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Making use of Bailey’s transformation and certain known summations of truncated series, an at-

tempt has been made to establish transformation formulae involving polybasic hypergeometric
series.

1. Introduction

The remarkable contribution in the field of hypergeometric and basic hypergeometric series
mainly due to Bailey [1] has appeared in Proceeding of London Mathematical society in 1947.
The key result of the paper later on recognized as Bailley’s transformation is as follows:

n
if ﬂn = Z“run—rvrﬁ—m
r=0

Yn = iérur—nvrﬁrr (11)

then D anyn = > Bnbn,
n=0 n=0

where a,, 6,,u,, v, are functions of r only, such that the series for y, exists. Bailey’s paper [2]
published in the London Mathematical society in 1949, that strengthened the importance of
Bailey’s transformation. The main result of the paper [2] was recognized as Bailey’s lemma
during the 20th century. Making use of celebrated transformation, Bailey [1, 2] developed a
number of transformations for both ordinary and basic hypergeometric series, and later on
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he successfully used these transformations to obtain a number of identities of the Rogers-
Ramanujan type. The extensive use of Bailey transformation appeared in the papers of Slater
[3, 4] and these papers were published in 1951 and 1952, respectively. Slater established
130 identities of the Rogers-Ramanujan type in [3, 4]. The platform provided by Bailey
and Slater motivated a number of mathematicians namely Agarwal [5, 6], Andrews [7-9],
Andrews and Warner [10], Bressoud et al. [11, 12], Denis et al. [13], Joshi and Vyas [14],
Schilling and Warnaar [15], Singh [16], Srivastava [17], Verma and Jain [18, 19] and due to the
contribution of these mathematicians, literatures of ordinary and basic hypergeometric series
were enriched. In the present paper, making use of certain known summations of truncated
series, an attempt has been made to establish transformation formulae involving poly-basic
hypergeometric series.

2. Definitions and Notations

For real or complex g (|q] < 1), put

[ee]

(X9)y, =T J(1=2g"). 1)
n=0
Let (A;q),, be defined by
(Xq)
A; =—712 2.2
)= g ., 2

For arbitrary parameters A and y, so that

=1 "o 3
DT -0 -1g) - (A=Ag), ne(1,2,3..), '

the generalized basic hypergeometric series is defined by:

(2.4)

ai,ay,..., a4z & (a1, az,...,ar;q),2"
e b11b2/-"/bs n=0 (q’bl’bz""’bs;q)n,

where (a1, az,...,a,;q), = (a1;9),(a2;q), --- (ar; q),, and max(|q], |z| < 1) for convergence.
The truncated basic hypergeometric series is defined by

(2.5)

am, a0 42| N (aya,...,a:5q),2"
e bl,bz,...,bs N_n:() (q/blleI---/bs;Q)n‘
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The polybasic hypergeometric series is defined by (cf. Gasper and Rahman [20, (3.9.1)
page 85]):

ay,az, .-, r C1LA, -+, Clyryse 7 Cmlse s Conrs 4o s+ - Qs 2
bibsy by diyy i, o,
(2.6)

7

:i (ar,az,...,a:;q), 2" ™ (Cfrlf"'fcjrrj?%')n
n=0 (q/ by,by,...,b,_q; q)n =1 (dj,lr"‘/d]',r,';qj>
n

where max(|z|, |q|,191], - --,|1gm|) <1 for convergence.
The other notations appearing in this paper have their usual meaning. We will use the
following summation formulae in our analysis:

a,y; aq,yq;
2¢1[ y ] :(qu)n, 27)
ayq; " (9,av4:9),
see [5, App.I1(8)]
B a,q\/ﬁ,—q\{x&,e; , 1] _ (ag,eq:q), (28)
\/E,—\/E,?q; Te (9,29/¢;q) " '
see [5, App.II(8)]
y r 7 /6/
6Ps e ix\;&oﬁi szq 99| = (aq.p4,74,64:4), (2.9)
VeV g ' (9,a9/B,aq/y,aq/6:9), '
see [5, App.I1(25)] provided a = By6,
i (-ap'q)(@p),(c;q),c" _ (ap;p),(cq:q), (2.10)
= (-a)(gq),(ap/cp),  (449),(ap/cp),c"
see [20, App.II(IL.34)]
Z":(l—arfqr)(l—bPrq")(a,b;p)r(cfa/bc;q)rq’ _ (ap,bp;p),(cq,aq/bc;q), (2.11)

4 (1-a)(1-b)(q,aq/b;q),(ap/c,bep;p),  (q,a9/b;q),(ap/c,bep;p),’
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see [20, App.II(11.35)]

i (1-adp’q")(1-bp"/dq")(a,b;p),(c,ad’/bc;q),q"
“ (1-ad)(1-b/d)(dq,adq/b;q),(adp/c,bep/d;p),

(1-a)(1-b)(1-c)(1-ad?/bc)

_ (2.12)
d(1 - ad)(1 -b/d)(1-c/d)(1 - ad/bc)

(ap,bp;p), (cq,ad*q/bc; q), _ (c/ad,d/bc;p),(1/d,b/ad; q),
(dq,adq/b;q),(adp/c,bep/d;p),  (1/c,bc/ad?; q),(1/a,1/b;p), |’

which is m = 0, case of [20, App. II (IL. 36)].

3. Main Results

In this section we have established the following main results.

© [ aq,pq: a,y; ,p] lap. ypipl,, [aq.Pq; 4],

apq :p,ayp; [p,ayp;pl., (9 2Ba: 4],
(3.1)

_q-a)(1-p) (D[ar»yr’:aqfﬂq; q.q]
A-a)(A-apq) | ayp:q* ape®

q)[aq,eq:a,y; .p]_ (1-ag?)(1-e)

[24 q/p/_ -
?q . p, ayp; e e(1-q)(1-aq/e)

(3.2)
ap,yp : aq, ¢*v/a, —q*\/a, eq; )

> pg-|,
aq
ayp : ¢, qva, —qv/a, — e

x D

aq,$q,vq,69 : a,y;

Q| aq ag aq qa.p;p
— s, = -p,a ;
5y 6 Pavp

lap, yp;p]..[*q. P, vq,64: 4],
[p,ayp:pl. (9 2q/B,aq/y,2q9/6;4],

. (Q-ga)1-p(1-y)1-0)q
(1-q9)(1-aq/p)(1-aq/y)(1-aq/b)

(3.3)

ap,yp : aq,q>va, -q*v/a, pq,vq, 64;

x @ ag® ag® ag* P.9:4q|.
ayp : ¢*,qv/a, ~q\/a, By 5
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x,y'ap'cp; P

_ _(-apg)1-0)
(1-g)(1-ap/c)c

(3.4)

xP,yP:ap:cq:ap*q*; 1
ap? Pp.apa_|

xyP: - g° : apg;

x O

aq
x,y:ap,bp: cq,b—;
(6} Pp,qP

xyP: P ,bep i g, —q,

_ [xPyP; Pl [ap,bp;p],,[cq, aq/bc; 4],
[P, xyP; P]_ [q,aq/b; 4], [ap/c, bep; p] .,

(3.5)
(1-apq)(1-bp/q)(1-c)(1-a/bec)g

 (1-q)(1-aq/b)(1-ap/c)(1-bep)

bp? aq
xP,yP : ap*q*: 7 cap,bp:cq, e’ )
x @ ) ) Ppq,—,p,q:9|,
P apa: PP e 2 8 1
y-PQ'q-C/P-q/b,

ad’q
x,y:ap,bp:cg, e
adp bep 4 adq

b= g

Pp,qP

__ [xPyP;P]_[ap,bp;p],, [cq, ad’q/bc;q],,
[P, xyP; P]_,[dq, adq/b;q] ,[adp/c,bep/d; p].,,

(3.6)
_dq(1-adpq)(1-bp/dq)(1-c/d)(1- ad/bc)

(1-dq)(1 - adq/b)(1 - adp/c) (1 - bep/d)

b ad’q

xP,yP : adp*q* dq2 rap,bp:cq, —— be

x @ P,pq, ,p,q,q .
P ad 'b_p'adpz bcpz_d2 adq®
xyP : adpq : i e d T
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4. Proof of Main Results

Taking u, = v, = 1in (1.1), Bailey’s transformation takes the following form:

= Ya, (4.1)
r=0
Yn = ZSr/ (42)
r=0
then Zanyn = Zﬂnﬁn. (4.3)
n=0 n=0

Proof of Result (3.1). Taking a, = (&, f;9),9"/(q,apq;q), and 6, = (a,y;p),p"/(p,ayp;p), in
(4.1) and (4.2), respectively, and making use of (2.7), we get

_ (aq.$4:9), - (ap,ypip),,  (1-ay)(1-p")(ayip),
@apaia),” " (paypip), (-a(-y)(payp),

Bn (4.4)

Putting these values in (4.3), we get the following transformation:
aq,pqg:ay; 1- a,pay;

(D[ 9pa:ay; ;p]+ (1-ay) q)[ pray
apq : p,ayp; (1-a)(1-y) [apq:p,ay;

_ (apr]/P"P)w (aq, Pg; ‘1)00 (1 - ay) [ a,f:ay;
(p,ayp;p),, (@2Pa;9), (-a)(1-y) [apq:p, ay;

q,p; q]
(4.5)

q.p; P‘J:I ,

which on simplification gives the result (3.1). O

Proof of Result (3.2). Taking a, = (a,qv/a,—q/a,e;q),/(q, /&, —/a,aq/e;q),e" and 6, = (a,
v;p)p"/(p,ayp;p), in (4.1) and (4.2), respectively, and making use of (2.8) and (2.7), we get

b = (aq,eq4:9),, = AP yPip)e A-ay)-p)@yir)y 0
(9.2q/€;q) " (P ayp;ip),,  (-a)(1-y)(pay;p),
Substituting these values in (4.3), we get the following transformation for |e| > 1:
of ¥ ey p|l__(-ay) [a,qva,—qva,e:a,y; .E’
aq q,p; - 1— 1— X aq q,p;
- Payp; e] (d-a)(-e) va,~Ja,— :p,ay; e
i (4.7)

(1- ay) [ a,9va,—qva,e:a,y; . 1]
1-a(1-y) | ﬁ,—ﬁ,?:p,ay; el

which on simplification gives result (3.2). O
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Proof of Result (3.3). Taking a,=(a, gv/a, —qv/,B,v,6;9),.9/(q,Va,—va,aq/B,aq/y,2q/6:9),,
where a = fy6 and 6, = (a,y;p),p"/ (p,ayp;p), in (4.1) and (4.2), respectively, and making
use of (2.9) and (2.7), we get

(aq,$49,v4,69;9),
(9,29/B,aq/y,29/6;q),
_(apypip),  (L-ay)(1-p")(a,y;p),

(payp;ip),, A-a)1-y)(p.ay;p),

Pn =
(4.8)

Substituting these values in (4.3), we get the following transformation for a = fy6:

aq,pq,yq4,69 : a,y; (1 - ay) a,qVa,~qva, p,y, 6 a,y;
| aq aq aq PPP A aq aq aq ap;q
— % 1p.ayp; -a)(1 va,—a, ,ay;
55 P )(1-y) N
_(apypip),,  (24.P4Y9,049),  _ (1-ay)
(b aypip),,  (q.24/p,aq/y,aq/6:4),,  (1-a)(1-y)
“r‘]\/&/ _Q\/a/ﬂ/}’/a : ﬂ/]//'

aq aq aq qa.p:pq|.
\/E/_\/E/_/_/_: ,ay,
pry s Y

x @

(4.9)

which on simplification gives result (3.3). O

Proof of Result (3.4). Taking a, = (apq; pq),(a;p),(c;q),¢c"/((a;p9),(q;9),(ap/c;p),) and &6, =
(x,y;P),P"/(P,xyP; P), in (4.1) and (4.2), respectively and making use of (2.10) and (2.7),
we get

(ap;p), (cq;q) ™ - (P yP;P),, (1-xy)1-P")(xy;P),
(4:9),(ap/cip), " " (PxyP;P),  (1-x)(1-y)(Pxy;P),

Pn = (4.10)

Putting these values in (4.3), we get the following transformation for |c| > 1:

B A I BN A
1-x)(1-y) xy:a: p L ¢
(1—xy) xX,y:apq:a:c 1
SR S () a Ppg,p,q;,—|,
1-x)(1-y) p Ve

xXy:a: g
(4.11)

which on simplification gives result (3.4). O
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Proof of Result (3.5). Taking a, = (apq;pq),(bp/q;p/q),(a,b;p),(c,a/bc; q),.q"/ ((a;pq),(b;p/
q).(q,aq/b;q),(ap/c,bep; p),) and 6, = (x,y;P),P"/(P,xyP;P), in (4.1) and (4.2), respec-
tively, and making use of (2.11) and (2.7), we get

p, = P.bPip), (cq,a9/bciq), _(pyPiP), (-xy)(A-P)(xy;P),
" @aa/va) (@ichepp), T BayPP),  (-x)(1-y)(PxyP),
(4.12)

Putting these values in (4.3), we get the following transformation:

aq
XY ap,bp:cq,b—c; (1 - xy)
D Pp,qP|+———""—

xyP:a—CP,bcp:q,%; (1-0(1-y)

b
x,y:apq:—p:a,b:c,bic, p
x @ aq a P/pq/_/Prq;q
q q
xy:a:b:—

RN RS

(4.13)

_ P yP;P), (ap,bpip),, (cq.aq/bc;q),, — (1-xy)
(P, xyP;P),, (4,aq/b;9),, (ap/c,bep;p),,  (1-x)(1-y)

b

X,y:apq: —

x D q
ap

p
P/Pq/ E/P/q/Pq 7
xy:a:b:T,bcp:q,?;

which on simplification gives result (3.5). O
Proof of Result (3.6). Taking a, = (adpq;pq),(bp/dq;p/q),(a,b;p),(c, ad?/bc; q),q"/((ad; pq),

(b/d;p/q),(dq,adq/b;q),(adp/c,bep/d;p),) and 6, = (x,y; P),P"/(P,xyP;P), in (4.1) and
(4.2), respectively, and making use of (2.12) and (2.7), we get

_ (1-a)1-b)(1-c)(1-ad*/bc)
Pn = d(1-ad)(1-b/d)(1-c/d)(1 - ad/bc)

(ap,bpip),(cq ad®q/bcrq),  (b-ad)(c-ad)(d-b)(-d))
(dq,adq/b;q) (adp/c,bep/dip), 40 -a)1-b)(1-)be—ad) [+ *1¥

_ (xP,yP;P) - (1-xy)1-P")(x,y;P),
(PxyP;P), (1-x)(1-y)(Pxy;P),

Yn
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Putting these values in (4.3), we get the following transformation:

ad’q
(-@-b)A-(-ad/bc) | xy:apbpics, =7
A0 —ad)(1=b/d)( —c/d) (1= ad/bc) * cyp 2P bep  adg

c /' d T

Pp,q,P

bp ad?

(1-xy) ) x,y.adpq.al.a,b.c,b—c, ququ.q

1-x)(1-y) . ‘ad‘k'adp bcp'd adq PP
yrad: = ——, —=dq,—=;

_ (1-a)(1-b)(1-c)(1-ad?/bc)
~d(1-ad)(1-b/d)(1-c/d)(1 - ad/bc)

. (xPyP;P), (ap,bp;p),, (cq,ad’q/bc;q),,
(P,xyP;P)_(dq,adq/b;q) (adp/c,bep/d;p)

bp ad?
(1—xy) x,y.adpq.%.a,b.c,b—c,

adq

b

p
P/Pq/ E/P/q/Pq 7

ad : —

(1-x)(1-y) b adp bcp
Xy ad:g = g,

(4.15)

which on simplification gives result (3.6). O
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