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An elementary annihilator of a ring A is an annihilator that has the form (0 : a) ,; a € R\ (0). We define the elementary annihilator
dimension of the ring A, denoted by EAdim(A), to be the upper bound of the set of all integers # such that there is a chain (0 :
ay) € --- € (0 : a,) of annihilators of A. We use this dimension to characterize some zero-divisors graphs.

1. Introduction

In this paper, all rings are considered to be commutative and
unitary.

Let A be aring and S be a nonempty subset of A. We call
the annihilator of S in A denoted by (0 : S) 4 or (0 : S) the set
{a € A/aS = (0)}.If S = {a} is a singleton then (0 : S) will be
denoted by (0 : a). If a # 0 then (0 : a) is called an elementary
annihilator. An annihilator is said to be maximal if it is
maximal in the set of all proper annihilators of A. It is well
known that all maximal annihilators are elementary. For n €
N an elementary annihilator chain (0 : a;) c (0:4a,) C --- C
(0: a,,,) is said to be a chain of elementary annihilators with
length n ending in (0 : a,,,,). The upper bound of the set of all
lengths of elementary annihilator chains ending in (0 : a) is
called the elementary annihilator height of g, , (or (0 : a,,,,)).
In this paper, we introduce a dimension of a ring R using
elementary annihilator chains called elementary annihilator
dimension, denoted by EAdim(R). The EAdim(R) is the upper
bound of the set of elementary annihilator heights. We use
this dimension to study zero-divisor graphs.

We introduce a class of rings called isometric maximal
elementary annihilator rings, in short IMEA-rings. That is the
class of rings with finite EAdimension whose all maximal
annihilators have the same height.

2. Elementary Annihilator
Dimension of a Ring

Definition 1. (1) Letn € Nand (0 : ;) ¢ (0 : a,) C --- C
(0 : a,,,) be chain of elementary annihilators in the ring A.

One says that this chain is an elementary annihilator chain of
length n ending in (0 : a,,,,).

(2) Let a be a nonzero element of A. One defines the
elementary annihilator height of a, denoted by EAht(a), as
the upper bound of the set of all lengths of elementary
annihilator chains ending in (0 : a).

(3) One calls elementary annihilator dimension of
A, denoted by EAdim(A), the upper bound of the set
{EAht(a);a € A\ {0}}.

Example 2. (1) EAdim(Z/4Z) = 1.Indeed, (0: 1) c (0:2)is
the longest chain of elementary annihilators in Z/4Z.

(2) EAht(1) = 0.

(3) All nonzero zero-divisors a satisty EAht(a) > 1.
Indeed, (0 : 1) € (0 : a) is a chain of length one.

It is easy to check the following results.

Remark 3. (1) Leta € A\ {0}, EAht(a) = 0 if and only if a is
regular.

(2) EAdim(A) = 0 if and only if A is a domain.

(3) For an ideal I of A, EAdim(A/I) = 0 if and onlyif I is
prime.

(4) If a is a nonzero noninvertible
EAdim(A/(a)) = 0 if and only if a is prime.

element

We denote by nil(A) the set of all nilpotent elements of A.
A is said to be reduced if it has no nilpotents other then zero.

Theorem 4. Let a € nil(A) \ {0} and n(a) be its index of
nilpotency; one has: EAht(a) + n(a) < EAdim(A) + 2.



Proof. If EAht(a) + n(a) or EAdim(A) is infinite the result
is obvious. Otherwise, there exists a chain whose length is
EAht(a) and itendsin (0 : a). Let (0: 1) c (0:ay) C--- C
(0 : a,_;) ¢ (0 : a) be this chain. Moreover, we have
(0 :a) c - c (0:a""). So we obtain the following
chain: (0 : 1) c (0:a) € ---Cc(0:a,4) Cc (0:a)C
(0:a% c---c(0:a" ") whose length is EAht(a)+n(a)-2.
Consequently, EAht(a) + n(a) — 2 < EAdim(A). ]

Corollary 5. If a € nil(A) \ {0} satisfies EAht(a) =
EAdim (A) is finite then n(a) = 2. In particular, if
EAdim(A) = 1 then for all a € nil (A) \ {0}, n(a) = 2.

Theorem 6. Let A, and A, be two rings; then;

(1) EAdim(A | x A,) is finite if and only if EAdim(A ;) and
EAdim(A,) are finite.

(2) EAdim (A, xA,) = EAdim (A,)+ EAdim (4,) + 1.

Proof. Let(a,b) € A, x A, beanonzero zero-divisor. If a and
b are nonzero then (0 : (a, b))Ale2 =(0: a)Al x (0 b)Az.

If one of them is zero, for example, a = 0 then (0 :
(@0)a,xa, = A1 x(0:D)y,.

(1) “=” Let EAdim(A, x A,) = n, suppose that
EAdim(A,) or EAdim(A,) is infinite; for example,
EAdim(A,) is infinite. Then there exists r > n + 1 and
(0:1) c(0:a)c - c(0:a)achainin A; then
(0 :(1,0) c (0 : (a,0) c --- c (0 : (a,,0)) is a chain of
elementary annihilators in A; x A, whose length is r > n,
contradiction.

“<” If we assume that n = EAdim(A,), then there
is a chain of length n in A,; let (0 1)Al c (0
aj)a, C ¢ (0 : a,),, be this chain. In the same
way we put m = EAdim(A,) and we take (0 : l)A2 C
(0 : b1)A2 c -~ c (0 : bm)A2 as a chain of length m.
Then (0 : (1, 1))A1><A2 c (0 : (al,l))Ale2 c .- C
0 : (@p1))axa, < (0 (an,bl))Ale2 c -+ C
(0 : (an,bm))Ale2 c (0 : (O,bm))Ale2 is an elementary
annihilator chain of A; x A, whose length is n + m + 1 that
is maximal, because of the inclusion (0 : (a,b)) Axa, C 0 :
(cd))axa, ©(0:a), C(0:c)y 0r(0:b)y C(0:d)y,.
Then EAdim(A, x A,) is finite and EAdim(A, x A,) =
n+m+ 1.

(2) If EAdim(A, x A,) is infinite (that is EAdim(A,) or
EAdim(A,) is infinite, by (1)) then the result is obvious. The
finite case is shown in the proof of (1) “&” O

By induction, we have the following result.

Corollary 7. (1) Let A,,...,A, be some rings, one has
EAdim (A, x-+- xA,) =Y., EAdim (4;) +r- 1.
(2) If Ais a domain andn € N* then EAdim (A”) = n—1.

3. The EAdimension and
the Zero-Divisor Graph

Let A be a ring. The zero-divisor graph of A is defined to be
the graph whose vertices are the nonzero zero-divisors of A
and its edges are the pairs {a, b} satisfying ab = 0. We denote
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this graph by I'(A). For the simplicity of writing we still denote
by I'(A) the set of nonzero zero-divisors of A.

I'(A) is said to be connected if for every two different
vertices a and b of I'(A) there is a sequence a,,...,a, €
I'(A) such asa = a;, b = a, and {g;,a;,,} is an edge,
V1 < i < n - 1. This sequence is called a path connecting
a and b with length n — 1. T(A) is said to be complete if
each two distinct vertices form an edge. We call the distance
between a and b the least length of a path connecting them,
denoted by d 4(a, b) or d(a,b). We call the diameter of I'(A),
denoted diam(I'(A)), the supremum of the set {d(a, b); a,b €
I'(A)}. In [1], Anderson and Livingston showed that I'(A) is
connected and diam(I'(A)) € {0, 1, 2, 3}.

For an integer r > 2, Anderson and Livingston defined
I'(A) to be r-partite complete if '(R) = I} U --- U I,, where
the I;s are nonempty disjoined sets and for all x # y in I'(A)
satisfy xy # 0 if and only if there exists 1 < i < r such that
x, y € T;. In this paper we extend the definition of r-partite
complete graph to the case when  is infinite.

Lemma 8 (see [2], Theorem 6). (1) If (0 : a) is an elementary
annihilator that is maximal (in the set of proper annihilators of
A) then it is prime.

(2) Leta,b € A\ {0}; if (0 : a) is maximal and (0 : b) ¢
(0:a)thenbe (0:a).

Proposition 9. Let A be a reduced ring that is not a domain
and a # b be two nonzero zero-divisors such that (0 : a) and
(0 : b) are maximal; then ab # 0 if and only if (0 : a) = (0 : b).

Proof. “=” Immediately, by Lemma 8 “<"If (0 : a) = (0 : b),
suppose thatba =0.ba=0= be (0:a) =(0:b) = b =
0, contradiction. Then ab # 0. O

Theorem 10. If A is a nonreduced ring then EAdim (A) = 1
if and only if T(A) is complete.

Proof. “<”ifT'(A) is complete then, according to [1, Theorem
2.8], we have forall x, y € Z(A), xy = 0. Then Z(A) = (0 : ¢),
Ve € Z(A) \ {0}. So all nonzero elementary annihilators are
equal, and then EAdim(A) = 1.

“=” Let a € nil(A) \ {0}; then a®> = 0, according
to Corollary 5. If Z(A) = {0,a} then I'(A) is complete.
Otherwise, for all b € Z(A) \ {0,a} we have (0 : a) and
(0 : b) are maximal. Suppose that (0 : a) # (0 : b), according
to Lemma 8(2), ab = 0 and there, for example, y € (0: a)\(0 :
b); then (0 : b) c (0 : yb), contradiction to the maximality
of (0 : b). Then (0 : a) = (0 : b) and ab = 0. Consequently,
Z(A) = nil(A) and all nonzero zero-divisors b satisfy b =0.
It follows that for all a,b € Z(A), ab = 0. According to [1,
Theorem 2.8], T'(A) is complete. O

Theorem 11. IfT(A) = |, I, is r-partite complete graph with

r = card (I) € NU {oo}, r > 2 then r = 2 under one of the
following conditions:

(1) two of the I;s contain, each one, more than one element;

(2) A is reduced.
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Proof. Suppose that r > 3.

First case: If two among the I;’s contain, each one, more then one
element. Assume that '(A) =T, UL, U5 U .-+, where I’ and
T, have, each one, at least two elements. Leta; € I;,1 <i <3
and g;#b, € I;, 1 < i < 2. We have (a;, + a,)a; = 0; then
a, +a, is a divisor of zero in A. Suppose that a, +a, = 0; then
b (a,+a,) = 0 = bya, = 0, contradiction. Then g, +a, € I'(A).
Suppose thata, +a, € I U- - -;then b, (a,+a,) =0 = ba, =0,
contradiction; then a; +a, € I} UL,. If a; + a, € I then
b(a, + a)) = 0 = bya, = 0, contradiction. Then g, +a, € [,
and b, (a, + a,) = 0 = ba, =0, contradiction.

Second Case: If A Is Reduced. Assume that I'(A) =T, UL, U
[U---.Letg; € I, 1 <i < 3, wehave (a; + a,)a; = 0 then
a, +a, is a divisor of zero in A. Suppose that a, +a, = 0, then
a,(a; +a,) = 0 = a = 0, contradiction. Then a, +a, € ['(A).
Suppose thata, +a, € I;U--- theng,(a, + a,) =0 = af =0,
contradiction. Then a, + a, € I, UL,. If a; + a, € [ then
a(a+a,) =0= ag = 0, contradiction. Thena, +a, €I, and
thena,(a; + a,) =0 = af = 0, contradiction. We conclude
thatr = 2. O

Theorem 12. If A is reduced then EAdim(A) = 1 if and only
if T(A) is bipartite complete.

Proof. “=” In T'(A), we define the relation “~” by the
following: x ~ yif (0 : x) = (0 : y). ~ is a relation of
equivalence. For all x € T'(A), we denote by I', its equivalence
class. The different classes I', form a partition of I'(A) and we
write T(A) = Ui, I Smce A is reduced and not a domain,
then there exist nonzero elements b+ a satistying ba = 0.
Now, EAdim(A) = 1; then (0 : @) and (0 : b) are maximal.
According to Proposition 9, (0 : a) # (0 : b); thenT, # I},; then
r = card(I) > 2.

If y#z € T, then (0 :
Proposition 9.

Let I, #T); then (0 : x) # (0 : y); then, by Lemma 8, xy =
0. And we conclude that T'(A) is r-partite complete. According
to Theorem 11, T'(A) is bipartite complete.

“<” Assume that ['(A) = I} U T, is bipartite complete. If
a € I;then (0:a) =T; U {0}, fori#j e {1,2}. Leta,b € [(A),
ifa,b € Ithen(0 : a) = (0 : b) = I, u {0}. Otherwise
(0 : a) and (0 : b) are incomparable. Then for all a € T'(A),
EAht(a) = 1. It follows that EAdim(A) = 1. ]

z) = (0 : y) then yz+#0, by

Theorem 13. Let R be a ring.

(1) If EAdim (R) = 1 then diam(R) < 2.

(2) If diam(R) < 1 or diam(R) = 2 and R is reduced then
EAdim (R) = 1.

(3) If diam(R) = 2 and R is not reduced or diam (R) = 3
then EAdim (R) > 2.

Proof. (1) If Ris reduced then, by Theorem 12, T'(R) is bipartite
complete; then diam(R) < 2.

If R is not reduced then, by Theorem 10, I'(R) is complete
then, by Theorem 2.8 of [1], for all x, y € Z(R), xy = 0. Then,
by Theorem 2.6 of [3], diam(R) < 1.

(2) If diam(R) = 2 and R is reduced then, by Theorem
2.6 of [3], R is reduced with exactly two minimal primes and
at least three nonzero zero-divisors. Then Z(R) = P, U P,,
where P;, P, are the two minimal primes of R; they satisfy
P, NP, =(0). Thenforall p; € P and p, € P,, p;,p, =0
and for x # y € P, \ {0}, xy #0. Consequently, I'(R) = [P} \
{0}] U [P, \ {0}] is bipartite complete graph. According to
Theorem 12, EAdim(R) = 1.

If diam(R) < 1:if diam(R) = 0, by Theorem 2.6 of [3], Ris
isomorphic to either Z, or Z,[y]/( yz) and in both cases R has
a unique nonzero elementary annihilator then EAdim(R) =
1.

Now, if diam(R) = 1, using Theorem 2.6 of [3], xy = 0
for each distinct pair of zero-divisors and R has at least two
nonzero zero-divisors. According to Theorem 2.8 of [1], T'(R)
is complete and R is not reduced. By Theorem 10, EAdim(R) =
1.

(3) If diam(R) = 3 then, by (1), EAdim(R) # 1. Since
diam(R) = 3 then R is not a domain then EAdim(R) # 0.
Consequently, EAdim(R) > 2. If diam(R) = 2 and R is
not reduced: diam(R) = 3 then R is not a domain then
EAdim(R) #0. Suppose that EAdim(R) = 1; then by Theo-
rem 10, T'(R) is complete then diam(R) = 1, contradiction.
Then EAdim(R) > 2. O

Lemmal4. Let Abearing andF = {P,,...,P.},v > lasetof
distinct prime ideals which are incomparable. For a an element
of Rwedenote E(a) = {P € F;a ¢ P}. LetR = A/(P,n---NP,).

(1) For all subsets E of F there is a € A such that E(a) = E

(2) Leta € A, a € Z(R) & E(a)#F. In particular, a =
0 © E(a) =

(3) Let E, and E, be two nonempty subsets of F. If
Mpeg, P € Npes, P then E, € E,.

(4) Letabe A be(0:a)obe Npera) P-

(5) The map ¢ : {(0:a),a+0} — P(F)\ {0}, (0 : a)
+— E(a) is a decreasing bijection, here (F) denotes
the set of F subsets.

Proof. (1) If E = 0, takea = O thena € P, for all P € F then
E(a) = 0 and the result is true in this case.

IfE = F,takea = 1thena ¢ P, forall P € F then
E(a) =

Now if E ¢ {F,0}: E(a) = E © a € P,VP ¢ E and
a¢PVPeE®oac (ﬂpeFEP) \ (Upeg P)- Suppose that
(Mpere P\ Uper P) = pervs P S Upeg P; then there
exists P; € E such that ﬂ per\e P € Py s then there exists P; €
F\E such that P, < P, . Since the P’sin F are 1nc0mparable
under inclusion then P = P, then p e (F\EYnE =
@, contradiction. Consequently, there exists a € A such that
E(a) =

(2)Leta € A,a € Z(R) & 3b+#0/ab = 0 & T €
Alb ¢ (NpepPand ba € (pz P © 3b € A/E(b)#0 and
ba € P,VP € E(a) & 3b € AJE(b)#0and b € P,VP ¢
E(a) © Ab € AJE(b)+0and E(a) € F\ E(b) © E(a)#F.In
the last equivalence the indirect sense “<” is obtained by (1).



(3) Suppose that E;, = {Q,,...,Q and E, = {R;,..., R},
where the Q;’s (resp., P;’s) are pairwise different. Q, N---NQ, <
RiNn---NR, = Q;N---NQ, € R, then one of the Q;s is
contained in R;; for example, Q; € R,. Since the elements of
F are incomparable under inclusion then R; = Q.

QN:-—-NQ,CR N---NR, = Q; N---N Qg R, then
one of the ;s is contained in R,. Suppose that Q; € R,; then
Q, = R, then R, = R,, contradiction. Then there exists i > 2
such that Q; € R,; for example, Q, € R,; then R, = Q,.

We repeat this process until reaching the stage number
n = min(s, t).

Suppose that s < t;then Q, N---NQ, =R, N---NR, C
R,,,; then there exists k < s such that R, < R, that is,
R, = R,,,, contradiction. Consequently, s > t and we get
E; ={Rp,.. ., R, Q... Qs then B, C E.

(4) Leta,b € A,be (0:a) © ba € (ppP © b€
mPEE(a) p.

(5) We check that ¢ is well defined: put (0:a) = (0:
b). According to (4), X € (0 : @) © x € (pek(q) P- Then
X € (per P © * € (pepw) Ps then (Npeggy P = (pe P-
According to (3), E(b) = E(a).

Fora+0, E(a) # 0; then E(a) € P(F) \ {0}. Then ¢ is well
defined.

@ is injective, by (4).

We show that ¢ is surjective:let E € S(F)\{0}. According
to (1), there exists a € A such that E(a) = E. Since E # 0 then
a#0and ¢(0:a) = E.

(0:a@ < (0 :0b = ﬂpeE(u) P c ﬂPeE(b) P. Then,
accordingto (3), E(b) < E(a). Thus ¢ is a decreasing bijection.

Theorem 15. Let A be aringand P,,...,P,,r > 1 be different

incomparable prime ideals of A. Then EAcriim A/P NN
P))=r-1

Proof. If r = 1 then A/P, is a domain and the result is
checked.

Now let r > 2. {P,} ¢ {P,P} C c {P,...,
P_,} c{P,,...,P}is decreasing sequence in P(F) \ {0} with

maximal length. Using the bijection ¢ defined in Lemma 14,
o'4pP,....,R}) ¢ o¢'dP,...,P_,}) <c - <
(p_l ({P,P}) C (p_1 ({P,}) is a chain of elementary annihilators
in A/(P, n --- N P,) that has a maximal length. Then
EAdim(A/(P,N---NP))=r—-1. O

Example 16. A ring is said to be semilocal ring if it has a
finite number of maximal ideals. Let A be a semilocal ring
with » maximal ideal; then EAdim (A/]) = n— 1, where J is
the Jacobson radical of A. We obtain this result by using the
previous theorem.

A ring is called a noetherian spectrum ring if it satisfies
the ascending chain condition (acc) on radical ideals; equiva-
lently each radical ideal is a radical of finitely generated ideal.
The set of prime ideals of a ring A which are minimal over an
ideal I, denoted by min;(A), is finite in the case when A is a
noetherian spectrum ring. If I = (0), we denote by min(A)
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instead of min;(A). For more information about noetherian
spectrum rings see [4, Chapter 2].

Proposition 17. Let A be a noetherian spectrum ring, for all
ideals I, EAdim (A/VI) = |min;(A)| - 1.

Proof. Since A is a noetherian spectrum ring then min;(A)
is finite ([4], Chapter 2, Corollary 2.1.10). Assume that
min;(A) = {P,,...,P}, r = |min;(A)] € N". The P’
are incomparable, then we get the result by using Theo-
rem 15.

Definition 18 (according to [5]). Let R be a ring.

(1) One calls the chromatic number of R the minimal
number of colors used to color the elements of R such
that each two adjacent elements (with zero product)
have different colors, denoted by y(R).

(2) One says that the ring R is a coloring if its chromatic
number is finite.

Theorem 19. If R is a reduced coloring then EAdim (R) =
x(R) - 2.

Proof. If R is a reduced coloring, according to [5, Theorem
3.8], min(R) is finite. And if | min(R)| = » then y(R) = n +
1. Let min(R) = {P,,...,P,};then R = R/(P, N --- N P,).
According to Theorem 15, EAdim(R) =n -1 = x(R) - 2.

Let A be a ring such that EAdim(A) = n > 1. For all
vertices a in I'(A), we denote i(a) = EAht(a) and j(a) =
max{EAht(b);(0 : a) € (0 : b)}. Foralli < j < n, we
denote by T; ;(A) the subgraph of I'(A) whose vertices form
the following set {a;i(a) =i et j(a) = j}.

Theoretically we can write I'(A) = [ J, ;. j<n L (A). O

Remark 20. Let A be a ring such that EAdim(A) = n > 2. If
I, ,(A) # 0 then diam(I'(A)) = 2. Indeed, consider a € T} ;(A)
and b € T(A) \ T} ;(A). There exists i > 1 and j > 2 such that
b e l"i,j(A). Suppose that ab+0 then b ¢ (0 : a). According
to Lemma 8(2) (0 : b) € (0 : a), this contradicts the fact
that a € T} | (A). Then ab = 0 and {a, b} is an edge. Now take
x#y € I'(A), three cases are possible. If x, y € T} ;(A) then
take b € T(A) \ T} (A) and the chain x — b - y is of length 2
then d(x, y) < 2. If only x is in T} ; (A) then x — y is an edge.
If x,y € T(A)\T},(A) then takea € T, ;(A)and x —a - y
is a chain of length 2. Then, in all cases, d(x, y) < 2 that is
diam(T'(A)) < 2. Now EAdim(A) = n > 2, then there exists
a,bsuchthat (0: 1) c(0:a) c(0:b).Letx € (0:b)\(0: a)
then xa # 0 then d(x, a) > 2. Consequently, diam(I'(A)) = 2.

4. Isometric Maximal Elementary
Annihilator Rings

Definition 21. Let R be a ring with finite EA dimension; one
says that R is an isometric maximal elementary annihilator
ring, in short an IMEA-ring if its all maximal elementary
annihilators have the same height.

Example 22. The ring Z/8Z is an IMEA-ring. Indeed, the
elementary annihilators of Z/8Z are (0:1),(0:2),(0:4)
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and (0 : 6). They satisty ©0:1) c(0:2) c(0:4) and
(0:1)c(0:2)c(0:6).

Theorem 23. Let R, and R, be two rings; then R, x R, is an
IMEA-ring if and only if R, and R, are two IMEA-rings.

Proof. By Theorem 6(1), EAdim(R; X R,) is finite if and only
if EAdim(R,) and EAdim(R,) are finite.

(0 : (a,b)) is a maximal elementary annihilator in R, X R,
iftand onlyif (0 : (a,b)) = R, x(0 : b), and (0 : b) is a maximal
elementary annihilator in R, or (0 : (a,b)) = (0 : a) xR, and
(0 : a) is a maximal elementary annihilator in R, then all
maximal elementary annihilators of R; x R, have the same
hight if and only if all maximal elementary annihilators of R,
have the same height and also for the maximal elementary
annii gelrtherfR]lowing result, inductively. O

Corollary 24. LetR,,..., R, be some rings. We have R; X R, X
---XR,, is an IMEA-ring if and only if each R; is an IMEA-ring.

Let R be a domain, we say that R is atomic if each nonzero
nonunit element of R decomposes into a finite product of
irreducibles, according to [6]. An atomic domain is called a
half factorial domain, in shorta HFD if x, -+~ x,, = y; -+ y,,
are two decompositions into irreducibles then n = m. This
concept was introduced by Zaks in [7]. A HFD is called a
unique factorization domain, in short a UFD if x; ---x,, =
¥y, -+, are two decompositions into irreducibles then the
x;’s and the y;’s are associates after reordering them. It is
well known that a UFD is an atomic domain in which each
irreducible is primed by [8, Theorem 1].

Proposition 25. If R is a UFD, then for all nonzero nonunit
a of R we have R/(a) is an IMEA-ring. Moreover if a =
P p' s the decomposition of a into prime elements then
EAdim(R/(a)) =m; +---+m, — L.

Proof. Leta = p{" - pl"
X € Z(R/(a)) \ {0}

* € R. Suppose that x € R; then

X#0
= 13y+#0
(77 =0
( :p‘l"l ...p‘r’"xl;(xl- eN, x; ¢ (pi)’
vi, 2om, O
«;
S 3y=p o ysBieNy ¢ (p:),
Vi, % <1’l’l,‘,

Bi

(o + B; = m;, Vi

Then

R —a )
Z<@> = {pll...prrxl;((xl,...,ocr) e N"\ {(0,...,0)},

X ER\U(Pi)}-

2)

And for X = p;" -+ p;7x; #0 (one among the a;’s is < m; and
x; € R\ U;(p;)), we have the following:

(0:%) = {Pfl Py (B B) € NTALO, ., 0L /B,

>m; —a;, Vi, ¥ GR\U(Pi) }
’ 3)

It is easy to check that the set of all elementary annihila-
tors of R/(a) is

{(6W>,

(ot 0) € [[0,mmy]] o x [[0,m ]\ (. com) |
(4)

The maximal ones among them are

~pi”') ,
)

(3: oot ) (3 £ 305
(o).

A longest chain ending in one of them, for example, (0 : 1) ¢

m;—1

©:p) c-cO@:p"Hc@:p"'p) c--c(0:
PP e O pM Py ply ) < (0
p:"lflpng -+ p/"), has the length m; + -+ + m, — 1. Thus all

maximal elementary annihilators have the same height m, +
---+m, — 1 then R/(a) is an IMEA-ring and EAdim(R/(a)) =
my 4+ +m, — 1. O

Proposition 26. Let R be a HFD. R is a UFD if and only if
EAdim (R/(a)) = Ma) — 1, for all nonzero nonunit a. Where
Ma) is the number of factors in a decomposition of a into
irreducibles (counted with multiplicities).

Proof. “=7 is due to the previous proposition.

“<” Let a be an irreducible of R then A(a) = 1; then
EAdim(R/(a)) = A(a) — 1 = 0. According to Remark 3, R/(a)
is a domain; then (a) is prime. According to [8, Theorem 1],
RisaUFD. O

Question 1. Are all finite EAdimensional rings IMEA-rings?

Question 2. Are all finite rings IMEA-rings?
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