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This paper is devoted to the study of the H-function as defined by the
Mellin-Barnes integral

H™ (2 )ZQL/:J{;'" "(s)z " *ds,
3

where the function J67**(s) is a certain ratio of products of the Gamma-
functions with the argument s and the contour £ specially chosen. The
conditions for the existence of H”" q"(z) are discussed and explicit power
and power-logarithmic series expanswns of H Z‘ q"(z) near zero and infinity
are given. The obtained results define more precisely the known results.
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1. Introduction

This paper deals with the H-function H m "(z) introduced by Pincherle in 1888 (see
[3, Section 1.19]). Interest in this fanction appeared in 1961, when Fox [4]
investigated such a function as a symmetrical Fourier kernel. Therefore, the H-
function is often called Fox’s H-function. For integers m,n,p and ¢ such that
0<m<qand 0<n<p, while a;,b,€C and o;, 5, ER =(0,00), with 1 <i<p
and 1 < j < ¢, the function is defined by the Mellin-Barnes integral:

HI N (z) = 5L / W (s)z ™ *ds, (1.1)
2

where
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ﬁ Db+ 85911 10—~ exs)
o T(s) = . (1.2)
H I'(a, +as)H F(l—bj—ﬂjs)

t=n+1 J=m+

The contour £ is specially chosen and an empty product, if it occurs, is taken to be
one. The theory of this function may be found in [1, 2, 9 Chapter 2, 10, 11 Section
8.3] and [12, Chapter 1]. We only indicate that most of the elementary and special
functions are particular cases of the H-function H7""(z). In particular, if a’s and §’s
are all equal to 1, the H-function (1.1) reduces to Meijer’s G-function GZ‘ (2).

The conditions of the existence of the H-function can be made by 1nspect1ng the
convergence of the integral (1.1), which depends on the selection of the contour £ and
on the relations between parameters a; and o, (i =1,...,p) and b; and §; (1=
1,...,9). Especially, the relations might depend on the numbers A,é and u defined
by

Y4
A= Zﬁj—vZai, (1.3)

1=1 1=1
P a8

§= [ “]] 5,7 (1.4)
i=1 1=1

p
u:ij—'Zai—{—%—q-. (1.5)

Such a selection of £ and various relations between parameters are indicated in the
handbook [11, Section 8.3.1]; but some of the results there need correction. In this
paper we would like to give such corrections in the following cases.

(a) A >0 and the contour £ =& _ __ in (1.1) runs from —oco+ip; to —oo+
ip,, With ¢, < ¢,, such that the poles of the Gamma-functions of the form
I(b,+8;s) (=1,...,m) lie on the left of £ _ _ and those of the functions
of the form (1 —a;—a;s)(=1,...,n) lie on the right of £ _ .

(b) A <0 and the contour L = L, . in (L.1) runs from +o0o+ip) to +oo+
ipq, With ¢, < ,, such that the poles of the Gamma-functions of the form
L(b,+8;s) (=1,...,m) lie on the left of £ | _ and those of the functions
of the form I'(1 —a; — ¢;s) (i = 1,...,n) lie on the right of £

Our results are based on the asymptotic behav1or of the function T}G (s), given

in (1.2) at infinity. Using the behavior and following [1], we glve the series
representation of H"*(z) via residues of the integrand 37" *(s)z ~*. In this way, we
simplify the proof of Theorem 1 in [1] by applying the former results to find the
explicit series expansions of H™" "(z) Such power expansions, as corollaries of the
results from [1], were indicated in [12, Chapter 2.2] (see also [11, Section 8.3.1]),
provided that the poles of the Gamma-functions of the forms I‘(bj + ﬂjs)
(j=1,...,m)and I'(1 —a; — ;) (i = 1,...,n) do not coincide, that is,

ﬁ](al_l_k) #al(bJ+l) (l = l,...,n;j = 1,...,m;k,l ENO = {0,1,2,...}) (1.6)

in the following cases.
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() A>0 with 2#0 or A=0 with 0< |z| <6, and the poles of the
Gamma-functions of the form I'(b; + 8;s) (j = 1,...,m) are simple:

(d) A<0 with 2#0 or A=0 with |z]| > 6, and the poles of the Gamma-
functions of the form I'(1 —a; — a;s) (i = 1,...,n) are simple:

ajl—a;+k)#o;(1—a;+1) (i#7j;i,5=1,...,n; k1 €N). (1.8)

When the poles of the Gamma-functions in (c) and (d) coincide, explicit series ex-
pansions of H7 my "(z) should be more complicated power—logarlthmlc expansmns
Such expanswns 'in partlcular cases of the Meijer’s G-functions, GP’ and Gp’p, and
of the H-functions, Hp’ and Hp’ " were given in (7] and [8], respectlvely

We obtain exphclt expansmns of the H-function of general form H™" "(z) under
the conditions in (1.6). We show that, if the poles of the Gamma—functlons of the
forms I'(b; + 8;s) (j =1,..,m) and I'(1 —a; —a;s) (i = 1,...,n) coincide in the cases
(c¢) and (1d), respectlvely, then the H-function (1.1) has power-logarithmic series
expansions. In particular, we give asymptotic expansions of Hj ™ "(z) near zero. We
note that the obtained results will be different in the cases when either A >0 or
A<O0.

The paper is organized as follows. Section 2 is devoted to the conditions of the
existence of the H-function (1.1) which are based on the asymptotic behavior of
3674 '(s) at infinity. Here we also give the representations of (1.1) via the residues of
the mtegrand The latter result is applied in Sections 3 and 4 to obtain the explicit
power and power-logarithmic series expansions of H Zf q"(z) and its asymptotic esti-
mates near zero.

2. Existence and Representations of Hp'"(z)

First, we give the asymptotic estimate of the Gamma-function I'(z), z = z + 1y, (3,
Chapter 1] at infinity on lines parallel to the coordinate axes.

Lemma 1: Let z=z+iy with 2,y ER=(—00,00). Then the following
asymptotic estimates at infinity are valid

|T(z +iy) | ~ /21 |z|% /2@ (1 =signa)y/2

(|z|—o00; y#0 ifx<0) (2.1)
and
|T(z+iy) | ~2r|y|® " 2emo=m VI (] —00). (2:2)

Proof: Applying the Stirling formula [3, 1.18(2)],

I'(z) ~ mel? = 1/2)log(2), — = (| z|—o0; |arg(z)| <), (2.3)
we have

| T(z +iy) | ~ \/ﬁ ‘e(w+iy—1/2)[log|z+iyl +iarg(z+iy)]e—(x+iy)|
(2.4)

~2m |ty | T2 evae(E ) (g iy | o0y y #£ 0 if 2 < 0).
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Let y € R be fixed and |z|—oo. Then |z+iy| ~ |z]|, and arg(z +iy)—0 as
r— + oo and arg(z + iy)—m as £— — co. Therefore, (2.4) implies

IT(z+iy)| ~ /27| z|* 7%= (2 +0o0) (2.5)
and
ID(z+iy)| ~27|z|* V2%~ =™ (20 —o0; y £0), (2.6)

which yield (2.1).

Turning to the case where z € R is fixed and |y | —oo, we find |z +iy| ~ |y|
and arg(z +iy)—n/2 as y—oo, and arg(z +iy)— —7/2 as y— —oo. Thus (2.4)
implies (2.2).

Remark 1: In view of (2.2), the relation [3, (1.18.6)] needs correction with
addition of the multiplier e” on the left-hand side and it must be replaced by

Ililm |T(z+iy) |2t mIV1/2) | V2-2 = for, (2.7)
y|—oo

The next assertion gives the asymptotic behavior of }G’;’,’q"(s), defined in (1.2), at
infinity on lines parallel to the real axis.

Lemma 2: Let A,6 and p be defined as in (1.3) to (1.5) and let t,c € R. Then
the following estimates hold:

N
|35 (o) |~ A(§) ) (1 o0) (2.8)
with

A_(27r)m+n—(P+Q)/2eq—m—n
—1/2 —Re(b,;  rloa.+Im(a;
Hh) /2, 7Re)] fy gl iG]

j= 1=1
x )
ﬁ [(a, Re(a;) 2 - Re(ai)] IQI eﬂ'[aﬁj + Im(bj)]
- j=m+l (2.9)
and
. Alt] .
with

B:(27r)m+n—(P+Q)/2€q—m—n

q Reb 2 —Re(b; P oo m(a -
Hl[(ﬂ) A (J)], [, emtrtimted]
j= i=n
X
P 'Re(ai)-—1/2 —Re(a;) m “[”ﬂj+lm(bj)] )
il;[1[(a') ‘ ] JIJle (2.11)

Proof: By virtue of (2.1), we have, for a variable s = ¢t +i0 and a complex con-
stant k = ¢ + 1d,

; IT(s+ k)| ~/2rtt e 12 (tte) (1 ) (2.12)
an

IT(s+k)| ~~/2r|t]tTe 12— (He)g=mlotd) () (2.13)
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Substituting these estimates into (1.2) and using (1.3) to (1.5), we obtain (2.8) and
(2.10).

Remark 2: The asymptotic estimate of the function T}Gg’q"(s) at infinity on lines
parallel to the imaginary axis 367" *(0 +it) as |t|—oco was given in our paper with
Shlapakov [5].

By appealing to Lemma 2, we give conditions of the existence of the H-function
(1.1) with the contour £ being chosen as indicated in (a) and (b) in Section 1.

Theorem 1: Let A6 and p be given by (1.3) to (1.5). Then the function
H;"”q"(z) defined by (1.1) and (1.2) exists in the following cases:

L=2__,A>0, 2z#0; (2.14)
L=L__, A=0, 0<|z| <& (2.15)
L=2L__, A=0, |z| =96 Re(p)< -1 (2.16)
L=2, ., A0, z#£0; (2.17)
L=2,, A=0, |z]|>8 (2.18)
L=2._, A=0, |z| =6 Re(u)< —1. (2.19)

Proof: Let us first consider the case (a) of Section 1 for which A >0 and

£ =2__. We have to investigate the convergence of the integral (1.1) on the lines

I, ={teRit+ip} and I, = {t e R:t +ip,} for ; < p, (2.20)

as t— —oo. According to (2.10), we have the following asymptotic estimate for the
integrand of (1.1):

[t]
|7 (5)2 70~ B (4 )M(ﬂ) 2] Re)

p.q i [t] 5

(t——o0; tel; (1=1,2)),

(2.21)

where B; and B, are given by (2.11) with o being replaced by ¢, and ¢,, respective-
ly. It follows from (2.21) that the integral (1.1) is convergent if and only if one of
the conditions (2.14) to (2.16) is satisfied.

In the case (b), A <0 and the contour £ is taken to be £ | . So we have to in-
vestigate the convergence of the integral (1.1) on the lines [, and [, in (2.20) as t—
+o0o. By virtue of (2.8) and (2.9), we have the asymptotic estimate:

m,n —8| o 4..Pi%8% e - At ) ¢ Re(u)
| B (s)2 ™7 | ~ Age (t) (_I a1 ) t
(2.22)

(t=+o00; tel, (1=1,2)),

where A; and A, are given by (2.9) with ¢ being replaced by ¢, and ¢,, respectively.
Thus (2.22) implies that the integral (1.1) converges if and only if one of the condi-
tions (2.17) to (2.19) holds.

Corollary 1: The estimate (2.21) holds for t— — oo uniformly on sets which have
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a positive distance to each point,

b= —2 — (j=1...m leNy), (2.23)

and which do not contain points to the right of L _ .

The estimate (2.22) holds for t— + co uniformly on sets which have a positive dis-
tance to each point

! l—a.+k
ay =it 1 keNy), (2.24)
1

and which do not contain points to the left of L,

Remark 3: In [11, Section 8.3.1], for the existence of the H-function (1.1) the con-
ditions,

n

1=1 1=n

m q
o+ Y B;— Y B;>0and Re(u) <0, (2.25)
+1 j=1 j=m+1

are given in the cases when £=2_ _, A=0 and |z| =6 and when £ =2 _,
A =0 and |z| =4. But according to (2.16) and (2.19), (2.25) can be replaced by
the condition,

Re(p) < —1. (2.26)

The next statement follows from Theorem 1, Corollary 1 and the theory of resi-
dues.

Theorem 2: (A) If the conditions in (1.6) and (2.14) or (2.15) are satisfied, then
the H-function (1.1) is an analytic function of z in the corresponding domain
indicated in (2.14) or (2.15), and

HIM ):S; f; 5 :}{;m 2(s)27°), (2.27)

where each bj; is given in (2.23).

(B) If the conditions in (1.6) and (2.17) or (2.18) are satisfied, then the H-
function (1.1) is an analytic function of z in the corresponding domain indicated in
(2.17) or (2.18), and

Hr = 2 Z slj%sk[f}(; "(s)z ~ %), (2.28)

1=1 =
where each a;y is given in (2.24).

Remark 4: Theorem 2(A) was proved in [1, p. 278, Theorem 1] for the H-
function represented by the integrand obtained from (1.1) and (1.2) after replacing s
by —s. It sproof is rather complicated and is based on a lemma, where the asympto-
tic estimate at infinity of the function hy(s) defined by

H (1 —a;+a;s)

ho(s) =221 (2.29)
1‘1 r(1-b +8;5)

is given. But our proof of Theorem 2 along the ideas of [1] is simpler and is based on
the asymptotic estimate of 36, *(s) itself at infinity given in Lemma 2.
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3. Explicit Power Series Expansions

In this section we apply Theorem 2 to obtain explicit power series expansions of the
H-function (1.1) under the conditions of (1.6) in the cases of (1.7) and (1.8), indivi-
dually.

First, we consider the former case. By Theorem 2(A), we have to evaluate the
residue of J6(s)z ™ * at each point s = b given in (2.23); in what follows we simplify
BT q"(s) by ¥6(s). To evaluate these res1dues we use the property of the Gamma-
functlon (6, (3.30)], that is, in a neighborhood of the pole z= —k (k€N,), the
Gamma-function I'(z) can be expanded in powers of z + k = € so that

1 r
1) = ) AL 1+ (1 + k) + O(e2)], where 3(z) = r((j)) (3.1)
Since each pole b, is simple, i.e., the conditions in (1.7) hold,
—b. )
sEebS~I[j£(3)z B 8] = h;lz i (-7 =1L...myle€ N0)7 (32)
J

where
h% =lim [(s —b,)36(s)]
Toemby ! (3.3)

B _ B\ f 1 1-q, L
(-1 1‘[#J (b [b, +1]ﬂj)z1_qlr<1 ey +1]ﬁ)

1=1,1
g, H T a;—[b;+ 1] ﬁ I\ 1—bv+[b.+l]& .
iZnt1 ' ’ ﬁj i=m+1 ‘ J ﬁj

Thus we obtain the following theorem.

Theorem 3: Let the conditions (1.6) and (1.7) be satisfied and let either A >0
and z#0 or A=0 and 0< |z| <b. Then the H-function (1.1) has the power
series erpansion

IO Sl SRR (3.4)

j=11=0

where each constant b’ j1 is given by (3.3).

Corollary 2: If the conditions (L. 6) and (1.7) are satisfied and A >0, then (3.4)
gives the asymptotic expansion ofH (z) near zero, and the main terms of this asy-
mptotic formula have the form: i

H™n(z) = Z[h 5il%5 , of it /8 J)] (2-0), (3.5)
1=1
where

(3.6)
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Corollary 3: Let the conditions (1.6) and (1.7) be satisfied, and let A >0 and j,
(1 < jo <m) be an integer such that

Re(b; ) Re(b;

%0 = min |: ( ]) . (3.7
ﬂjo 1<i<m B
Then there holds the asymptotic estimate:

b. /B, b, /B
H7 ' (2) = h* Yo ]0+o(z 70 JO) (2—0), (3.8)

where h;o is given by (3.6) with j = jy. In particular,
HZ(z) = O(zp ) (2—0) with p* = min . (3.9)

1<3<m ﬂ]

Now we consider the case (1.8) when the poles of the Gamma-functions of the
form I'(1 —a; —o;s) (i =1,...,n) are simple. By (3.1), evaluating the residues of
¥(s)z ~ ° considering each point a;;, given in (2.24), we have similarly to the previous
argument that

. B%Sik[f}(;(s)z_s] = —h,z Yk (i=1,..,n5k €Np), (3.10)

where a,; is given by (2.24) and

hik “—;l_i,fgi,k[ — (5 —a;,)36(s)] (3.11)
o fr(orn-erni) A r(ioa-t-eu)
_(”C"i) J"pl 'a‘J=1Jq¢l ,81
i j=g+1r(aj+[1—ai+k]a—:>j=];[+11“(1—bj—[1—ai+k]a—f>

Thus from Theorem 2(B) we have the following theorem.
Theorem 4: Let the conditions (1.6) and (1.8) be satisfied and let either A <0

and z#0 or A=0 and |z| >6. Then the H-function (1.1) has the power series ez-
pansion: n oo

n a,— k- :
R OED DI DY T ) (3.12)

where each constant h;y, is given by (3.11).

Corollary 4: If the conditions (1.6) and (1.8) are satisfied and A <0, then (3.12)
gives the asymptotic ezpansion of Hzt’q"(z) near infinity, and the main terms of this
asymptotic formula have the form:

:i[h,.z(“ Dy of - ‘““2)/"1')] (12]—00),  (3.13)




On the H-Function 199

Corollary 5: Let the conditions (1.6) and (1.8) be satisfied, and let A <0 and i
(1 < iy <n) be an integer such that

Re(a; ) -1 Re(a;) -1
0 _ )
~—ai0 = Isnza%( n|:——ai ] (3.15)
Then there holds the asymptotic estimate:
( —-1)/a, (a; =1)/a;
B (z) = 4ol 0T 0) (e (316)
where hio s given by (3.14) with ¢ = iy. In particular,
. Re(a;) — 1:|
m,n ] — v
HP ' (2) = 0(2°) (| z]—00) with ¢ = énza}g( . [ a; . (3.17)

4. Explicit Power-Logarithmic Series Expansions

Now, let us discuss cases when the conditions in (1.6) hold, but either (1.7) or (1.8) is
violated.
() L=2__, A>0 and some poles of the Gamma-functions of the form
L'(b;+ B;s) (j =1,...,m) coincide.
(f) L=2, ., A<0 and some poles of the Gamma-functions of the form
I'(1 —a; —qa;s) (i =1,...,n) coincide.
First, we consider the case (e). Let b = b be one of points (2.23) for which some
poles of the Gamma-functions of the form F(b + 8 s) (7 =1,...,m) coincide and let

N* = N7 be the order of a coinciding pole. Then there must exist jl,...,jN* €
,mz} and l " j € Ny such that
N* . .
_ byt bJN*_HJN*
b= ———— =, = ———— (4.1)
Ai B
Then J6(s)z ™ ° has the pole of order N* at b and hence
Res [36(s)z ™ ° L lim|(s—5)V 736 —](N*_l) 4.2
Res[36(s)z ]_(N*_—l—)—! lim| (s — )™ 36(s)2 (4.2)
We denote
J * :}{;( )
s
363(s) = (s — b)N H T(b,+ f;5) and J63(s) = Fps (4.3)
=7
! H P(b]"i-ﬂjs)
Using the Leibniz rule, we have T
. (N*=1) NIl g e o
=0V %] =3 (V) Eeen ™ T ) )
n=20
N*-1

= (V@Y (Y=l oo
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N N . . .
=270y { PRSI G (3 trOI -1‘"%}a;(s)]("*’>}[log<z)]'.
1=0

n=1

Substituting this into (4.2), we obtain

N1~
Res [¥6(s)z " %] = ithI8; Z H7,(log ()] (4.4)
s=bj i=0
where
H; ]Iz(NJI’ bgl) (45)
N% -1
i (- ( 1) IO LR TP R
]_)l (Z) 1\¥jl 2\% 5l :

n=1

In particular, if /=0 and 7 = N;O 1, then by setting NJ0 = N and using (3.1),
(4.1) and (4.3), we have
N%-1

Hi = H7 o, vy 1(N5ibj0) = %}@(w%s(w (4.6)

m b b'a~
| b, — Iy g
(_1)N;~-1 ( N7 (—l)jk) i=1,i¢1;{,...,jN; < j )zl:ll ( ﬁj )

oo \ AL, P b.a; q b0,
! k=1 I 1 e-22 [I 71 1—b,-+J—ﬁ'
i=n-+1 ﬁj i=m+1 ﬁj

Thus, in view of Theorem 2(A), we have the following.

Theorem 5: Let the conditions in (1.6) be satisfied and let either A >0 and
z2#0 or A=0and 0< |z| <8. Then the H-function (1.1) has the power-logarith-
mic Series expansion:

o R CFEN Y (b;+1)/8; ;
()= 2 hy +3" Z H3i2 og ()1, (4.7)
J

, 50 1=0

Here Y. and 3" are summations taken over j and l (j =1,...,m;l €N o) such that
the Gamma-functions of the form I‘(b +ﬁ :s) have simple poles and poles of order
N7, at the points of the form b ji respectwely, while each constant h*l is given by (3.3)
and each constant Hj; is given by (4.5).

Corollary 6: If the conditions in (1.6) are satisfies and A >0, then (4.7) gives
the asymptotic expansion of Hz’q"(z) near zero, and the main terms of this asympto-
tic formula have the form:

Hr () =) [h§zb"/ﬂf+0(z(bﬂ'+l’/ g J‘)] (48)

i=1

+ 35 st Pattog (i o (P
j=1

itog (3 1) (o—0)

Here 3" and Y" are summations taken over j (j = 1,...,m) such that the Gamma-
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functions of the form I'(b. ;1 8,s) have simple poles and poles of order N7 =N *0
the points of the form b, jo respectlvely, while each h is given by (3.6) and each H
given by (4.6).

Corollary 7: Let the conditions in (1.6) be satisfied, and let A >0 and bﬂ be the
pole of the Gamma-function of the form I‘(b + 3 s) (7=1,...,m). Let jy and jy,
(1 < Joys Jog S m) be integers such that

Re(b; ) [Re(b;
Pl = _ o min (b5) (4.9)
ﬂjm 1<j<m B
when the pole of the form b, (j=1,...,m; l €N,) is simple, and
gl 0
Re(b; ) [Re(b ;
s s_ﬂzmjn (®;) (4.10)
Pjp, 1sism B,

when the poles of the form b (i=1,...m;l€ NO) coincide.
(a) If pI < p3, then the asympotitc expansion of the H-function has the form:

Y501 bj /8
Hgl,»qn(z):h;fmz Jo1 Jo1 4 (z Jo1 301) (z—0), (4.11)

where hZfOl is given by (3.6) with j = jy,. In particular, the relation (3.9)
holds.
b If p¥ > p5 and b is the pole of order N* , then the asymptotic ezpan
1= J02:0 J02

ston of the H-function has the form:

b 8 N"f - b. /B. N% -~
H M (z) = 0/’02[log(z)1 fo2 +o(z son “ioafog(2))" o2 1)
(z—0), (4.12)

where H; is given by (4.6) with j = jo,. In particular, if N* is the
0 .
largest order of general poles of the Gamma-functions of the form

I‘(b]-+ﬂjs) (7=1,...,m), then
* * Re(b .
Hp ' (2) = (z" [log(z)]V _1) (z—0) with p* =1 mlg [ ﬁ(jj):l' (4.13)

Now we consider the case (f). Let a = a,;, be one of points (2.24) for which some
poles of the Gamma-functions of the form I'(1 —a; — o;s) coincide and let N = N
be the order of this common pole. Then there exist i,...,iy € {1,...,,n} and
ki y..nk; €Ngysuch that
! N l—a, +k, l—a, +k,

1 ‘N __'N

it == (4.14)
Thus the integrand 6(s)z =% of the integrand (1.1) has the pole of order N at a.
Similarly to (4.3), we denote

¥%,(s) = (s—a)NH I'(1 —a; —a;s) and Jo,(s) =
T H (1 —a;—a;s)

l—ll

a

36(s)

(4.15)
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and, then, we find similarly to (4.4) and (4.5) that

(01K o &
- a,—1-— . ;
sg%sik[f}[a(s)z HET zj;) Hy {log(2)), (4.16)
where
H i = Hp (N agy) (4.17)

N -1
e & (07 (R () BV sy a0,

n=j

In particular, if we set k=0, j = N.,—1 and N., = N, then, using (4.15) and (3.1),
10 10 )
we have
1)N1-—1 (_1)Ni_1
Hi=H; o n,-1(Nja,) = _(JV‘_“)_':}Gl(aio):}{’z(aio) =TV ST
1

=1

ﬁ]’ L @y
N. . i1 ol s jt=-ale) I F<1“aj—[1—ai]w
,(_1)%—1 j=1 i ]=1,];6zl,...,zNi '
X
k k

ilay ﬁ F(aj+[1—ai]§—f> . ﬁ F(l—bj_[l_ai]g%>

=n+1 J=m+1
(4.18)

Therefore, Theorem 2(B) implies the following result similar to Theorem 5.

Theorem 6: Let the conditions in (1.6) be satisfied and let either A <0 and
2z#0 or A=0 and |z| >6. Then the H-function (1.1) has the power-logarithmic
series erpansion:

Nig-1 .
HP M) = Y b T N T T gy, (419)
—~

ok j=0

Here ' and Y." are summations taken over i and k (i =1,...,n;k € Ny) such that
the Gamma-functions of the form I'(1 —a; — a;s) have simple poles and poles of order
N, at the points of the form a ik respectively, while each constant h; is given by
(3.11) and each constant Hy ; is given by (4.17).

Corollary 8: If the conditions in (1.6) are satisfied and A <0, then (4.19) gives
the asymptotic expansion ofH (z) near infinity, and the main terms of this asymp-
totic formula have the form: i

HP I (z) = zn:' [hiz(ai—1)/ai+0(z(ai_2)/ai)]
! (4.20)

+i2::1”|:Hiz(a,’ - 1)/ai[log(z)]Ni -1 i O(z(ai - 2)/ai[log(z)]Ni - 1)] (2] —o0).

Here Z' and Z“ are summations taken over i (i =1,...,n) such that the Gamma-
functions of the form I'(1 —a; — a;s) have simple poles and poles of order N, = N,
at the points of the form a,y in (2.24) respectively, while each h; is given by (3.14)
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and each H, is given by (4.18).

Corollary 9: Let the conditions in (1.6) be satisfied, and let A <0 and a;y, be the
pole of the Gamma-function of the form I'(1 —a, —a;s) (1 =1,...,n). Let iy; and iy,
(1 <idgq, dgy < n) be integers such that

Re(a; )—1 Re(a;) —1
— 01 _ )
= T, I g‘ )S( [ a; ] (4.21)
when the pole of the form a;, (i1 = 1,...,n; k € Ny) is simple, and
Re(a; )—1 Re(a;)—1
— 02 _ 1
Pr="a T T [ @ ] (4.22)

when the poles of the form a; (i =1,...,n;k € Ny) coincide.
(a) If py > p,, then the asymptotic expansion of the H-function has the form:

a;, —1)/a; a;, —1)/a,;
HpwMz) = (01 : 01+o(z( 01 / 01) (| 2] —00), (4.23)

where hi01 is given by (3.14) with i =1y,. In particular, the relation

(3.17) holds.
(b)  If py < py and ;1,0 1s the pole of order Nioz’ then asymptotic ezpansion
of the H-function has the form:
(a; —1)/a, N. -1 (a; —1)/a; N. -1
H™(z) = K ‘02 '02[log (2)] ‘2 4o (z ‘02 '02[log(z)] ‘02 )
(] 2] —00), (4.74)

where Hio2 is given by (4.18) with i =1y,. In particular, if N is the

smallest order of general poles of the Gamma-functions of the form
I'(l1-a;—o;s) (i=1,...,n), then

HT2(2) = O 2¢[log(2)]N ~1) (| 2] —o0) with ¢ = mag n[l_‘i‘;l.f;l] (4.25)

In conclusion, we give the following consequence of Corollaries 3, 5, 7 and 9,
which unifies the power and power-logarithmic asymptotic behavior of H) m ”(z) near
zero and infinity.

Theorem 7: Let the conditions in (1.6) be satisfied.

()  If A>0 and the poles of the Gamma-functions of the form F(b +B; s)
(7=1,...,m) are simple, then the H-function (1.1) has the asymptotzc
estimate (3.9) at zero. If some of the poles of the Gamma-functions of the
form F(b + s) (4 =1,...,m) coincide, then Hm "(z) has the asymptotic
estimate cither (3.9) or (4 13) at zero.

(b)  If A <0 and the poles of the Gamma-functions of the form I'(1 —a; — a;s)
(i=1,...,n) are simple, then the H-function (1.1) has the asymptotic
estimate (3.17) at infinity. If some of the poles of the Gamma-functions of
the form T(1—a;—a;s) (i=1,..,n) coincide, then Hp7“;'(z) has the
asymptotic estimate (3.17) or (4.25) at infinity.

Remark 5: The power-logarithmic expansions and more complicated results than

those in (4.7) were indicated in [9, Section 3.7] (see also [8, Section 5.8]); and the



204

A.A. KILBAS and M. SAIGO

particular cases, H g,’g(z) and H g:g(z), are shown in [7].
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