2

𝑦
+ 𝐹
2

𝑧
)
1/2

]
𝑖

+ [(𝑀
2

𝑥
+ 𝑀
2

𝑦
+ 𝑀
2

𝑧
)
1/2

]
𝑖

.

(2)

As in the single-point optimization process, the design
variables are the blade mass per unit length, the bending and
torsional stiffnesses, and the sweep and anhedral angles.

The result of the optimization process has been a reduc-
tion of the objective function, �̂�, of about 64%, with the
optimal design variables given in the last column of Table 1.
These show a reduction of bending stiffnesses with respect
to the baseline values, whereas torsional stiffness and blade
mass per unit length are increased. Furthermore, a rearward
tip sweep angle of about 18 deg and an upward tip anhedral
angle of about 4 deg have been identified.

The corresponding 4/rev vibratory hub loads and 1/rev
and 2/rev blade root rotating loads are presented in Figures
6(a), 6(b), 7(a), and 7(b) for the two design flight conditions.
Significant reductions of vibratory loads are evident at both
design conditions, although small spillover on the in-plane
shear force, 𝐹𝑦, and on the torque moment, 𝑀𝑧, is present
at 𝜇 = 0.15 (see Figure 7(a)). However, with these being

the lowest loads, the overall quality of the results may be
considered very good. In addition, these figures present the
validation of the identified optimal blade against the high-
fidelity aerodynamic model. Indeed, vibratory loads from the
surrogate inflow model used in the optimal process are quite
similar to those from themore accurate BEM solutionmodel,
with the only exception of the out-of-plane shear force at
𝜇 = 0.15 in Figure 7(a), which is thoroughly overestimated by
the solver in the optimizer (anyway, the effect of the changes
of the design variables on this load seems to bewell captured).
The multipoint optimization has produced vibratory loads
alleviation quite uniformly distributed between the two
design conditions, although these alleviations, for𝜇 = 0.3, are
lower than those obtained by the single-point optimization
procedure.

For the 1/rev and 2/rev rotating blade root loads, con-
clusions in line with those made in the case of single-point
optimization can be drawn. Indeed, Figures 6(b) and 7(b)
show that, although not considered in the objective function,
also these loads are reduced, with the only exception of the
2/rev normal shear force that is subject to some amplification
both at 𝜇 = 0.3 and at 𝜇 = 0.15. Again, the increase is such
that it can be considered as an acceptable minor drawback of
the optimal blade configuration.

Then, the robustness of the optimal rotor configura-
tion has been assessed by application to off-design flight
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Figure 6: Vibratory loads from multipoint, surrogate wake inflow optimization; 𝜇 = 0.3.
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Figure 7: Vibratory loads from multipoint, surrogate wake inflow optimization; 𝜇 = 0.15.

conditions at advancing ratios 𝜇 = 0.1, 0.2, and 0.25. A
stable aeroelastic response has been observed in two of these
three flight conditions, with a slightly unstable eigenvalue
appearing at 𝜇 = 0.10. However, this is not a critical issue,
in that just the inclusion of a realistic structural damping in
the analysis (not considered here) would have avoided the
onset of such a weak instability (more generally, slight insta-
bilities might be simply overcome by including structural
dampers).

Concerning the assessment of the off-design vibratory
loads generated by the optimal rotor, a hub loads magnitude
index is introduced as the sumof the scalar normof 4/rev hub
forces and moments. The values of this index computed by

the high-fidelity aerodynamicmodel at design and off-design
flight conditions are depicted in Figure 8(a). These show
that, although never increased with respect to those related
to the baseline blade, very small reductions are obtained at
𝜇 = 0.10 and 𝜇 = 0.25. This is essentially due to spillover
effects which typically appear at off-design applications and
that, here, are of particular strength at 𝜇 = 0.10 and 𝜇 =

0.25. As an example, Figure 8(b) compares the optimal rotor
4/rev vibratory hub loads with those from the baseline rotor,
evaluated at 𝜇 = 0.25. Indeed, significant increases of in-
plane, 𝐹𝑦, and out-of-plane, 𝐹𝑧, shear forces as well as of
torque moment, 𝑀𝑧, are observed in contrast to the reduced
corresponding hub loads magnitude index in Figure 8(a).
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Figure 8: Multipoint optimization: off-design conditions.
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Figure 9: Vibratory loads from multipoint, TPS surrogate wake inflow optimization.

3.3. Effects of Surrogate Models on Optimal Design. Here,
the sensitivity of the multipoint optimization results to
the surrogate wake inflow model is assessed. In particular,
two additional techniques are investigated: thin-plate splines
(TPS) and multilayer feed-forward neural networks (NN).

First, for both advance ratios considered in themultipoint
optimization, the vibratory loads reduction obtained through
a thin-plate spline surrogate model is presented in Figures
9(a) and 9(b). The optimal process has led to a reduction
of the objective function, �̂�, of about 62% with the design
variables listed in the third column of Table 2, labeled as TPS
surrogate.

The optimal configuration is similar to that obtained by
using the linear wake inflow model, with a reduction of the
bending stiffnesses and an increase in torsional stiffness and
blade mass. Also in this case, the vibratory loads are quite
similar to those estimated by the high-fidelity BEM solver,
with the exception of the out-of-plane shear force at 𝜇 = 0.15

and the torque moment, 𝑀𝑧, at 𝜇 = 0.30.
Then, the results obtained by using a NN surrogatemodel

are presented in Figures 10(a) and 10(b) in terms of vibratory
hub loads. Also in this case, a reduction of the objective func-
tion of about 60% is achieved, with the optimal configuration
given in the fourth column of Table 2. Again, the optimal
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Figure 10: Vibratory loads from multipoint, NN surrogate wake inflow optimization.
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Figure 11: Vibratory loads from multipoint, LIN-NN surrogate wake inflow optimization.

blade properties are similar to those related with the linear
surrogate optimal configuration, except for the sweep angle
which, in this case, is about 20 deg. The verification with the
high-fidelity BEM solver has shown a satisfactory level of
accuracy in the evaluation of the vibratory hub loads during
the synthesis phase, with the better correlation achieved in
the slower flight condition. However, some differences are
present in the shear forces evaluation at 𝜇 = 0.30, with loads
overestimated in the synthesis phase.

These results indicate that the linear surrogate model is
accurate enough for the wake inflow interpolation at 𝜇 =

0.30, whereas the neural networks interpolation is required
at 𝜇 = 0.15. This is due to the fact that at higher advance

ratios the wake is far from the rotor disk, and the wake
inflow seems to be weakly influenced by the geometrical
design variables, while at lower advance ratios the wake
remains nearby the rotor disk with the rotor operating in a
more complex aerodynamic field, thus producing stronger
variations in the wake inflow when the geometrical design
variables change. These observations suggest to perform a
new multipoint optimization procedure, combining the two
different approaches: the linear interpolation at 𝜇 = 0.30 and
the neural networks at 𝜇 = 0.15.

The reduction of the objective function �̂� obtained is of
about 62% with the design variables listed in Table 2, column
LIN-NN. Also in this case, they seem to remain similar to the
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Table 2: Blade design variables, multipoint optimization.

Baseline LIN
surrogate

TPS
surrogate

NN
surrogate

LIN-NN
surrogate

𝐸𝐼
𝜂
/𝑚
0
Ω
2
𝑅
4 0.01060 0.00898 0.00856 0.00910 0.00857

𝐸𝐼
𝜁
/𝑚
0
Ω
2
𝑅
4 0.03010 0.02570 0.02940 0.02557 0.02664

𝐺𝐽/𝑚
0
Ω
2
𝑅
4 0.00147 0.00188 0.00187 0.00180 0.00188

𝑚/𝑚
0
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Figure 12: OASPL contour plot at 𝜇 = 0.3, baseline configuration.

other cases except, again, for the sweep angle which seems
to be the variables mainly affected by the new analysis. The
performances of this combined optimization, in terms of
vibratory hub loads, are depicted in Figures 11(a) and 11(b):
the comparison of the loads predicted through the surrogate
models with those from the high-fidelity solver reveals that
the accuracy of the combined surrogate model is satisfactory,
although of quality similar to the results of completely LIN
analysis. It is worth reminding that, in all analyses discussed,
the satisfaction of the stability constraints is confirmed in the
high-fidelity verification.

3.4. Assessment of the Emitted Noise. Noting that design
strategies leading to reduced vibratory hub loads often
result in more acoustically annoying rotors, the comparison
between baseline and optimal rotor configurations is com-
pleted by the assessment of the emitted noise. To this aim,
the acoustic field predicted for the optimal rotor considering
the linear surrogate inflow model is considered as the rep-
resentative one. The results are shown on a horizontal plane
located 5.5m below the rotor hub in terms of the Overall
Sound Pressure Level (OASPL) that is a parameter typically
considered to measure the acoustic disturbance.

Firstly, the flight condition at 𝜇 = 0.3 is examined.
Figure 12 shows the OASPL contour plot related to the
baseline rotor, whereas Figures 13(a) and 13(b) show OASPL
contour plots concerning the optimal blade configurations
identified through single-point and multipoint optimization
procedures, respectively.The sound radiated by both optimal

rotor configurations shows higher OASPL peaks (the one
from the single-point optimization, in particular), along with
a more pronounced directional propagation pattern. Then,
the additional flight condition (𝜇 = 0.15) considered in the
multipoint optimization procedure is examined. Figures 14(a)
and 14(b) depict the OASPL contour plots from baseline and
the optimal rotor, respectively. In this case, uniformly higher
noise levels are produced by the optimal rotor throughout
the entire domain considered, with slight modification of the
noise radiation pattern.

These results confirm the more acoustically annoying
nature of low-vibration rotors, although it is worth highlight-
ing that in high-speed flight the observed impact may be
considered low.

4. Concluding Remarks

Optimization procedures based on genetic, binary-based,
single-point and multipoint algorithms have been developed
and successfully applied for the design of rotor blades gener-
ating reduced vibratory hub loads. Aeroelastic stability con-
straints have been considered during the search of minimum
objective function, with structural/mechanical properties,
blade tip sweep angles, and anhedral angles considered as
design variables. A computational tool developed by the
authors for arbitrarily shaped elastic axis blades has been
used to predict the aeroelastic behavior of the configurations
examined in the optimization processes. Accuracy and com-
putational efficiency has been guaranteed by application of
several surrogate wake inflow models. The effects of these
models on the optimal results have been investigated. The
followingmain outcomes have been derived from the numer-
ical investigation presented: (i) both single-point and two-
point optimizations successfully identify rotor blades suited
for vibratory hub loads alleviation at the flight(s) condition(s)
considered in the objective function (design conditions); (ii)
increasing the number of flight conditions considered in the
objective function does not reduce drastically the level of
alleviation attained at each flight condition; (iii) the surrogate
wake inflow models introduced are suited to be applied
within the optimization process; their accuracy depends on
the specific configuration examined; (iv) when operating at
off-design conditions, the performance of the identified blade
gets worse and spillover effect may occur (i.e., the alleviation
of each vibratory load component is not guaranteed), the
latter depending on the sensitivity of aerodynamic phenom-
ena to changes of the flight configuration; (v) the aeroelastic
stability of the optimal rotor is guaranteed at the design
flight condition but is substantially maintained also at off-
design flights, including the critical hovering condition; (vi)
the optimal design variables seem to be slightly affected by
the surrogate inflow model applied, with the sweep angle
being the variable most affected by it; and (vii) a minor
correlation with the validation solver is shown when an
analytical, poorly accurate, wake inflow model is used in the
optimization procedure, the anhedral angle being the most
sensitive parameter (it has opposite sign with respect to those
predicted by other wake inflow models).



12 International Journal of Rotating Machinery

OASPL (dB)

−10 −5 0 5 10−15

x (m)

82
85
88
91
94
97
100
103
106
109
112
115
118

−10

−5

0

5

10

y
(m

)

(a) Single-point optimization

OASPL (dB)

85

88

91

94

97

100

103

106

109

112

115

−10 −5 0 5 10−15

x (m)

−10

−5

0

5

10

y
(m

)

(b) Multipoint optimization

Figure 13: OASPL contour plot at 𝜇 = 0.3, optimal configurations.
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Figure 14: OASPL contour plot at 𝜇 = 0.15 from baseline and optimal configurations.

Since even the two-point optimization has been unable to
guarantee significant vibration alleviation in off-design con-
ditions, it is expected that a reduction uniformly distributed
throughout the flight envelope might be achieved by either
including in the objective function several flight conditions
or introducing active controls to reduce vibrations in off-
design flights. The first strategy is easier to be applied in
that it does not require the implementation of additional
devices, but it has the drawback of yielding lower alleviation.
The second one is more complex, but better performance is
possibly achieved. Finally, the acoustic assessment has shown
that the optimal blade configuration yields higher noise
emissions, thus confirming the more acoustically annoying
nature of low vibratory rotors. At high speed the increase
is not relevant, while the directivity of noise pattern is
significantly altered by blade redesign. Conversely, at low
speed the directivity is not significantly modified, but the
acoustic peaks are subject to higher increase. These results
suggest the inclusion of an acoustic annoyance measure
in the objective function, using multiobjective optimization
techniques, so as to define a tool capable of identifying
blades combining low-vibration levels with low acoustic
emissions.

Appendix

A. Aeroelastic Blade Model

In the following, an outline of the mathematical formulation
implemented to predict the aeroelastic behavior of rotor
blades within the optimal design process is presented. First, a
detailed description of the structural modeling for arbitrarily
curved blades is given, followed by a brief outline of the
formulation applied for the prediction of sectional loads. A
concluding section presents the spectral approach applied for
the spatial integration of the differential aeroelastic model.

A.1. Displacement Variables and Coordinate Systems. Several
coordinate systems are introduced to derive the equations of
motion of the blade. The main ones, illustrated in Figure 15,
are the following:

(i) A global blade orthogonal system of unit vectors ( ⃗𝑖1,
⃗𝑖2, ⃗𝑖3) which is centered at the rotor hub and rotates
with the blade, with ⃗𝑖1 tangent to the elastic axis at the
root section; vectors ⃗𝑖2 and ⃗𝑖3 identify the principal
axes of the blade root section; note that the orientation
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Figure 15: Sketch of beam representation.

of ⃗𝑖2 and ⃗𝑖3 depends on both collective and cyclic blade
pitch commands.

(ii) Local, rotating orthogonal systems of unit vectors
( ⃗𝑒1, ⃗𝑒2, ⃗𝑒3), with ⃗𝑒1 aligned to the undeformed blade
elastic axis and ⃗𝑒2, ⃗𝑒3 aligned with the blade section
principal axes; note that the orientation of ⃗𝑒2 and ⃗𝑒3

depends also on blade pretwist.

(iii) Local, rotating orthogonal systems related to the blade
deformed configuration having base unit vectors
(
→
�̂� 1,

→
�̂� 2,

→
�̂� 3), with

→
�̂� 1 tangent to the deformed elastic

axis and
→
�̂� 2,

→
�̂� 3 aligned with the principal axes of

the elastically twisted blade sections (this assumption
means that the sections of the deformed beam remain
orthogonal to the deformed elastic axis and hence a
shear undeformable beam model is considered).

Deformations are described in terms of displacements
of the elastic axis and rotation of beam sections. The dis-
placements, 𝑢, V, 𝑤, are defined in the local frame fixed
with the undeformed blade, respectively, along the directions
identified by ⃗𝑒1, ⃗𝑒2, and ⃗𝑒3; the blade twist, 𝜙, is defined as the
rotation of blade sections about

→
�̂� 1-direction (i.e., about the

deformed elastic axis).
In the development of the blade dynamics formulation,

the definition of transformation matrices relating the frames
of reference defined above is also convenient.

Global to Undeformed Blade References. The unit base vectors
of the global rotating frame are related to those of the local-
undeformed blade frames through the following expression:

{ ⃗𝑒𝑖} = A (𝑠) { ⃗𝑖𝑖} , (A.1)

where, for ⃗𝑒𝑖 = ⃗𝑒1, ⃗𝑒2, ⃗𝑒3, and 𝑠 denoting the curvilinear
coordinate defined along the undeformed elastic axis, A(𝑠)

is the transformation matrix yielding the local frame unit
vectors in terms of superposition of the global-frame base
(i.e., it collects the components of each ⃗𝑒𝑖 in the global frame).

Blade-Undeformed to Blade Deformed References. Local-
undeformed blade and deformed blade references are related
by the following expression:

{
→
�̂� 𝑖} = T (𝑠) { ⃗𝑒𝑖} , (A.2)

where T is the transformation matrix depending on the
deformation of the blade. The matrix T is obtained as a
sequence of rotations about ⃗𝑒3, (rotated) ⃗𝑒2, and (rotated) ⃗𝑒1;
its expression in terms of 𝑢, V, 𝑤, 𝜙 may be derived from that
given in [41].

Global to Blade Deformed References. From the transforma-
tions mentioned above it is possible to determine the relation
between global and deformed blade references as

{
→
�̂� 𝑖} = Λ (𝑠) { ⃗𝑖𝑖} , (A.3)

where Λ = TA.

A.2. Equilibrium Relations. Considering a deformed beam
element of length d𝑠, the equilibrium of forces and moments
acting on it yields

dV⃗
d𝑠

+ �⃗� = 0,

d�⃗�
d𝑠

+
→
�̂� 1 × V⃗ + �⃗� = 0,

(A.4)

where V⃗ and �⃗� are the internal structural forces andmoments
at the elastic axis, while �⃗� and �⃗� are the external distributed
forces and moments.

In order to integrate the above differential equilibrium
equations, it is convenient towrite them in terms of forces and
moments components, v𝑙, m𝑙, p𝑙, and q𝑙, in the local blade-
undeformed frames. Observing that, for v𝑔, m𝑔, p𝑔, and q𝑔
denoting forces and moments components in the global
frame of reference, one has v𝑔 = A𝑇v𝑙, m𝑔 = A𝑇m𝑙, p𝑔 =
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A𝑇p𝑙, and q𝑔 = A𝑇q𝑙, the equilibrium equations projected
onto the frame { ⃗𝑖𝑖} yield

d
d𝑠

(A𝑇k𝑙) + A𝑇p𝑙 = 0, (A.5)

d
d𝑠

(A𝑇m𝑙) − A𝑇H𝑙k𝑙 + A𝑇q𝑙 = 0, (A.6)

where H𝑙 is the matrix of the components in the local-
undeformed frame of the axial tensor associated to vector

→
�̂� 1.

Next, integration of (A.5) yields the following distribution
of the internal shear loads:

k𝑙 (𝑠) = A∫

𝑅

𝑠

A𝑇p𝑙d�̂�, (A.7)

while the integration of (A.6) yields the following distribution
of the internal moments:

m𝑙 (𝑠)

= A{∫

𝑅

𝑠

A𝑇q𝑙d�̂� − ∫

𝑅

𝑠

(A𝑇H𝑙A∫

𝑅

�̂�

A𝑇p𝑙d�̃�) d�̂�} ,

(A.8)

where 𝑅 denotes the length of the undeformed elastic axis
(under assumption of negligible second-order terms related
to local slope).

Equations (A.7) and (A.8) are the general solutions for the
internal shear loads and moments arising in a beam, from
which the equations governing the blade elastic displace-
ment may be derived, once strain-displacement and load-
displacement relations are identified (see next subsections).
Note that, because of shear undeformable assumption, the
equations governing the blade motion variables, 𝑢, V, 𝑤 and
𝜙, are derived from the first scalar equation in (A.7) and
the three scalar equations in (A.8) (the second and third
scalar equations in (A.7) are used to determine the shear load
components lying in the plane of beam sections).

A.3. Strain-Displacement Relations. In order to express the
internal loads in terms of the (shear undeformable) beam
deformation variables, 𝑢, V, 𝑤, and 𝜙, the strain tensor has
to be derived from position vectors describing undeformed
and deformed beam. The position vector, ⃗𝑟, of a point of
the undeformed beam of coordinates (𝑠, 𝜂, 𝜁), with 𝜂 and
𝜁 denoting the coordinates along the principal axes of the
sections, is given by ⃗𝑟(𝑠, 𝜂, 𝜁) = ⃗𝑟0 + 𝜂 ⃗𝑒2 + 𝜁 ⃗𝑒3, while after
deformation, under the assumption of negligible warping, its
position is identified by the following vector:

→
�̂� (𝑠, 𝜂, 𝜁) =

⃗𝑟0 + 𝑢 ⃗𝑒1 + V ⃗𝑒2 + 𝑤 ⃗𝑒3 + 𝜂
→
�̂� 2 + 𝜁

→
�̂� 3, where ⃗𝑟0 denotes the

position of the points along the undeformed elastic axis. From
the above equations the strain tensor, �⃗�, is derived from

�⃗� (𝑠, 𝜂, 𝜁) =
1

2
(

𝜕
→
�̂�

𝜕𝜉𝑖
⋅
𝜕
→
�̂�

𝜕𝜉𝑗
−

𝜕 ⃗𝑟

𝜕𝜉𝑖
⋅
𝜕 ⃗𝑟

𝜕𝜉𝑗
)

𝜕 ⃗𝑟

𝜕𝜉𝑖
⊗

𝜕 ⃗𝑟

𝜕𝜉𝑗
, (A.9)

where (𝜉
1
, 𝜉
2
, 𝜉
3
) ≡ (𝑠, 𝜂, 𝜁), observing that the local coordi-

nate systems considered are orthogonal.

A.4. Internal Load-Displacement Relations. From the stress-
strain relations given by the theory of elasticity combined
with the strain tensor expression, it is possible to derive
the stress-displacement relations and in turn those between
internal structural loads and displacement variables, after
integration over the beam sections. Under the assumptions
of rigid beam sections and shear undeformable beam, the
following four loads are given in terms of the four variables
describing the beammotion (the evaluation of the remaining
two loads comes from balancing of the external loads):

𝑉𝑥 = V⃗ ⋅
→
�̂� 1 = ∫

𝐴

𝜎𝑥𝑥d𝜂 d𝜁

= 𝐸𝐴(�̃�

+
Ṽ2

2
+

�̃�
2

2
+ 𝑘
2

𝐴
𝑘
2

1
) ,

𝑀�̂� = �⃗� ⋅
→
�̂� 2 = −∫

𝐴

𝜎𝑥𝑥𝜁 d𝜂 d𝜁 = 𝐸𝐼𝜂𝑘2,

𝑀
�̂�
= �⃗� ⋅

→
�̂� 3 = ∫

𝐴

𝜎𝑥𝑥𝜂 d𝜂 d𝜁 = 𝐸𝐼𝜁𝑘3,

𝑀�̂� = �⃗� ⋅
→
�̂� 1 = ∫

𝐴

(𝜎𝑥𝜂𝜂 − 𝜎𝑥𝜁𝜁) d𝜂 d𝜁

= 𝐺𝐽𝑘1 + 𝑉𝑥𝑘
2

𝐴
𝑘1,

(A.10)

where 𝐴 is the blade cross-section area, 𝐸 is the Young
modulus, and 𝐺 is the shear modulus, while

𝐼𝜂 = ∫
𝐴

𝜁
2d𝜂 d𝜁,

𝐽 = ∫
𝐴

(𝜂
2
+ 𝜁
2
) d𝜂 d𝜁,

𝐼𝜁 = ∫
𝐴

𝜂
2d𝜂 d𝜁,

𝑘
2

𝐴
=

1

𝐴
∫
𝐴

(𝜂
2
+ 𝜁
2
) d𝜂 d𝜁.

(A.11)

In addition, 𝑘1, 𝑘2, 𝑘3 are such that, for �⃗� = 𝑘1

→
�̂� 1 + 𝑘2

→
�̂� 2 +

𝑘3

→
�̂� 3, the skew-symmetric matrix K = (dT/d𝑠)T𝑇 is the

matrix of the components in the local-deformed frame of
the axial tensor associated with vector �⃗� (specifically, 𝑘2

and 𝑘3 are the bending curvatures of the deformed elastic
axis, whereas 𝑘1 is the twist of the blade sections after
deformation). Finally, following a second-order geometric
description, the extensional deformation of the elastic axis is
given by 𝜖𝑥𝑥 = �̃�


+ Ṽ2/2+ �̃�

2
/2, where �̃�

, Ṽ, and �̃�
 are the

components of dũ/d𝑠 = du/d𝑠 −K0u, for u = {𝑢 V 𝑤}
𝑇 and

K0 = (dA/d𝑠)A𝑇.

A.5. Inertial Loads. Blade rotation and unsteady deforma-
tions make inertial loads arise. These contribute to the
equilibrium equations as external distributed loads and, com-
bined with the internal loads, yield the equations governing
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blade structural dynamics.The acceleration of a generic point
of a rotating blade is given by

�⃗� = �⃗�𝑟 + �⃗�𝐻 + Ω⃗ × Ω⃗ ×
→
�̂� + 2Ω⃗ × ]⃗, (A.12)

where �⃗�𝑟 is the acceleration of the point with respect to
a frame rigidly connected to the undeformed blade. It is
derived from the rigid motion of the beam cross sections
expressed in terms of displacements of the elastic axis and
rotations about it. In addition, �⃗�𝐻 is the rotor hub acceler-
ation, and ]⃗ is the velocity of the examined point with respect
to the rotating frame fixed with the undeformed blade, while
Ω⃗ is the blade angular velocity. Then, the resulting inertial
distributed loads appearing in (A.4) are expressed as

�⃗� = −∫
𝐴

𝜌�⃗� d𝜂 d𝜁,

�⃗� = −∫
𝐴

𝜌 ⃗𝑟𝑠 × �⃗� d𝜂 d𝜁,
(A.13)

where 𝜌 is the material density and ⃗𝑟𝑠 =
→
�̂� − ( ⃗𝑟0 + 𝑢 ⃗𝑒1 + V ⃗𝑒2 +

𝑤 ⃗𝑒3).

A.6. Equations for Deformation Variables. In order to apply
the structural formulation outlined above, it is necessary
to derive the relationship between the blade displacement
unknowns, 𝑢, V, 𝑤, and 𝜙, appearing in the definition of
the inertial loads and the deformation variables, 𝜖𝑥𝑥, �̂�1, �̂�2,
and �̂�3, appearing in the expressions of the internal loads.

To this purpose, the vector of the cross-section rotations
about the axes of the local-deformed frame of reference is
introduced, observing that the derivative of its global-frame
components with respect to the curvilinear abscissa, 𝑠, gives
the components, in the same frame, of vector �⃗� of SectionA.4.
Reminding the shear undeformable beam assumption, this
yields

A
𝜕 (A𝑇𝜃)

𝜕𝑠
= k (A.14)

and hence

𝜃 (𝑠) = A∫

𝑠

0

A𝑇k d𝑠, (A.15)

where 𝜃 denotes the vector of the local-undeformed frame
components of the cross-section rotations, while k denotes
the components of �⃗� in the same frame. Note that the first
component of 𝜃 corresponds to the elastic torsion, 𝜙, whereas
the second and third ones are related to the displacement
components 𝑢, V, and 𝑤 through the following second-order
nonlinear kinematic relation:

A𝜕A𝑇u
𝜕𝑠

=

{{

{{

{

𝜖𝑥𝑥 − 𝑓nl (𝑢, V, 𝑤)

𝜃3

−𝜃2

}}

}}

}

, (A.16)

where the nonlinear term, 𝑓nl, takes into account the exten-
sion of the elastic axis due to bending.

Thus, the deformation variables 𝜖𝑥𝑥, �̂�1, �̂�2, and �̂�3

appearing in the expression of the internal elastic loads are
related to 𝑢, V, 𝑤, and 𝜙 through combination of (A.15) and
(A.16).

Note that, from the combination of the above kinematic
relations with the internal loads, the inertial loads, the first
scalar equation in (A.5), and the three scalar equations in
(A.6), it is possible to derive a set of four integrodifferential
equations in the deformation unknowns, 𝑢, V, 𝑤, 𝜙, governing
the structural dynamics of a blade with arbitrarily curved
elastic axis.

A.7. Aerodynamic Loads. As already mentioned in the main
body text, the aerodynamic loads are derived from a quasi-
steady approximation of the Greenberg theory [28] for
airfoils. Aerodynamic three-dimensional effects are taken
into account by including wake inflow (either through an
analytical model or by an aerodynamic solution tool). Thus,
section force,𝑇, orthogonal to the chord, and 𝑆, parallel to the
chord are given by

𝑇 =

𝐶𝑙
𝛼

𝑐

2
[−𝑈𝑃𝑈𝑇 +

𝑐

2
𝜔𝑈𝑇 −

𝑐

4
�̇�𝑃 + (

𝑐

4
)

2

�̇�] ,

𝑆 =

𝐶𝑙
𝛼

𝑐

2
[𝑈
2

𝑃
−

𝑐

2
𝜔𝑈𝑃 −

𝐶𝑑
0

𝐶𝑙
𝛼

𝑈
2

𝑇
] ,

(A.17)

while the section pitching moment with respect to the
quarter-chord point reads

𝑀𝜙 = −

𝐶𝑙
𝛼

𝑐
3

32
(𝜔𝑈𝑇 − �̇�𝑃 +

3𝑐

8
�̇�) . (A.18)

In the above equations, 𝑈𝑃 and 𝑈𝑇 are, respectively, the
quarter-chord velocity components normal and parallel to
the chord after deformation; 𝜔 is the out-of-section compo-
nent of the angular velocity of the blade section; 𝑐 denotes
the chord length;  is the air density;𝐶𝑙

𝛼

is the lift curve slope
coefficient, while 𝐶𝑑

0

is the drag coefficient.
For including these equations within an aeroelastic

model, 𝑈𝑃, 𝑈𝑇, and 𝜔 are expressed in terms of 𝑢, V, 𝑤, and
𝜙 and the aerodynamic forces 𝑇 and 𝑆 are projected onto the
local blade-undeformed frame of reference.

A.8. Spectral Solution. In the numerical solver developed, the
blade elastic axis is considered inextensible. In this case the
axial degree of freedom, 𝑢, is derived as a consequence of
beam bending (akin to the approach followed in [29]). The
corresponding set of governing equations is that in (A.8), with
unknown variables V, 𝑤, and 𝜙.

To explain the procedure adopted for the numerical
solution of these equations, it is convenient to recast them
formally as

m𝑙 = min + maer, (A.19)

where min and maer denote the inertial and aerodynamic
contributions to the RHS of (A.8), respectively. The spatial
integration of (A.19) is obtained through a spectral approach.
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The first step consists of the following description of the
undeformed-axis frame components of the curvatures:

𝑘1 (𝑠, 𝑡) =

𝑁
1

∑

𝑛=1

𝛼
𝜙

𝑛
(𝑡) 𝜓
𝜙


𝑛
(𝑠) , (A.20)

𝑘2 (𝑠, 𝑡) =

𝑁
2

∑

𝑛=1

𝛼
𝑤

𝑛
(𝑡) 𝜓
𝑤


𝑛
(𝑠) , (A.21)

𝑘3 (𝑠, 𝑡) =

𝑁
3

∑

𝑛=1

𝛼
V
𝑛
(𝑡) 𝜓

V
𝑛

(𝑠) , (A.22)

where𝜓
𝜙

𝑛
, 𝜓V
𝑛
, and𝜓

𝑤

𝑛
may be conveniently chosen as the tor-

sion and bending natural modes of vibration of a nonrotating
beam [29]. Note that, in (A.20), the first-order derivative of
the torsion shape function, 𝜓𝜙

𝑛
, is used in that related to the

elastic twist of the blade, 𝑘1, whereas in (A.21) and (A.22) the
second-order derivatives of the bending shape functions, 𝜓V

𝑛

and 𝜓
𝑤

𝑛
, have been introduced in that related to the bending

curvatures, 𝑘2 and 𝑘3.
Then the equations in (A.19) are projected onto the same

set of functions applied in (A.20)–(A.22):

∫

𝑅

0

m𝑇
𝑙
Ψ d𝑠 = ∫

𝑅

0

(m𝑇in + m𝑇aer)Ψ d𝑠, (A.23)

where

Ψ =

{{{{

{{{{

{

𝜓
𝜙


𝑛

𝜓
𝑤


𝑛

𝜓
V
𝑛

}}}}

}}}}

}

. (A.24)

The choice of using the first- and second-order derivatives
of the shape functions as test functions is mainly motivated
by the equivalence between the resulting equations and those
that would be derived from application of the Rayleigh-Ritz
approach. The resulting aeroelastic system consists of a set
of (𝑁1 + 𝑁2 + 𝑁3) nonlinear, time-dependent equations
with unknowns 𝛼, which can be applied for both aeroelastic
response and stability analysis.

Nomenclature

𝑐: Blade chord
𝐶𝑇: Rotor thrust coefficient, 𝑇/𝜌𝜋Ω

2
𝑅
4 (𝑇 =

thrust, 𝜌 = air density)
𝐸𝐼𝜂, 𝐸𝐼𝜁: Bending stiffnesses
𝐹𝑥, 𝐹𝑦, 𝐹𝑧: Hub force components
𝐺𝐽: Torsional stiffness
�̂�: Objective function
𝑚: Mass distribution
𝑚0: Baseline mass distribution
𝑀𝑥,𝑀𝑦,𝑀𝑧: Hub moment components
𝑅: Rotor radius

𝑉: Hub-freestream relative velocity
𝛾: Lock number, 3𝜌𝑎𝑐𝑅/𝑚0 (𝑎 = airfoil lift

curve slope coefficient)
Λ𝐴: Blade tip anhedral angle (positive

downwards)
Λ 𝑆: Blade tip sweep angle (positive backwards)
𝜇: Advance ratio, 𝑉/Ω𝑅

𝜎: Rotor solidity
Ω: Rotor blade angular speed.
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