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We introduce some new classes of preinvex and invex functions, which are called ϕ-
preinvex and ϕ-invex functions. We study some properties of these classes of ϕ-preinvex
(ϕ-invex) functions. In particular, we establish the equivalence among the ϕ-preinvex
functions, ϕ-invex functions, and ϕη-monotonicity of their differential under some suit-
able conditions.
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1. Introduction

In recent years, several extensions and generalizations have been considered for classical
convexity. A significant generalization of convex functions is that of invex functions in-
troduced by Hanson [1]. Hanson’s initial result inspired a great deal of subsequent work
which has greatly expanded the role and applications of invexity in nonlinear optimiza-
tion and other branches of pure and applied sciences. Weir and Mond [8] and Noor [3, 4]
have studied the basic properties of the preinvex functions and their role in optimization
and mathematical programming problems. It is well known that the preinvex functions
and invex sets may not be convex functions and convex sets. Equally important is another
generalization of the convex function which is called ϕ-convex function introduced and
studied by Noor [5]. In particular, these generalizations of the convex functions are quite
different and do not contain each other. In this paper, we introduce and considered an-
other class of nonconvex functions, which include these generalizations as special cases.
This class of nonconvex functions is called the ϕ-preinvex and ϕ-invex functions. Several
new concepts of ϕη-monotonicity are introduced. We establish the relationship between
these classes and derive some new results. As special cases, one can obtain some new and
correct versions of known results. Results obtained in this paper present a refinement and
improvement of previously known results.
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2. Preliminaries

Let K be a nonempty closed set in a real Hilbert space H . We denote by 〈·,·〉 and
‖ · ‖ the inner product and norm, respectively. Let F : K → H and η(·,·) : K ×K → R
be continuous functions. Let ϕ : K → R be a continuous function.

Definition 2.1. Let u∈ K . Then the set K is said to be ϕ-invex at u with respect to η(·,·)
and ϕ(·), if

u+ teiϕα(v,u)η(v,u)∈ K , ∀u,v ∈ K , t ∈ [0,1]. (2.1)

K is said to be a ϕ-invex set with respect to η and ϕ, if K is ϕ-invex at each u ∈ K. The
ϕ-invex set K is also called ϕη-connected set. Note that the convex set with ϕ = 0 and
η(v,u) = v − u is a ϕ-invex set, but the converse is not true. For example, the set K =
R− (−1/2,1/2) is a ϕ-invex set with respect to η and ϕ= 0, where

η(v,u)=
⎧
⎨

⎩

v−u, for v > 0, u > 0 or v < 0, u < 0,

u− v, for v < 0, u > 0 or v < 0, u < 0.
(2.2)

It is clear that K is not a convex set.

Remark 2.2. (i) If ϕ= 0, then the set K is called the invex (η-connected) set, see [2, 3, 8–
11].

(ii) If η(v,u)= v−u, then the set K is called the ϕ-convex set, see Noor [5].
(iii) If ϕ= 0 and η(v,u)= v−u, then the set K is called the convex set.

From now onward K is a nonempty closed ϕ-invex set in H with respect to ϕ and
η(·,·), unless otherwise specified.

Definition 2.3. The function F on the ϕ-invex set K is said to be ϕ-preinvex with respect
to η and ϕ, if

F
(
u+ teiϕη(v,u)

)≤ (1− t)F(u) + tF(v), ∀u,v ∈ K , t ∈ [0,1]. (2.3)

The function F is said to be ϕ-preconcave if and only if −F is ϕ-preinvex. Note that every
convex function is a ϕ-preinvex function, but the converse is not true. For example, the
function F(u)=−|u| is not a convex function, but it is a ϕ-preinvex function with respect
to η and ϕ= 0, where

η(v,u)=
⎧
⎨

⎩

v−u if v ≤ 0, u≤ 0, v ≥ 0, u≥ 0,

u− v otherwise.
(2.4)

Definition 2.4. The function F on the ϕ-invex setK is called quasi-ϕ-preinvex with respect
to ϕ and η, if

F
(
u+ teiϕη(v,u)

)≤max
{
F(u),F(v)

}
, ∀u,v ∈ K , t ∈ [0,1]. (2.5)
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Definition 2.5. The function F on the ϕ-invex set K is said to be logarithmic ϕ-preinvex
with respect to ϕ and η, if

F
(
u+ teiϕη(v,u)

)≤ (F(u)
)1−t(

F(v)
)t

, u,v ∈ K , t ∈ [0,1], (2.6)

where F(·) > 0.
From the above definitions,

F
(
u+ teiϕη(v,u)

)≤ (F(u)
)1−t(

F(v)
)t

≤ (1− t)F(u) + tF(v)

≤max
{
F(u),F(v)

}

< max
{
F(u),F(v)

}
.

(2.7)

For t = 1, Definitions 2.3 and 2.5 reduce to the following condition.

Condition 2.6.

F
(
u+ eiϕη(v,u)

)≤ F(v), ∀u,v ∈ K , (2.8)

which plays an important part in studying the properties of the ϕ-preinvex (ϕ-invex)
functions.

For ϕ= 0, Condition 2.6 reduces to the following for preinvex functions.

Condition 2.7.

F
(
u+η(v,u)

)≤ F(v), ∀u,v ∈ K. (2.9)

For the applications of Condition 2.7, see [4, 8–11].

Definition 2.8. The function F on the ϕ-invex set K is said to be pseudo-ϕ-preinvex with
respect to ϕ and η, if there exists a strictly positive function b(·,·) such that

F(v)≤ F(u)=⇒ F
(
u+ teiϕη(v,u)

)≤ F(u) + t(t− 1)b(u,v), u,v ∈ K , t ∈ [0,1]. (2.10)

Lemma 2.9. If the function F is ϕ-preinvex function with respect to ϕ and η, then F is
pseudo-ϕ-preinvex function with respect to ϕ and η.

Proof. Without loss of generality, we assume that F(v) < F(u), for all u,v ∈ K. For every
t ∈ [0,1], we have

F
(
u+ teiϕη(v,u)

)≤ (1− t)F(u) + tF(v)

< F(u) + t(t− 1)
{
F(u)−F(v)

}

= F(u) + t(t− 1)b(v,u),

(2.11)

where b(v,u)= F(v)−F(u) > 0.
Thus, it follows that the function F is pseudo-ϕ-preinvex function with respect to ϕ

and η, the required result. �
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Lemma 2.10. Let F be a ϕ-preinvex function. Then any local minimum of F on K is a global
minimum.

Proof. Let the ϕ-preinvex function F have a local minimum at u ∈ K. Assume the con-
trary, that is, F(v) < F(u) for some v ∈ K. Since F is a ϕ-preinvex function, so

F
(
u+ teiϕη(v,u)

)≤ F(u) + t
(
F(v)−F(u)

)
, (2.12)

which implies that

F
(
u+ teiϕη(v,u)

)−F(u) < 0, (2.13)

for arbitrary small t > 0, contradicting the local minimum. �

Essentially using the technique and ideas of the classical convexity, one can easily prove
the following results.

Theorem 2.11. If F is a ϕ-preinvex function on K , then the level set Lα = {u∈ K : F(u)≤
α, α∈ R} is a ϕ-invex set with respect to ϕ and η.

Theorem 2.12. The function F is a ϕ-preinvex function if and only if epi(F)= {(u,α) : u∈
K , α∈ R, F(u)≤ α} is a ϕ-invex set with respect to ϕ and η.

Theorem 2.13. The function F is a quasi-ϕ-convex function if and only if the level set
Lα = {u∈ K , α∈ R : f (u)≤ α} is a ϕ-invex set with respect to ϕ and η.

Theorem 2.14. Let F be a ϕ-preinvex function with respect to ϕ and η. If φ : L→ R is a
nondecreasing function, then φ ◦ F is a ϕ-preinvex function with respect to the function ϕ
and η.

Proof. Since F is a ϕ-preinvex function and φ is decreasing, we have that for all u,v ∈ K
and t ∈ [0,1],

φ ◦F(u+ teiϕη(v,u)
)≤ φ

[
F
(
u+ teiϕη(v,u)

)]

≤ φ
[
(1− t)(Fu) + tF(v)

]

≤ (1− t)φ ◦F(u) +φ ◦F(v),

(2.14)

from which it follows that φ ◦F is a ϕ-convex function with respect to ϕ and η. �

Definition 2.15. The differentiable function F on the ϕ-invex set K is said to be a ϕ-invex
function with respect to ϕ and η(·,·), if

F(v)−F(u)≥ 〈F′ϕ(u),η(v,u)
〉

, ∀u,v ∈ K , (2.15)

where F′ϕ(u) is the differential of F at u in the direction of v− u ∈ K. Note that for ϕ =
0, we obtain the original definition of invexity which is due to Hanson [1]. It is well
known that the concepts of preinvex and invex functions play a significant role in the
mathematical programming and optimization theory, see [3, 6, 8–11] and the references
therein.
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Definition 2.16. An operator T : K →H is said to be
(i) strongly η-monotone if and only if there exists a constant α > 0 such that

〈
Tu,η(v,u)

〉
+
〈
Tv,η(u,v)

〉≤−α
{∥
∥η(v,u)

∥
∥2

+
∥
∥η(u,v)

∥
∥2
}

, ∀u,v ∈ K ; (2.16)

(ii) η-monotone if and only if

〈
Tu,η(v,u)

〉
+
〈
Tv,η(u,v)

〉≤ 0, ∀u,v ∈ K ; (2.17)

(iii) strongly η-pseudomonotone, if and only if, there exists a constant ν > 0 such that

〈
Tu,η(v,u)

〉
+ ν
∥
∥η(v,u)

∥
∥2 ≥ 0=⇒−〈Tv,η(u,v)

〉≥ 0, ∀u,v ∈ K ; (2.18)

(iv) strictly η-monotone if and only if

〈
Tu,η(v,u)

〉
+
〈
Tv,η(u,v)

〉
< 0, ∀u,v ∈ K ; (2.19)

(v) η-pseudomonotone if and only if

〈
Tu,η(v,u)

〉≥ 0=⇒ 〈Tv,η(u,v)
〉≤ 0, ∀u,v ∈ K ; (2.20)

(vi) quasi-η-monotone if and only if

〈
Tu,η(v,u)

〉
> 0=⇒ 〈Tv,η(u,v)

〉≤ 0, ∀u,v ∈ K ; (2.21)

(vii) strictly η-pseudomonotone if and only if

〈
Tu,η(v,u)

〉≥ 0=⇒ 〈Tv,η(u,v)
〉
< 0, ∀u,v ∈ K. (2.22)

Note for ϕ = 0, for all u,v ∈ K , the ϕ-invex set K becomes an invex set. In this case,
Definition 2.16 is exactly the same as in [6, 7, 10, 11]. In addition, if ϕ= 0 and η(v,u)=
v−u, then the ϕ-invex setK is the convex setK , and consequently Definition 2.16 reduces
to the one in [7] for the convex set K. This clearly shows that Definition 2.16 is more
general than the ones in [6, 7, 10, 11] and includes them as special cases.

Definition 2.17. A differentiable function F on a ϕ-invex set K is said to be strongly
pseudo-ϕη-invex function if and only if there exists a constant μ > 0 such that

〈
F′ϕ(u),η(v,u)

〉
+μ
∥
∥η(u,v)

∥
∥2 ≥ 0=⇒ F(v)−F(u)≥ 0, ∀u,v ∈ K. (2.23)

Definition 2.18. A differentiable function F on the K is said to be strongly quasi-ϕ-invex
if there exists a constant μ > 0 such that

F(v)≤ F(u)=⇒ 〈F′ϕ(u),η(v,u)
〉

+μ
∥
∥η(v,u)

∥
∥2 ≤ 0, ∀u,v ∈ K. (2.24)

Definition 2.19. The function F on the set K is said to be pseudo-α-invex if

〈
F′ϕ(u),η(v,u)

〉≥ 0=⇒ F(v)≥ F(u), ∀u,v ∈ K. (2.25)
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Definition 2.20. A differentiable function F on the set K is said to be quasi-ϕ-invex if such
that

F(v)≤ F(u)=⇒ 〈F′ϕ(u),η(v,u)
〉≤ 0, ∀u,v ∈ K. (2.26)

Note that if ϕ= 0, then the ϕ-invex set K is exactly the invex set K , and consequently
Definitions 2.17–2.19 are exactly the same as in [6, 11]. In particular, if ϕ= 0 and η(v,u)=
−η(v,u), for all u,v ∈ K , that is, the function η(·,·) is skew-symmetric, then Definitions
2.16–2.19 reduce to the ones in [6, 11]. This shows that the concepts introduced in this
paper represent an improvement of the previously known ones. All the concepts defined
above play an important and fundamental part in the mathematical programming and
optimization problems.

We also need the following assumption regarding the function η(·,·), and ϕ.

Condition 2.21. Let η(·,·) : K ×K →H and let ϕ satisfy the assumptions

η
(
u,u+ teiϕη(v,u)

)=−tη(v,u),

η
(
v,u+ teiϕη(v,u)

)= (1− t)η(v,u), ∀u,v ∈ K , t ∈ [0,1].
(2.27)

Clearly for t = 0, we have η(u,v)= 0 if and only if u= v, for all u,v ∈ K. One can easily
show [9, 11] that η(u+ teiϕη(v,u),u)= tη(v,u), for all u,v ∈ K.

Note that for ϕ= 0, Condition 2.21 collapses to the following condition, which is due
to Mohan and Neogy [2].

Condition 2.22. Let η(·,·) : K ×K →H satisfy the assumptions

η
(
u,u+ teiϕη(v,u)

)=−tη(v,u),

η
(
v,u+ teiϕη(v,u)

)= (1− t)η(v,u), ∀u,v ∈ K , t ∈ [0,1].
(2.28)

For the applications of Condition 2.22, see [2, 4, 9, 11].

3. Main results

In this section, we study some basic properties of ϕ-preinvex functions on the ϕ-invex
set K.

Theorem 3.1. Let F be a differentiable function on the ϕ-invex set K and let Condition 2.21
hold. Then the function F is a ϕ-preinvex function if and only if F is a ϕ-invex function.

Proof. Let F be a ϕ-preinvex function on the set K. Then, for all u,v ∈ K , t ∈ [0,1],
u+ teiϕη(v,u)∈ K and

F
(
u+ teiϕη(v,u)

)≤ (1− t)F(u) + tF(v), ∀u,v ∈ K , (3.1)

which can be written as

F(v)−F(u)≥ F
(
u+ teiϕη(v,u)

)−F(u)
t

. (3.2)
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Letting t→ 0 in the above inequality, we have

F(v)−F(u)≥ 〈F′ϕ(u),η(v,u)
〉

, (3.3)

which implies that F is a ϕ-invex function.
Conversely, let F be a ϕ-invex function on the ϕ-invex functionK.Then for all u,v ∈ K ,

t ∈ [0,1], vt = u+ teiϕη(v,u)∈ K , and using Condition 2.21, we have

F(v)−F
(
u+ teiϕη(v,u)

)

≥ 〈F′ϕ
(
u+ teiϕη(v,u)

)
,η
(
v,u+ teiϕη(v,u)

)〉

= (1− t)
〈
F′ϕ
(
u+ tα(v,u)η(v,u)

)
,η(v,u)

〉
.

(3.4)

In a similar way, we have

F(u)−F
(
u+ teiϕη(v,u)

)

≥ 〈F′ϕ
(
u+ teiϕη(v,u)

)
,η
(
u,u+ teiϕη(v,u)

)〉

=−t〈F′ϕ
(
u+ teiϕη(v,u)

)
,η(v,u)

〉
.

(3.5)

Multiplying (3.4) by t and (3.5) by (1− t), and adding the resultant, we have

F
(
u+ teiϕη(v,u)

)≤ (1− t)F(u) + tF(v), (3.6)

showing that F is a ϕ-preinvex function. �

If ϕ= 0, then Theorem 3.1 reduces to the following result of Mohan and Neogy [2] for
the preinvex and invex functions on the invex set.

Theorem 3.2. Let F be a differentiable function on the invex set K and let Condition 2.22
hold. Then the function F is a preinvex function if and only if F is an invex function.

Theorem 3.3. Let F be a differentiable function on the invex set K and let Condition 2.6
hold. Then its differential F′ϕ(u) is ϕη-monotone if and only if F is ϕ-invex (ϕ-preinvex)
function on K.

Proof. Let F be a ϕ-invex function on K. Then

F(v)−F(u)≥ 〈F′ϕ(u),η(v,u)
〉

, ∀u,v ∈ K. (3.7)

Changing the role of u and v in (3.7), we have

F(u)−F(v)≥ 〈F′ϕ(v),η(u,v)
〉

, ∀u,v ∈ K. (3.8)

Adding (3.7) and (3.8), we have

〈
F′ϕ(u),η(v,u)

〉
+
〈
F′ϕ(v),η(u,v)

〉≤ 0, (3.9)

which shows that F′ϕ is ϕη-monotone.
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Conversely, let F′ϕ(u) be ϕη-monotone, that is,

〈
F′ϕ(v),η(u,v)

〉
+
〈
F′ϕ(u),η(v,u)

〉≤ 0, ∀u,v ∈ K , (3.10)

which implies that

〈
F′(v),η(u,v)

〉≤−〈F′(u),η(v,u)
〉
. (3.11)

SinceK is a ϕ-invex set, for all u,v ∈ K , t ∈ [0,1], vt = u+ teiϕη(v,u)∈ K.Taking v ≡ vt
in (3.11) and using Condition 2.21, we have

−t〈F′ϕ
(
u+ teiϕη(v,u)

)
,η(v,u)

〉≤−t〈F′ϕ(u),η(v,u)
〉

, (3.12)

which implies that

〈
F′ϕ
(
u+ tα(v,u)η(v,u)

)
,η(v,u)

〉≥ 〈F′(ϕu
)
,η(v,u)

〉
. (3.13)

Let

g(t)= F
(
u+ teiϕη(v,u)

)
, ∀u,v ∈ K , t ∈ [0,1]. (3.14)

Then, using (3.13), we have

g′(t)= 〈F′ϕ
(
u+ teiϕη(v,u)

)
,η(v,u)

〉

≥ 〈F′ϕ(u),η(v,u)
〉
.

(3.15)

Integrating the above relation between 0 and 1, we have

g(1)− g(0)≥ 〈F′ϕ(u),η(v,u)
〉

, (3.16)

that is,

F
(
u+ eiϕη(v,u)

)−F(u)≥ 〈F′ϕ(u),η(v,u)
〉

, (3.17)

which implies, using Condition 2.6, that

F(v)−F(u)≥ 〈F′ϕ(u),η(v,u)
〉

, (3.18)

which shows that the function F(u) is a ϕ-invex (α-preinvex) function, the required result.
�

For ϕ= 0, the α-invex set K becomes the invex set, and consequently we have following
result for preinvex and invex functions.
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Theorem 3.4. Let Conditions 2.7 and 2.22 hold and let K be an invex set. Then the dif-
ferential F′(u) of a function F(u) is η-monotone if and only if F(u) is an invex(preinvex)
function on the invex set K.

We now give a necessary condition for strongly ϕη-pseudoinvex function, which is also
a generalization and refinement of a result proved in [6, 11].

Theorem 3.5. Let the differential F′ϕ(u) of a function F(u) on the ϕ-invex set K be strongly
ϕη-pseudomonotone. If Conditions 2.6 and 2.21 hold, then F is strongly pseudo-ϕη-invex
function.

Proof. Let F′ϕ(u) be strongly ϕη-pseudomonotone. Then

〈
F′ϕ(u),η(v,u)

〉
+μ
∥
∥η(v,u)

∥
∥2 ≥ 0, ∀u,v ∈ K , (3.19)

implies that

−〈F′ϕ(v),η(u,v)
〉≥ 0, ∀u,v ∈ K. (3.20)

Since K is a ϕ-invex set, for all u,v ∈ K , t ∈ [0,1], vt = u+ teiϕη(v,u)∈ K. Taking v = vt
in (3.20) and using Condition 2.21, we have

〈
F′ϕ
(
u+ teiϕη(v,u)

)
,η(v,u)

〉≥ 0, ∀u,v ∈ K. (3.21)

Let

g(t)= F
(
u+ teiϕη(v,u)

)
, ∀u,v ∈ K , t ∈ [0,1]. (3.22)

Then, using (3.21), we have

g′(t)= 〈F′ϕ
(
u+ teiϕη(v,u)

)
,η(v,u)

〉≥ 0. (3.23)

Integrating the above relation between 0 and 1, we have

g(1)− g(0)≥ 0, (3.24)

that is,

F
(
u+ eiϕη(v,u)

)−F(u)≥ 0, (3.25)

which implies, using Condition 2.6, that

F(v)−F(u)≥ 0, (3.26)

showing that the function F(u) is strongly pseudo-ϕη-invex function. �
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As special cases of Theorem 3.5, we have the following.

Theorem 3.6. Let the differential F′ϕ(u) of a function F(u) on the ϕ-invex set K be ϕη-
pseudomonotone. If Conditions 2.6 and 2.21 hold, then F is pseudo-ϕη-invex function.

Theorem 3.7. Let the differential F′ϕ(u) of a function F(u) on the invex set K be strongly
η-pseudomonotone. If Conditions 2.6 and 2.21 hold, then F is strongly pseudo-η-invex func-
tion.

Theorem 3.8. Let the differential F′(u) of a function F(u) on the invex set K be strongly
η-pseudomonotone. If Conditions 2.7 and 2.22 hold, then F is strongly pseudo-η-invex func-
tion.

Theorem 3.9. Let the differential F′(u) of a function F(u) on the invex set K be η-pseudo-
monotone. If Conditions 2.7 and 2.22 hold, then F is pseudoinvex function.

Theorem 3.10. Let the differential F′ϕ(u) of a differentiable ϕ-preinvex function F(u) be
Lipschitz continuous on the ϕ-invex set K with a constant β > 0. If Condition 2.6 holds, then

F(v)−F(u)≤ 〈F′ϕ(u),η(v,u)
〉

+
β

2

∥
∥η(v,u)

∥
∥2

, ∀u,v ∈ K. (3.27)

Proof. for all u,v ∈ K , t ∈ [0,1], u + teiϕη(v,u) ∈ K , since K is a ϕ-invex set. Now we
consider the function

ϕ(t)= F
(
u+ teiϕη(v,u)

)−F(u)− t
〈
F′ϕ(u),η(v,u)

〉
, (3.28)

from which it follows that ϕ(0)= 0 and

ϕ′(t)= 〈F′ϕ
(
u+ teiϕη(v,u)

)
,η(v,u)

〉− 〈F′ϕ(u),η(v,u)
〉
. (3.29)

Integrating (3.29) between 0 and 1, we have

ϕ(1)= F
(
u+ eiϕη(v,u)

)−F(u)− 〈F′ϕ(u),η(v,u)
〉

≤
∫ 1

0

∣
∣ϕ′(t)

∣
∣dt

=
∫ 1

0

∣
∣
〈
F′ϕ
(
u+ teiϕη(v,u)

)
,η(v,u)

〉− 〈F′ϕ(u),η(v,u)
〉∣
∣dt

≤ β
∫ 1

0
t
∥
∥η(v,u)

∥
∥2
dt

= β

2

∥
∥η(v,u)

∥
∥2

,

(3.30)

which implies that

F
(
u+ eiϕη(v,u)

)−F(u)≤ 〈F′ϕ(u),η(v,u)
〉

+
β

2

∥
∥η(v,u)

∥
∥2

, (3.31)
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from which, using Condition 2.6, we obtain

F(v)−F(u)≤ 〈F′ϕ(u),η(v,u)
〉

+
β

2

∥
∥η(v,u)

∥
∥2
. (3.32)

�

Remark 3.11. For η(v,u)= v−u and α(v,u)= 1, the α-invex set K becomes a convex set,
and consequently Theorem 3.10 reduces to the well-known result in convexity, see [12].

Using the technique of Noor [4], one can easily show that the minimum of the ϕ-
preinvex (invex) function on the ϕ-invex set K can be characterized by a class of varia-
tional inequalities known as ϕ-variational-like inequalities, that is, the minimum u∈ K
of the ϕ-preinvex function F is equivalent to finding u∈ K such that

〈
F′ϕ(u),η(v,u)

〉≥ 0, ∀v ∈ K. (3.33)

Inequality of the type (3.33) is called the ϕ-variational-like inequality. In the definition
of a ϕ-variational-like inequality problem, the underlying set is always a ϕ-invex set, oth-
erwise ϕ-variational-like inequalities are not well defined. To the best of our knowledge,
KKM theorem and diagonal convexity results cannot be used to study the ϕ-variational-
like inequalities. It is worth mentioning that KKM theorem only holds for convex sets. It
is still an open problem to prove similar results for ϕ-invex functions and ϕ-invex sets.

Theorem 3.12. Let K be an invex set in H. Let the operator T be η-pseudomonotone and
η-hemicontinuous. If Condition 2.21 holds, then u∈ K satisfies

〈
Tu,η(v,u)

〉≥ 0, ∀v ∈ K , (3.34)

if and only if u∈ K satisfies

〈
Tv,η(u,v)

〉≤ 0, ∀v ∈ K. (3.35)

Proof. Let u∈ K be such that

〈
Tu,η(v,u)

〉≥ 0, ∀v ∈ K , (3.36)

which implies that

〈
Tv,η(u,v)

〉≤ 0, ∀v ∈ K , (3.37)

since T is η-pseudomonotone.
Conversely, let (3.35) hold. Since K is a ϕ-invex set, for all u,v ∈ K , t ∈ [0,1], vt =

u+ teiϕη(v,u)∈ K. Taking v = vt in (3.35) and using Condition 2.21, we have

0≥ 〈Tvt,η
(
u,u+ teiϕη(v,u)

)〉

=−t〈Tvt,η(v,u)
〉

,
(3.38)

which implies that

〈
Tvt,η(v,u)

〉≥ 0, ∀v ∈ K. (3.39)
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Letting t→ 0 in (3.39), since T is η-hemicontinuous, we have

〈
Tu,η(v,u)

〉≥ 0, ∀v ∈ K , (3.40)

the required result (3.34). �

Remark 3.13. Variational-like inequality (3.35) is known as Minty’s variational-like in-
equality. ϕ-variational-like inequality (3.35) is also called the dual variational-like in-
equality. For ϕ= 0 and η(v,u)= v−u, the invex set K becomes a convex set and Theorem
3.12 reduces to Minty’s lemma in variational inequalities theory. Thus, Theorem 3.12 can
be viewed as a generalization of the well-known Minty’s lemma.

4. Conclusion

In this paper, we have defined and introduced some new concepts of ϕ-preinvex (ϕ-invex)
functions and ϕη-monotone operators. We have studied some new relationships among
various concepts of ϕ-preinvex (ϕ-invex) functions. We have tried to point out some
errors that appeared in [4, 6–11]. We have also suggested some modifications. As special
cases, one can obtain correct and refined versions of the previously known results. It is
an open problem to extend the KKM theorem for the ϕ-preinvex and ϕ-invex sets. This
is another direction for future research work in this fascinating and dynamic field.

Acknowledgment

This research is supported by the Higher Education Commission, Pakistan, through Re-
search Grant no. i-28/HEC/HRD/2005/90.

References

[1] M. A. Hanson, On sufficiency of the Kuhn-Tucker conditions, Journal of Mathematical Analysis
and Applications 80 (1981), no. 2, 545–550.

[2] S. R. Mohan and S. K. Neogy, On invex sets and preinvex functions, Journal of Mathematical
Analysis and Applications 189 (1995), no. 3, 901–908.

[3] M. A. Noor, Nonconvex functions and variational inequalities, Journal of Optimization Theory
and Applications 87 (1995), no. 3, 615–630.

[4] , On generalized preinvex functions and monotonicities, JIPAM. Journal of Inequalities in
Pure and Applied Mathematics 5 (2004), no. 4, 1–9, article 110.

[5] , Some new classes of nonconvex functions, Nonlinear Functional Analysis and Its Appli-
cations 11 (2006).
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