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The telegrapher’s process with drift is here examined and its distribution is
obtained by applying the Lorentz transformation. The related characteris-
tic function as well as the distribution are also derived by solving an initial
value problem for the generalized telegraph equation.
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1. Introduction

In this paper we consider the two-valued integrated telegraph signal with rightward
velocity ¢, and leftward velocity — ¢, (cq,cy > 0) and rates A, A, of the occurrence of
velocity switches, (A; when the current velocity is (—1)° + lci,i =1,2).

The classical case (c; = cy = ¢;A; = Ay = ) has been studied in many papers and
important probabilistic distributions and representations have been obtained indepen-
dently by various authors and by different methods (for example, Orsingher [8],
Foong [2], Foong and Kanno [3], Kabanov [4]).

When c¢; # ¢y and A; # X,, the motion differs from that in the classical case in
that it displays a drift whose components have also been studied (see [1, 6, 7]). One
component of the drift depends on the different velocities and the other on the
different rates. These components differ substantially in the mathematical treatment
they necessitate.

In particular, when A, # A,, the elimination of the drift requires the Lorentz
transformation of Special Relativity Theory. This was first noted by Cane [1] and
further examined in [6, 7] but nowhere has an accurate analysis of the transformation
and its probabilistic implications been carried out.

Here we discuss the random motion in the original frame of reference (z,t) and in
the related relativistic one, (z',t") where the drift has been eliminated.
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cy —C
The space coordinate 2z’ must move with velocity v, = 1 3 L.
Ao — Ay )(cqy + ¢ AoCqy — A C . L.
( 22(/\1)4(_; ) 2 = 2/\1_*_)‘1 2 with respect to the original frame of reference and the
2 1 1 2

time ¢’ must either be speeded up or slowed down with respect to ¢, in order to elimi-
nate the drift. N 2(c; + cg)Ar A

In the frame (z',t'), the particle moves with velocities ¢’ = &+ —(;—4_—2;\-—)12—2
initially chosen with equal probability 1/2, and the switches from positive tc} neg2ative
values and vice versa are governed by a homogeneous Poisson process with rate A’ =
2)\1A2
SRy

Therefore, the probabilist, in the reference (z',t') attributes to the random position
of the particle, a symmetric distribution p = p(z',t'). Returning to the original coor-
dinates and writing down the asymmetric distribution p = p(x,t) requires careful
attention due to the fact that here, differently from the Special Relativity theory, the
adjustment of time depends on the random changes of the rates (and thus of the velo-
city of the particle).

In the last section of the paper we obtain the distribution p = p(z,t) by means of
the usual approach, based on Fourier transforms. This also enables us to present the
characteristic function in the case where a general form of drift is assumed.

The reader can easily judge how significant the simpification using the relativistic
transformation is and how deep an insight into the intimate structure of the random
motion is afforded.

The relativistic approach also immediately yields the form of the flow function and
therefore the joint distributions of the position and of the velocity of the particle.

)

2. Features of Motion and the Governing Equation

We assume that at time ¢ = 0, a particle starts from the origin and that its initial
velocity is the two-valued r.v.

¢ with probability 1
V(0) = 1 2

c,  with probability 3

where ¢, ¢, are positive, real numbers.

The current velocity V = V(t), t > 0 switches from ¢; to — ¢, after an exponential-
ly distributed time (with parameter );) and from —c, to ¢; after a random time
with exponential distribution with parameter A,.

The time intervals separated by velocity changes are independent r.v.s (also inde-
pendent from V(0)).

Thus the particle moves forward with velocity ¢; and backward with velocity —c,
and the changes are governed by a non-homogeneous Poisson process.

For the probabilistic description of the random position X = X(t) = [LV(s)ds we
need the following distributions

fi(z, t)dz = Pr{X(t) € dz,V(t) = ¢y}

2.1)
fz(:c,t)da: = Pr{X(t) € d:l,’,V(t) = — 62}.
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It is well known that the functions (2.1) are solutions of the following differential
system (see [5])

of of
3_151— 6131+)‘2f2—’\1f1

. of (2.2)
8t2 32+’\1f1—>‘2f2~

The system (2.2) by means of the transformation

p:f1+f27w:f1_f2

can equivalently be written down as

Op _ ¢1=¢0p ¢1+¢duw
ot 2 Oz 2 O (2.3)
ci+cy O c c '
%? _,1_2_28_2_1_22%_11)_()‘ A = (A + A)w.

The distribution p(z,t)de = Pr{X(t) € dz} consists of a singular component con-
centrated in z = ¢t (with probability -%e_/\lt) and in z = —c,t (with probability

- . .
%e 2t) and an absolutely continuous part spread over the interval ( — cyt,c t).

The absolutely continuous part of the distribution is a solution of the second-order
hyperbolic equation (extracted from the differential system (2.3) by means of sub-
sequent differentiations and substitutions):

o’p_ 0%p o*p op

o2 Gl et (cg=c1)gzm7 — (A +X)5; 24
4 :

+ %[(02 —c)(Ar+A9) = (g = (e + ‘32)]3—5

2
The presence of 2 s P and 22 32 8 ; in (2.4) is clearly related to the drift of motion.
Equation (2.4), when c¢; =c,=c and A =X, =X, reduces to the classical
telegraph equation

ZP_ 22 P _9)\72 (2.5)

3. Elimination of the Drift by Means of a Relativistic Transformation

The elimination of the drift necessitates the use of the Lorentz transformation

= ax+ Gt

(3.1)
t' = yx + 6t

where the constants «, 3,7,8 are to be determined in such a way that the coefficients

of 38,gt, and 2 E ZP  vanish. In order to evaluate the four parameters in (3.1), clearly,
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two further conditions must be introduced.

We now have our first theorem.

Theorem 3.1: A linear i{ransformation from the frame of reference (z,t) into
(z',t"), capable of eliminating the drift in (2.4) is

(cg—cy)(Ay+ A )—(/\2—)\1)(c1+c2)

=+
2(Ay +,\2)
= (/\2_/\%) (/\2+A ) —(02—-01) (AZ__)‘%) ; (32)
= 2)\ A (c1+c2) 421, 4%, (02+01)

Proof: We first remark that any transformation of the form

P a{:c + (g —c))N +2'\(,\) ;(:‘1)— A(eq + cz) }

(3.3)
t = 7{:,; + (Mg =29)(e = ¢}) = (g + 2)(e; + CZ)Zt}

2(Ag = A )(eq +¢y)
2%
az'at"”
Assuming that o = 1 and that the Jacobian of (3.3) is equal to 1, we get that
_ %=X
TT TRt
This completes the proof of (3.2).

Theorem 3.2: In force of the Lorentz transformation (3.2), equation (3.2) is

converted to the following telegraph equation with respect to the space-time
coordinates (z',t'):

eliminates the coefficients of —% and

%p _Aeg+e) N 9% 4NN 9p (3.4)
at12 (/\1 + )‘2)4 813/2 /\1 + /\2 ot .
Proof: We first observe that in the frame (z',t'), after the elimination of the drift,
equation (2.4) is transformed into the following one

{62 - c1c272 —v8(cy — cl)} = {acyey — z24 af(cy— cl)}

ot 12 a 12 (35)
8(ey— 1) (M +Ag) = (Ag — A — (A +2)8

+15((eg = e)Ag +A9) = (Mg = Ap)(eg +¢5)) = (A +Ay) 61‘/'
In light of (3.2) we have that

a=1
_ (3=
' 2XA9(cq +¢9)
3 :c2—cl_(’\2—)‘1) (cg+¢y)
2 (A+2A) 2
(A + ’\2)2 _ (A% - )‘%)2(02 —¢)
4rAy AMAq(eq +eg)

(3.6)

6=
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and therefore

(A A)?
8% —ciegy? —yé(cy—¢y) = -‘}471‘/\—22—
+ 2 Ao — A 2
\ aciey = B2+ af(cy—cp) = “ 462) {1_EA2+/\1;2} o
g‘{(ﬁ —e)(Ap +Ag) = (Ag = A)(eg +¢3)} — (A1 +A2) = — (A +Ay).

2
Substituting (3.7) into (3.5) and then dividing by L"%i‘_z)_ we readily obtain equa-
tion (3.4). 172
Remark 3.1: We are now able to infer from equation (3.4) some important
features of the random motion in the frame (z', ).
For an observer in this system (compare equation (3.4) with (2.5)) of reference, the

particle moves with velocities
o= + 2(ey + )M,
(A +29)?

and the switches between the two values (3.8) are governed by a homogeneous
Poisson process whose rate is

(3.8)

22,0,

/\:)\1+)‘2.

(3.9)

Remark 3.2: The connection between the velocities in (z,t) and in (z',t') is given
by the formula

dz  (ca=c1)  (Ag=A)(eg+¢y)

d_:L" - dt 2 B 2()‘1 + ’\2) (3 10)
O O e I G R N e A%
I Ag(c; Fop) dt T AN, aX Ny(c; +c9)
which can be straightforwardly obtained from (3.2).
From (3.10) it is easy to see that
o dz de' _ o _ 21t edhAy
if =2 =¢;, then &G =¢' = —— ===
dt dt (AL +2y)?
d
o if9€ = _c_ then dz’ _ = - —2(61 ey
a— 7 e’ — 7 7 A +2)2
(A1 +2)
Remark 3.3: From (3.2) it is also possible to extract the relationship
2 2
dt' _ _ N =T dz (’\14"\2)2_02—01’\%"\1 (3.11)
dt 2X25(cq +¢y) dt 40X, Cytcy 4A A, ’

which tells us how the time ¢’ changes with ¢ (as a function of the velocity %gtﬁ) We
have the following picture:
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A+ A
1 2 e
» W f5r=¢
95 = (3.12)
hile JRNTY SR
22 dt — 2

1

Formula (3.12) shows that the times t' and ¢ grow at the same rate if A; = X,.

This explains the fact that the part of the drift due to different rates must be
canceled by suitably speeding up (or slowing down) the clock in (z’,t'). For example,
if A; > A, (and the current velocity is ¢; in (z,t) and ¢’ in (2',t')) the time t' must be
speeded up in order to compensate for the fact that switches from ¢, to ¢, occur more
frequently then those from c, to c;.

Remark 3.4: The connection between the interval of possible positions in (z,t) and
in (2',t") can be discussed observing that:

, A=A\
2% _ 22 — {1 - (/\z T /\1) }(:L‘ —cyt)(x + cot). (3.13)

Remark 3.5: In the frame (z’,t'), the velocity |c’'| is always inferior to the mean
of the velocities ¢; and ¢,. In fact we have, from (3.8), that

lo'] _ato 402y <cate
20+ 4200, 2
because 2A; A, < )\% + /\%.

Remark 3.6: If A\, =X, =), ¢, #cy, the transformation (3.2) reduces to the
Galilean form

w/ :x..*..(_cz_;:._c_llt
t'=1t.
Thus the relative velocity vrzcl;c2 and in (z',t) the particle oscillates with

.. cy+c
velocities ¢/ = 4 -1 ) 2

4. The Distribution of the Position in the Frame (z,t)

The Lorentz transformation discussed in Section 3 permits us to derive the distribu-
tion
p(z,t)dz = Pr{X(t) € dz}

from that of p = p(z',t'). By exploiting well known results in literature (see [3, 8])
we can express p(«',t') as follows:

22,2,

p—_— o 2}
AR, [ 20, | (Al + )\2\/4(c1 +e) A? x'2>

') = €
(W) = G Ty | M A0 & F e Oy 4 0)F
(AL +2p)?

+ 0 I()(/\l + A2\/4(01 + CZ)ZA%AgtIZ _ xl2>j| (4 1)
’ 4 .
ot O\ ¢+ ¢y (AL +2Xy)
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2k,

IRYEEY) 2(cq +cy)AA 2(cq +eg) A Ayt
+6 8 '+ 1 2 '; 2t/ 468 = — 1 2 122
2 (A1 +2,) (A1 +29)

2(61 + 02))\1/\2t’

for |2'| < 5
(A +29)

Clearly 0o 2% 1
0= 2.(5) Gy

is the zero-order Bessel function with imaginary argument. In view of a result in [8]

we can also write the expression for the flow function w = w(z',t") in the following
way

2/\/\t

R +A AL+ Ay [A(eq +¢g)?ATN5?
g o) 1 ) ( 1 + 2) 172 2
w(z',t") = 5 81:’10( T 62\/ Ot ) —z' | (4.2)

We now present what we consider the most important result in this paper.

Theorem 4.1: The distribution of the position of the particle in the frame (z,t)
reads

_(/\1+)\2)t )\2—)\11‘ ()\2—/\1)(c2~cl)t
2 cate 2(cg +cq)
¢+

p((L’,t) =¢

a 1 (QCV +1c 2 J@+ cat)(cyt— :c)) (4.3)

ey eryorn)]

c2+c

Y - A
+ —%—e 1t6(:c —cqt) + %e 2t6(a: + cot)

for —cyt < <cqt.
Proof: Taking into account formula (3.2) we get that

4(c, + ¢ 2A2)\2t,2 4A )\
T = sl et =), o
1 2

Of fundamental importance is to obtain the connection between a, and aax, gt
We first note that
6_8dt+(‘3dx (_6_ 0 dz\dt
ot —otdt " oz dt’  \0t

Tz di Jdt
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and thus o _0.0d
T
dt ot ~ ot ' 9z dt’ (45)
By using Remark 3.3, from (4.5) we get:
A+ A
1 208 _0 2}
X, a0 ot T 1z (45
Mt ’\2 9 _8 . 8 )
2)\ at’ =5~ a5
Summing the identities in (4.6) yields
(4.7)

(A + Ap)?
IR, ™ 6875’_20+(cl CZ)a

which, together with (4.4), permits us to pass from the absolutely continuous

y
component of (4.1) to that of (4.3).
For the transformation of the singular component we must bear in mind that

P2

x’——c’t’—,\ , 2 (g —cqt)
'+t = _}_/\ (z + cyt)

and
202, L A= A+A

— t —
AMtAy (et Cz)x

Since the Dirac delta function is concentrated in = ¢;t and z = — c,t we have

2 1\2
—Apt e Ayt
5 8(x 4 cqot).

/\1+)\
{6(z' +c't") 4+ 6(z' — ')} = 6(x —cqt) +

€

This concludes the proof of Theorem 4.1.
Remark 4.1: On the basis of the same reasoning it is possible to obtain the expres-

sion of the flow function in (z,t) from (4.2).
After some calculations we have that

de'dt' 0 _ 0, 0 dz
d di 9’ = 9t Tz dt’ (48)
In view of Remark 3.3 and formula (3.8) we get
M9 _ 0 )
(e + "’2)A +X, 90 ot T €19z
(4.9)

A,
08 _9 a
(C1+c2))\ ¥X, 00 ot 29z

Subtracting the identities in (4.9) yields
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and thus the flow function in the frame (z,t) can be written as

~_(/\1-}—/\2)t+)\2—‘/\1 (A —/\1)(02—-01)

w(z,t) = —%e ’ 274 2egtey)
2./,
aaxI()(—c;—_{_?—\/((L'-{-Czt)(Clt—‘l')) ) (4.10)

for —cyt <z <cyt.
From (4.3) and (4.10) it is easy to obtain the distributions

+w —w
fr=2"and f, =22

For example, the density of f, reads

(/\l+/\2)t /\2——)\1w (Az—/\l)(cz—cl)t
2 02 +Cl 2(62 +C1)

1) =30

AL+ A 2/
[ ?2 2IO< ) +1622\/(:c+62t)(c1t—.1:)> (4.11)

g- (26\/:16—2\/@ ) T a:))

Czaaxfo(%\/(‘” +ct)(eyt - 17))]

for —cyt <t <cqt.

Remark 4.2: We note that formulas (4.3), (4.10) and (4.11) coincide with the
well-known distributions when no drift is assumed (¢; = ¢y =¢, Ay = A, =A). Even
more important is the fact that

t

p(x,t)de =1,

51

- th

whose verification involves intriguing, yet cumbersome, calculations. This will be
done in the next section since the necessary formulas will be extracted from general
ones.

It may appear strange that the distribution (4.3), in the special case where the
asymmetry is due only to different rates A; # Ay, ¢; = ¢y = ¢, is much simpler than in
the case where A\; = X\, = A, but ¢; # c,.

In effect, in this case, formula (4.3) reduces to

AL+t Ay =X

- + i DYDY VAN
pla,t) =€ 2 2¢ [1+ 210( 112 c2t2—x2)

4

X
+§—tlo( 172 cztz—x2>] (4.12)
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for |z| <ect.
The reason for the simple structure of (4.12) is that the support of the distribution
is symmetric and the asymmetry of the distribution is due only to the factor
Ay = A

exp—z%—lm .

5. Derivation of the Distribution P(z,t) by Solving an Initial-Value
Problem

The classical approach based on Fourier transforms permits us to obtain the charac-

teristic function
[o.¢]

+
F(B,t) = / €874 (s, 1) (5.1)
= 00
of the distribution
P(z,t) = P{X(t) <=z}. (5.2)
Theorem 5.1: The characteristic function of the distribution (5.2) is

1.
F(B,t) = %e —gliBleg = 1) + (A +A9)}t

11+ Aty
VO +29)2 = B3y +¢)? +2iB(e; +¢3) (0 — Ny)

e%\/(/\l + /\2)2 - :32(01 + c2)2 +2iB(eg +e)Rg = Ay)

(5.3)
1= A+,
VO 202 = B2(ey + ¢) +2iB(cy +p) (A — Ay)
_1\/@ +20)2 = B2(cq +¢0)? +2iB(cy + cq)(Ay = A )]
2 1 2 1 2 2 1372 1
-e
for BER and t > 0.
Proof: We first note that the Fourier transform of equation (2.4) is
2
L4 {iBley = 1) + (g + AVEE
dt t (5.4)

i
+ {‘g‘[(cz —c)Pg+ A1) = (g = A ey + )]+ ﬂ201c2} =0.
It is straightforward that the general solution of (5.4) reads

b(0,) = o H =0+ O )
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.[He%\/(kl + )\2)2 - ,62(01 + °2)2 +2iBley )Ry =2y (5.5)

K —%\/(/\1 +29)% - /32(?1 +c9)? +2iB(cy +¢1)(Ag — Ap)
The constants H and K are evaluated using the fact that F' must satisfy the

following initial conditions:
F(p,0)=1
B o) =life,~cy). 0
dt t=0 2 2 !

While the first condition immediately follows from the fact that p(z,0) = é(x), the

second one involves much more analysis.
The features of motion described in Section 2 authorize us to write

EetﬁX(At) — %6—102At(1 —/\2A‘t) +%6161At(1 _ /\lAt)

clAt
A Ay )AL .
(M +2y) 1 / e'ﬁydy+o(At)

(c; +cy)At 2
—coAt

since, in a small time elapse [0,At), either no velocity change occurs (and the parti-
cle, at time At, is at either endpoint of the interval [ —c,At,c; At]) or one Poisson
event happens (and the particle is then uniformly distributed inside that interval).

From (5.7) and some calculations, we get

EeiﬂX(At) =14 %(02 — cl)At + o(At)

and thus
iBX(At) _ 18
B0 o1 B, ey

At

as claimed in (5.6).
A little algebra permits us to calculate H and K and thus obtain (5.3).
For the inversion of the characteristic function, we need three integrals which can

be inferred from the relationship
ot { L /3222 L //\2_0272}
/ emlo(%\/c%? - :c2)d.z‘ = 3¢ \//\2“6 — (5.8)

—ct

obtained in [9].
For the sake of simplicity, we write

A =30 202 = B%ey + ¢+ 2iB(ey +¢)(Ag = - (5.9)

The formulas we must apply are



22 L. BEGHIN, L. NIEDDU and E. ORSINGHER

at AN o
. x 2./
B2t I, e \/(m + cyt)(cyt — ) Jde
+
—cqt
5.10
. Py —p) t (5.10)
—iBleg—cy)z— “2'(—62 Tep) 32A e 74
= (eg +ey)e 1
T L (2 /A,
(iBz,c2 ¥ <1 el ( . +1022 V(& +cyt)(eqt — :c))dx (5.11)
—Cqt
) iB(cy —cq)t _ (Ag = A )(eg = cl),
=(c + 62){ - zﬂ(c22 Cl) (A2 ;(/\1)(62 ; cl)} 2 2(cgt+cq)
€yt

t t _iﬂ(c2_cl)t_()‘2_)‘l)(c2 —cy)t
.{62‘4—6 2‘4}_4_01'*'623 2 2(cq +¢4) { 34 “%A}

2
A 2 et +e
I ke T R Tnka: W
_ Clezﬂcltec2 + cq 1 —cqe - z,Bth cy+ c1
The third formula we need is
cqt ,\2 - A 5
c +c aIO v™M
eiBr 2t < = (c1+c V(@ +cyt)(eqt—z) )d
— c2t
/\ —/\ /\ —/\
_ zﬂclt c2+c1 1 e—iﬂczt c2-{-c1 2t
(5.12)
. ¢ (Ag=A(ep— Cl) t
A —A _lﬂ(CZ_C1)§ 2((; +c ) EA__ —-2_A
Formulas (5.11) and (5.12) are closely connected by
Clt )\2 - /\
Cco + c1 310 2 )\1/\2
/ RYCEIS St < DT \/(a: +cyt)(ct —x) Jdx
- th
clt 2 — ,\
€y—cC “+— OIyf 2
:ii_l / (iBz, 2 T e - 0 +c \/(:L'+c2t)(clt—:c)> (5.13)

—cqt

/\ —A /\ —/\
_ zﬁclt c2+c1 cqt +e—iﬂczt 02+c1 Zt}



Probabilistic Analysis of the Telegrapher’s Process 23

_ iB(cy — cl)‘ _ (Mg =Ay)(eq = Cl), , ,
_|_c1-;-c2f3 2 2(c, o) {65A+e—§A}

Ay =N Ay =N

zﬁclt c2+c1 1 cot

—ch2te Cqy +c1 2

- Cl - 626

as a simple comparison between (5.11) and (5.12) shows.
With this at hand, the characteristic function (5.3) can be written as:

(g +A)t iB(cq — cl)
T
F(B,t) = 5 e

_Blegme)f ta —la
+ (Al + A2)e 2 %

(using (5.13) for the first term and (5.10) for the second one)

B (AL +Ag)t (/\2 - /\1)(62 - Cl)‘

t
5A —zA
e2 +e 2 )

e 2 . 2(cq +¢q)
- 2
Mty [ e e
1T A2 iz, CotC
01+02/ BT 2T €1 IO(c Te, \/(:c+c2 (clt—~:c))
—02t
M e A
2 g Feg 9y
+cl+c2/ RICERS ’3—<01+C \/(m+czt)(clt—:c))
—c2t
U e tear (2
2~ 4 cgtep 9l
_61+62/ etBz 2T 4 5 cl-l-c \/(x+c2t)(clt—l‘))
—c2t
/\ —A )\ —)\
Cy—0C 1ﬂc1t 02+c 1t Co— Cle—z,Bc2t 02+c1 Cot
c1+c2 cl—}—c2
Ay — A Ay =X
26’1 zﬁclt c2+c1 1 202 —ﬁczt cz+c1 2t 5.14
cl+cze +cl+cze ( )
_(A2+A1)t+(A2—Al)(cz—cl)’
_e : Aeg+ey)
- ¢y tey
clt )\2_,\1 )\
A+ A . coFc ¥ 2./
. %‘/ eiBz 21 1 ]0( cl—l—c \/(:c—i-czt)(clt—-l‘) dx

- c2t
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24
clt ,\ _,\ 5 /\
(iBa ea ¥ e 01of 2V
+/ Bz, C2 T 4 5—t0< cl+c \/(:c+62t)(clt—$))dl'
—c2t
Clt Az—z\ 5
Cy—cC rypraradol |
— 22 1/ eBref2 T 60 +c \/(m+c2t)(clt—m)>
—c2t

Ll T AitgiBert | 1 =gt eyt
2 2
From this we immediately obtain again the distribution (4.3).
Remark 5.1: In order to prove that the distribution (4.3) integrates to one, we
only have to integrate the absolutely continuous part and use formulas (5.10), (5.11)

and (5.12) when § = 0. We present some details here
Pat2t Gg=X)lep=ep),

e (°2+C1)
Pr{—cyt < X(t) < ¢t} = PET
cqt A —/\1
A+ . S
. 12 2/ C2 o (c1+c \/(m—|-02t)(clt—x)>
—c2t

,\2—)\
T 2./3 %,
+/ 2t 8_IQ< L 2\/(.1:+c2t)(c1t-—1'))d:c

ot \ ¢1+cy
—c2t
cqt ,\2—/\ \/ﬂ_
ch,—C Fe, %01 2 2
—c2t
(Mg +29)
_e_ ¢ ’\1+/\ (c;+¢ )(eZ(A +A2)—e_%(A1+A2))
ey 20,42 1T
RN G NG RN WIS YRR ) S

A, — A A, — A
eyt T +A,)  —E +A) et — eyt
+_12_2€2 1t22) Tt —c1e°2+cl —cye 2t

cg—cy crt ey A=A ( (A +Ay) e—%(/\1+/\2))
2 A1+/\ C2+Cl
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A=A MM,
Cyp—C c2+clcl Co—C €y +cq 2
— e +E5—e

At N

-t
(observe that coefficients of e 2 cancel throughout)

Qg+ . A= Ay - A
—e % I, +c ),35(*1“2)_@6 7t _Cata
¢, +ecy 2t 2 2

=1-de 7N LT 1 PX() = 4ot} - PLX(1) = —cyt).
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