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Semientwining structures are proposed as concepts simpler than entwining structures, yet they are shown to have interesting
applications in constructing intertwining operators and braided algebras, lifting functors, finding solutions for Yang-Baxter systems,
and so forth. While for entwining structures one can associate corings, for semientwining structures one can associate comodule

algebra structures where the algebra involved is a bialgebra satisfying certain properties.

1. Introduction and Preliminaries

Quantum groups appeared as symmetries of integrable sys-
tems in quantum and statistical mechanics in the works
of Drinfeld and Jimbo. They led to intensive studies of
Hopf algebras from a purely algebraic point of view and
to the development of more general categories of Hopf-
type modules (see [1] for a recent review). These serve
as representations of Hopf algebras and related structures,
such as those described by the solutions to the Yang-Baxter
equations.

Entwining structures were introduced in [2] as gen-
eralized symmetries of noncommutative principal bundles
and provide a unifying framework for various Hopf-type
modules. They are related to the so-called mixed distributive
laws introduced in [3].

The Yang-Baxter systems emerged as spectral-parameter
independent generalization of the quantum Yang-Baxter
equation related to nonultra-local integrable systems [4, 5].
Interesting links between the entwining structures and Yang-
Baxter systems have been established in [6, 7]. Both topics
have been a focus of recent research (see, e.g., [8-13]).

In this paper, we propose the concepts of semientwining
structures and cosemientwining structures within a generic

framework incorporating results of other authors along-
side ours. The semientwining structures are some kind of
entwining structures between an algebra and a module which
obey only one-half of their axioms, while cosemientwin-
ing structures are kind of entwining structures between a
coalgebra and a module obeying the other half of their
axioms. The main motivations for this terminology are the
new constructions which require only the axioms selected
by us (constructions of intertwining operators and Yang-
Baxter systems of type II or liftings of functors), our new
examples of semientwining structures, simplification of the
work with certain structures (Tambara bialgebras, lifting
of functors, braided algebras, and Yang-Baxter systems of
type I), the connections of the category of semientwining
structures with other categories, and so forth. Let us observe
that while for entwining structures one can associate corings,
for semientwining structures one can associate comodule
algebra structures provided the algebra involved is a bialgebra
with certain properties (see Theorem 9).

The current paper is organised as follows. Section 2
contains the newly introduced terminology with examples,
new results, and comments. Section 3 is about some of the
applications of these concepts, namely, new constructions of
intertwining operators and braided algebras, lifting functors,



and the presentations of Tambara bialgebras and of (new
families of) Yang-Baxter systems (of types I and II).

The main results of our paper are Theorems 19, 22, 24,
40, and 41. Theorems 29 and 31 are mentioned in the context
of stating some of our results. Theorem 34 is used to prove
Theorem 40, while Theorem 37 is related to Theorem 38.

Unless otherwise stated, we work over a commutative ring
R. Unadorned tensor products mean tensor products over R.

For any R-module V, T(V') denotes tensor algebra of V.
In section 3.5, we work over a field K. For V an R-module, we
denote by I : V. — V the identity map. For any R-modules
Vand W we denoteby 7 = 7y, : VO W — W ® V the
twist map, defined by 7y, (VO W) =w®v.Letp : VOV —
V ® V be an R-linear map. We use the following notations:

P=¢@ Ly =I0¢¢ ;= 1yy)(¢ &I Tyy).

Definition 1. An invertible R-linearmap ¢ : VoV — VeV
is called a Yang-Baxter operator if it satisfies

Prpo a3 0Py =hyy o Pry 0y (1)

Remark 2. Equation (1) is usually called the braid equation. It
is a well-known fact that the operator ¢ satisfies (1) if and only
if ¢ o 7y, 1 satisfies the quantum Yang-Baxter equation (if and
only if 7y, 1, o ¢ satisfies the quantum Yang-Baxter equation):

Prro i3 0Py =Py o Pi30 ¢y, (2)

2. Semientwining Structures and
Related Structures

Definition 3 (Semientwining Structures). Let A be an R-
algebra, and let B be an R-module, then the R-linear map
Y : B® A — A ® Bis called a (right) semientwining

map if it satisfies the following conditions for all g, a € A,
b € B (where we use a Sweedler-like summation notation
y(bea)=a,®b"):

: : 3)
w(b@aa)=aaaﬁ®b“ﬁ.

If B is also an R-algebra, and a semientwining map satisfies
additionally

y(lz®a)=ael, u/(bb,®a>=aaﬁ®bﬁb,a, W
4
Vae A, Vb, b €B,

then the semientwining map is called an algebra factorization
(in the sense of [14]).
If Bis a coalgebra and satisfies

aue (b%) = ae(b),

alx ® ba(l) ® b‘x(z) = aaﬁ ® b(l)ﬁ ® b(z)a, Va € A, Vb € B,
(5)

then v is called a (left-left) entwining map [2].
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Remark 4. Let ¢ € R. The following are examples of
semientwining structures. Note that they do not have natural
algebra factorization structures in general.

(1) Let A be an R-algebra, then the R-linear map y, g A®
A > AQA, yq(b®a) =1®ba+gba®l-gb®aisa
semientwining map. Notice that Vg isa Yang-Baxter
operator (according to [15]).

(2) Let A be an R-algebra, then the R-linear map 7, : A®
A — A®A,17q(b®a) =qba-ab)®l+a®bisa
semientwining map. Notice that 7, is a Yang-Baxter
operator related to Lie algebras (see, e.g., [16]).

(3) Let Abe an R-algebra, and let M be aright A-module.

Then the R-linearmap ¢ : M® A — AQM, ¢p(m®
a) = 1 ® ma is a semientwining map.

The proof of the next lemma is direct; the second
statement is a well-known result.

Lemma5. Ify : B®& A — A ® B is a semientwining map,
then

(i) A ® B becomes a right A-module with the operation
(a®b) xa =aa ,®b%

(ii) moreover, if B is an algebra, we can define a bilinear
operation

-:(A®B)® (A®B) — (A®B),

i ! ! r (6)
(a®b)®(u ®b)|—>aaa®b‘xb,

and - is an associative and unital multiplication on A® B if and
only if y is an algebra factorization.

Remark 6. Some authors call the above map y a twisting
map; see, for example, [17], where a unifying framework for
various twisted algebras is provided.

Remark 7. Suppose that A is a right H-comodule algebra
(where H is a bialgebra), and B is a right H-module. Then

Yy :B®A— A®B, b®ar—ag®bay (7)

is a semientwining map. Moreover, if B is an H-module
algebra, then v, thus defined is an algebra factorization.
Finally, if Bis an H-module coalgebra, then v is an entwining
map, and (A, H, B) is called a Doi-Koppinen structure (see
[13]).

Remark 8. Let A be an R-algebra. We define the category of
semientwining structures over A, whose objects are triples

(B, A, ¢), and morphisms f : (B, A,¢) — (B,, A, gb,) are R-
linear maps f : B — B satisfying the relation (I, ® f)o¢ =
¢ o (f ®1,). Then, there exist the following functors.

(1) F:Mod A — SemiEntwining Str A.

M- (M, A, ¢p),wherep : M®A — AQM, ¢(me®
a) = 1®ma;
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(2) G: SemiEntwining StrA — Mod A.

(B,A,¥) — A® B, where A ® Bis a right A-module
with the operation (a ® b) * a =aa o ® b

These two functors do not form an equivalence of cate-
gories in general, because FeG = A® —andGeo F = A® —.

Theorem 9. Ify : B® A — A ® B is a semientwining map,
and A is bialgebra, then

(1) Bis an A-bimodule with the following actions:

acb=e(a)b, bxa=c(a,)b", VacA, VbeB. (8)

(2) B® A is an algebra with the unit (0, 1) and the product
(bya) (b’,a,> = (b*a,+aob,,aa’), 9)

and a right A-comodule with the coactionb®a — b®
1+ a, ®a,).

(3) If A has a bilateral integral (i.e,ax = xa = e(a)x
VYa € A) which is a group-like element (i.e., A(x) =
x®x, €(x) = 1), then B& A is an A-comodule algebra
with the coaction

b®a|—>b®x+(2al®a2). (10)

Proof. (1) Follows from the linearity of € and y.

(2) Follows from the previous statement and from direct
computations as follows: b®a — b® 1 + (Y a; ® a,) maps
to either b ® (1 ® 1) + (D a; ® (ay; ® ay,)) (if we apply the
comultiplication of the algebra), orto (b®1)®1+(} 0®0)®
1+0®1+ (3 (a;, ®a,,)®a,) (if we apply the coaction).

We observe that the two outputs are equal.

(3) Is a generalisation of (2) and is left to the reader. [

Similarly we have the dual notion as follows.

Definition 10 (cosemientwining structures). Let C be an R-
coalgebra, and let D be an R-module. A R-linearmap y : D®
C — C@® D is called a cosemientwining map if it satisfies

the following conditions for all c, ¢ € C,d € D (where we
use a Sweedler-like summation notation y(d ® ¢) = ¢* ®d,,):

e(c")d, =¢(0)d,

P (11)
(o 1) ®cC ) ® d(x = C(l) ®C(2) ®d‘xl;.
If D is also a coalgebra, and v satisfies additionally
c“e(dy) = ce(d),
Ca ®d(x(1) ®d(x(2) = COC'B ®d(1)ﬁ®d(2)a (12)

VYd € D, Vc € C,

then v is called a coalgebra factorization.

If, on the other hand, D is an algebra, and y satisfies
additionally

v(lp®c)=c®ly *® (dd') = c"‘ﬁ®dﬁd'a,
¢ (13)
vd,d €D, Ve eC,

then v is called a (right-right) entwining map.
The next result is dual to Lemma 5.

Lemma 11. Suppose thaty : D® C — C® Disa
cosemientwining map, and D is a coalgebra. Define a map

. (14)
d RCH—— (d(l) R C(l) ) Q (d(z)‘x ® C(Z)) .

Then A makes D ® C a coalgebra if and only if v is a coalgebra
factorization.

Proof. For D ® C to be a coalgebra it must satisfy the counit
property, that is, (epgc® id) o Apge = (Id®epge) e Apge = id
and the coassociativity property. To check a counit property
note that foralld € Dand ¢ € C:

(id®epec) o Apec (@®C) =dgy®ce(dy, ). (15)

Now, ifd ® ¢ = dj) ® c“s(d(z)“), then applying ¢ ® id to
both sides of this equation yields ce(d) = c"e(d,). Similarly,
we prove the other half of the counit property. Conversely,
ce(d) = c"e(d,) implies the counit property.

Using the fact that y is a cosemientwining map, it is easy
to prove that the coassociativity implies that for all ¢ € C and
deD

cy" @ doqry @)’ © dayp = €y ®dq), ® o @4
(16)

Applying € to the third leg and using the fact that y is a
cosemientwining map yields

O dy) @y = ®d, ®dp),.  (17)
We leave the rest of the proof to the reader. O

Remark 12. Suppose that C is a right H-comodule coalgebra
(where H is a bialgebra), and D is a right H-module. Then

yv:D®C— C®D, d®cr—cqp®dc; (18)

is a cosemientwining map. Furthermore, if D is an H-module
coalgebra, then y is a coalgebra factorization. Otherwise, if D
is an H-module algebra, then v is a left-left entwining map.
Moreover, in this last case, (C, H, D) is called an alternative
Doi-Koppinen structure.

Let X, Y be any R-modules. Any x* € X" can be viewed
as the map

X" XY —Y, X®y+r— x"(x)y. (19)



Also any tensor ), x; ® y; € X  ® Y can be considered as
amap X > x — Y, x;(x)y; € Y. Finally, if X is finitely
generated and projective, then Homg(X,Y) ~ X" ® Y. For
any y € Y,an R-modulemap ¥ : Y ® X — X ®Y definesa
map

¥, =¥(y®): X — XoY. (20)

We define a dual of ¥ : Y ® X" — X" ® Y with respect
to the X-partas ¥"¥(y ® x*) = ‘I’;(x*), where ‘I’; X -
X" ®Y is defined by

x" (‘I’y (x)) = 1//; (x")(x), VxeX, x"eX", yeY.

(1)

Similarly, one defines a dual ¥™" : Y@ X —» X®Y" of ¥
with respect to the Y-part.

The next lemma is a standard result.

Lemma 13. Suppose that C is a finitely generated projective R-

coalgebra, and (c; € C, ¢} ) isa dual basis. Lety : D®C — C®

D be a cosemientwining map. Theny™° : D®C" — C" ® D

is a semientwining map for the convolution algebra C".
Explicitly,

ye(dec)=

Zci* ®c’(cf)d,. (22)

Definition 14 (semientwined modules and comodules). Let
A be an algebra, and let V' be a vector space. Suppose that
y:V®A — A®YV isasemientwining map, and M a right
A module.

(1) Letd : M®V — M be aright measuring, such that
forallme M,ace A,veV,

ma, < v* = (m < v)a. (23)

Then M is called a (A, V, y) semientwined module.

(2 Letp: M — M®V,m — mg ®m be aright
comeasuring, such that for allm € M, a E A

Then M is called a (A, V, v) semientwined comodule.

Remark 15. The following are examples of semientwining
modules related to Remark 4:

(1) let A be an R-algebra, let M be a right A module, V' =
A,y =y, and the right measuring the regular action

of A on M;
(2) let A be an R-algebra, let M be a right A module, V' =

A, ¥ = n,, and the right measuring the regular action
of Aon M.

Remark 16. The following are examples of semientwining
comodules related to Remark 4:

(1) let A be an R-algebra, let M be a right A module, V' =
A,y = y,, and the right comeasuring p(m) = m® 1;
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(2) let A be an R-algebra, let M be a right A module, V' =
A, y = n,, and the right comeasuring p(m) = m ® 1.

Definition 17 (cosemientwined modules and comodules).
Let C be a coalgebra, and let V be a vector space. Suppose
thaty : Ve C — C®V is a cosemientwining map, and
M a left C-comodule, with a coaction “p : M — C® M,
m = me_qy ® m.

(1) Let> : V® M — M be a left measuring, such that
forallme M, v eV,

Cp>m)= m_y), ® V" > m). (25)

Then M is called a (C,V,y) cosemientwined mod-
ule.

@ Let Vp: M - VoM, m— my®mgbealeft
comeasuring, such that for all m € M,

(idc 8" p) Cp(m) = MG 1) ® M ® Mg (26)

Then M is called a (C,V,y)
comodule.

cosemientwined

Note that if V' is a coalgebra,andy : V® A — A®V
is an entwining map, then a semientwined module M is an
entwined module.

The following result is standard, but we provide a partial
proof for completeness.

Lemma 18. Suppose that (A, B, y) is an algebra factorization,
and M is a (A, B, y) semientwined module, such that the B
measuring is an action. Then M is a right A ® B-module, with
an algebra structure on A® B as in Lemma 5, and A® B action
on M given by m(a ® b) = (ma) < b. Conversely, any right
A ® B module is a semientwined (A, B, y) module with A and
B actions given by ma = m(a® l1g) andm < b = m(1, ®b),
respectively.

Proof. Tt is enough to verify that the definition of A® B action
agrees with the algebra relations, that is, that

m({(1eb)(a®l))=m01eb)(asb). 27)

Both sides of the above equation equal ma, < b*-left one
because of algebra relations, and the right one because M is a
(A, B, y) semientwined module. We prove similarly the rest
of the lemma. O

3. Applications

3.1. Intertwining Operators. We give a brief introduction to
the intertwining operators below.

Let A be an R-algebra. leen two algebra representatlons,
sayp: V®A — Vandp v ®A — V', we define an
intertwining operator f : V. — V' to be a linear operator,
suchthat fop=p o (f®I).

With this definition we can define the category of finite-
dimensional representations of A, in which the morphisms
are intertwining operators (see [18]).
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The following theorem provides a connection between
semientwining structures and intertwining operators.

Theorem 19. Let A be an R-algebra, let B be an R-module,
andlety : B® A — A ® B be a semientwining map. Then,
the following statements are true:

(i) B ® A is a right A-module in a trivial way, with the
right action p : (B A)® A — (B®A), (b®a)®a’ -
b®aa.

(ii) A ® B is a right A-module in thefolllowing way: p, :
(A®B)® A —» (A®B), (a®b)®a — aa, ®b".

(iii) With the above actions, v : B® A — A® Bisan
intertwining operator (i.e., y satisfies the relation y o

p=p o(yaD).

Proof. The proof of (i) is direct, and (ii) follows from Lemma

5(i). The relation yop = p’ o(y®]I) is equivalent to the second
relation of (3). O

3.2. Braided Algebras. Many algebras obtained by quantiza-
tion are commutative braided algebras, and all super-com-
mutative algebras are automatically commutative braided
algebras (see [19]).

Definition 20. An algebra (A, M, u) for which there exists a
Yang-Baxter operator y : A®A — A®A such that y(a®l) =
1®a, y(1®b)=be1, ya®bc)=(MI)(IQy)e(y®
D@eobec), and y(ab®c) =(I@M)o(y@I)e(I®y)(a®
bec) for all a, b, c € Ais called a braided algebra.

Moreover, it M o y(a®b) = M(a®Db) for all a, b € A,
we call (A, M,u,y) a commutative braided algebra or an r-
commutative algebra (see [20]).

Definition 21. Given braided algebras (A, M,u,y) and

(B, M, u, 1//,), we say that f : A — B is a braided algebra
morphism if it is a morphism of algebras and (f ® f) oy =

v o (f® f) (see [20]).

Theorem 22. (i) Any algebra (A, M, u) becomes a commuta-
tive braided algebra (A, M, u, y) with y(a®b) = y*(a®@b) =
1®ab+ab®l-aeb.

(ii) If (A, M, u, I/IA) and (B, M, u, lpB) are two braided
algebras as in (i), and f : A — B is an algebra morphism,
then it is also a braided algebra morphism.

(iii) If § : A — A is a derivation (i.e., §(ab) = §(a)b +
ad(b) and §(1) = 0), then there exists a morphism of braided
algebras f : (A, M,u,y") — (A® Am, 11,1//A$A)
a ® 8(a), wherem((a® b) ® (@ ® b)) = (aa) ® (ab +
ba) and 1,5, =1, ®0,.

B a [and

Proof. (i) Notice that y(a®b) = 1®ab+ab®1-a®bis a self-
inverse Yang-Baxter operator which was studied in [16, 21].

y@ael)=1®a,y(1®b) =be 1 (directly)

y(@®bc) = (MeI)o(Ioy)e(y®I)(a®b®c) (from
Remark 4 (i) with g = 1)

yab ® ¢) =1 ® abc+ abc ® 1 -ab ® ¢ =
(I® M)e(y ® I)e(I ® y)(a ® b® ¢)=(I ® M)o
(v @ IN(a® 1® bcta ® bc®l—-a ® b ® ¢) =
I ® M)(1 ® a® bc+ abc ® 1® 1+ 1®abc ®
1-a ® bc®l-1® ab®c—ab ® 1®9c+ a® b®c) =
1 ®abc+ abc® 1 + 1 ® abc®1—a ® bc— 1®
abc—ab ® c+a ® bc=abc ® 1- 1® abc—ab ® ¢

Moy(a®b) =1®ab+ab®1-a®b=ab=M(a®b)

(ii) This follows from Proposition 3.1 of [15]. Also, refer
to [16].
(iii) The proof is direct and is left to the reader. O

Remark 23. In the above example y o ¢ = I ® I; so, the above
algebra is “strong” All sorts of noncommutative analogs
of manifolds are commutative braided algebras: quantum
groups, noncommutative tori, quantum vector spaces, the
Weyl and Clifford algebras, certain universal enveloping
algebras, super-manifolds, and so forth. It seems that the ones
with direct relevance to quantum theory in 4 dimensions are
“strong,” while the nonstrong ones, like quantum groups, are
primarily relevant to 2- and 3-dimensional physics (see [19]).

3.3. Liftings of Functors. The semientwining structures can
be understood as liftings of functors from one category to
another. This goes back as far back as [22]. This situation
is reviewed in [11]: the semientwining case is dealt with in
general in item 3.3 (which is transferred from [22]); how
this general case is translated to our situation is clear from
the discussion in item 5.8 of [11]. This is also presented
in Section 3.1 of [23], where the axioms of semientwining
structures are given by formula (3.1).

We give a general definition of liftings of functors. F is a
lifting of G if the following diagram commutes

F
c — 9
U\l lU’ (28)
G
u 7 3

where U and U are forgetful functors.
We now present examples of liftings of functors related to
semientwining structures.

Theorem 24. Let A be an R-algebra, and let B be an R-module.
The functor — ® B can be lifted from the category of R-modules
to the category of right A-modules & there exists a R-linear
mapy : B®& A — A® B which is a semientwining map.

Proof. Assume that there exists a semientwining ¢ : B ®
A — A ® B, then — ® B lifts to a functor which associates
to a right A-module M the A-module M ® B with a right A
action given by

(m®b)a :=ma, ®b". (29)



It remains to check that for any right A-module function f :

M — M, themap f®id : M® B — M ® Bisa right
A -module map as follows:

(feid)(meb)a=(f(m)®b)a= f(m)a,®b"

= f (ma,)®b” = (f®id) (m®b)a).
(30)

On the other hand, suppose that — ® B lifts to a functor in
the category of right A-modules. In particular, it follows that
A ® Bis aright A-module. Define the linear map

VY:B®A— A®B, boar— a,®b" (31)

by the formula
Y(boa):=(1ob)a. (32)

We shall prove that this is a semientwining map. Indeed, by
definition we have

Ybel)=1eb. (33)
Any element a € A defines a right A-module map

f:A— A, a+— aa. (34)
It follows that for any a € A, we have from the A-linearity of
f ®id as follows:

(aeb)a =(f(Heb)a = (feid)((1aba)
(35)
:f<a;)®b“:aa:x®b“.

Hence (aa’)“ ®b* = (1®b)(aa) = (a, ® ba = aaa,ﬁ ®
b, O

Remark 25. Let A be an R-algebra, and let B be an R-module.
Using our terminology (given in Remark 8) and the results
of [23], we conclude that the category of semientwining
structures over A is isomorphic to the category of lifting of
functors from the category of R-modules to the category of
right A-modules.

Remark 26. We now give a more general definition than that
given in Remark 8.

We define the category of semientwining structures,
whose objects are triples (B, A, ¢), and morphisms are pairs
(f,g) : (B,A,¢) — (B,A,p)where f : B — B isan
R-linear map, g : A — A isan algebra morphism, and they
satisfy the relation (g® f) o =¢ o (f ® g).

In a dual manner, let us define the category of cosemien-
twining structures, whose objects are triples (D, C, ¢p), and
morphisms are pairs (f,g) : (D,C,¢) — (D,C,¢ ) where

f:D — D' is an R-linear map, g : C — C isa coalgebra
morphism, and they satisfy the relation (g ® f) o ¢ =

¢ o (fog).
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The duality functor from the category of coalgebras to
the category of algebras can be lifted to a functor from the
category of cosemientwining structures to the category of
semientwining structures (by Lemma 13).

This fact is described in the following diagram:

4 0" N
Cosemientw str ————> Semientwining str

Ul lU (36)
0"

k-coalg —————> k-alg

Remark 27. A braided coalgebra is a structure dual to
Definition 20 (see, e.g. [24]).

The duality between finite-dimensional algebras and
finite-dimensional coalgebras can be lifted to a duality
between the categories of finite-dimensional-braided alge-
bras and finite- dimensional braided coalgebras. This fact is
described in the following diagram:

*

f.d. braided alg é() f.d. braided coalg

0
[
0"

P —
f.d. k-alg T f.d. k-colag

3.4. Tambara Bialgebras.

Definition 28 (Tambara bialgebra [25]). Let A be a finitely
generated and projective R-algebra (which implies that A* is
a coalgebra), and let a;, a;, i = 1,..., N be a dual basis of A.
LetI ¢ T(A™ ® A) be an ideal generated by elements

a (1) -a" ®1,,
) , (38)

a’®aa —a"y®a®a 5 ®a,

foralla € A,a" € A*. Then H(A) = T(A™ ® A)/I is called
a Tambara bialgebra. Denoting by [a” ® a] the class of a® a”
in H(A), the comultiplication A and counit ¢ is given by

A([a" ®a]) = |:Za* ®a; | ®[a] ®al,
i (39)
e([a" ®a])=a"(a).
A is a right H(A)-comodule algebra with coaction
0(@) =) a;8[a ®a]. (40)

Theorem 29 (see [25]). Suppose that A is a finitely generated
projective R-algebra, and B is an R-module. Then semien-
twining structures v : B® A — A ® B are in one-to-
one correspondence with right H(A)-module structures on B.
Similarly, if B is an algebra, then algebra factorizations are in
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one to one correspondence with right H(A)-module algebra
structures on B. Finally if B is a coalgebra, then entwining
structuresy : B A — A®B are in one to one correspondence
with right H(A)-module coalgebra structures on B. Explicitly,
given right H(A)-module structure on B, we define y = y ;5
(7). Conversely, given a semientwiningy : B& A — A® B,
we define a right H(A) module action on B by

bla"®a] =a" (a,)b". (41)

Remark 30. Let ¢ € R. The examples of semientwining
structures presented in Remark 4 generate the following
structures:

(1) aright H(A) module action on A by

bla"®a]l=a" (1)ba+qa” (ba)l, —ga" (b)a;  (42)

(2) aright H(A) module action on A by

bla"®a]l =qa" (ba-ab)1, +qa” (a)b; (43)

(3) a right H(A) module action on M, for any right A-
module M, by

mla* ®a] =a" (1,)ma. (44)

Let C be a finitely generated and projective R coalgebra.
Let ¢;, ¢;, i = 1,...,N be a dual basis of C. Note that

1
H(C")*? = T(C* ® C)/I whereI ¢ T(C* ® C) is an ideal
generated by elements

ec(c) —ec®C,
(45)
cFxd ®c— (c* ®c(1)) ® (d* ®c(2)) ,

forall c*, d* € C*, ¢ € C, with explicit coaction and counit
given by

®[cf ®c],

A([c"®c]) = [Zc* ®¢;

(46)
e([c"®c])=c"(c).

Theorem 31 (see [25]). Suppose that C is a finitely gen-
erated projective R-coalgebra, and D is an R-module. Then
cosemientwining structures y De®C — Cw®D are
in one-to-one correspondence with right H(C*)“F module
structures on D. Similarly if D is a coalgebra, then coalgebra
factorizations are in one to one correspondence with H(C")“P-
module coalgebra structures on D. Finally, if D is an algebra,
then (right-right) entwining structuresy : D®C — C® D
are in one to one correspondence with right H(C™)*P-module
algebra structures on D. Explicitly, given right H(C")“-

module structures on D, we define v = wH(C*)COP (18).
Conversely, given a cosemientwiningy : D®C — C® D, we
define a right H(C")“-module structures on D by

d[c"®c|=c"(d,)c" (47)

3.5. Yang-Baxter Systems. From now on we work over a field
K. It is convenient to introduce the constant Yang-Baxter

commutatorofthelinearmapsR:V®V’ - VeV, Ss:
VeV - VeV ,T:VeV — VeV by

[R,S,T] := Ry3813T 53 — T3813Ry,. (48)

In this notation, the quantum Yang-Baxter equation reads
[R,R,R] =0.

Definition 32 (Yang-Baxter systems of type I). A system of
linear maps of vector spaces W : V@V — VeV, Z :
VeV - VeV, X: VeV — VeV iscalledaWXZ
system (or a Yang-Baxter system of type I) if

W, W, W] =0, W, X,X] =0, (49)

2,2,2]=0, [X,X,Z]=0. (50)

A system of linear maps W, X satisfying (49) is called a semi
Yang-Baxter system. One can associate a WXZ system to a
semi Yang-Baxter system by setting Z = I ® I.

Remark 33. From a Yang-Baxter system of type I, one can
construct a Yang-Baxter operator on (V & V) ® (V @ V),
provided that the map X is invertible (see [6]).

Let A be an algebra, and the map

W=RL:A0A — A®A,
(51)
a®b+— sba®1+rl®ba-sb®a,

for some arbitrary s, 7 € K (see [15]). Then, [W,W, W] = 0.
The following is an enhanced version of Theorem 2.3 of

[6].

Theorem 34 (see [6]). Let A be an algebra, let B be a vector
space, and p,q,s,r € K.

Let W = Rﬁs, andlet X : A® B — A® B be a linear map,
suchthat X(1, ®b) =1, ®D, forall b € B.

(i) Then W, X is a semi Yang-Baxter system if and only if
Y = X o1y 4 is a semientwining map.

(ii) Similarly, if B is an algebra, Z = Rfiq, and X(a ®
1z) = a® 1y, foralla € A, then W,X,Z is a Yang-
Baxter system of type I if and only if v is an algebra
factorization.

Definition 35 (Yang-Baxter systems of type II). A system of
linear maps of vector spaces A, B,C,D: V®V — V@Vis
called a Yang-Baxter system of type II if

[A,A,A] =0, [D, D, D] = 0,
[A) C) C] = 0’ [ID, ]B) ]B] = 0)
+ +1 _ + +1 _ (52)
[A,B",B'] =0, [D,C*,C*] =0,
[A,C,B*] =0, [D,B,C"] =0,

where X* = X7 (and 7 is the twist map).



Remark 36. Yang-Baxter systems of type II are related to the
algebras considered in [4], which include (algebras of func-
tions on) quantum groups, quantum super-groups, braided
groups, quantized braided groups, reflection algebras, and
others.

The following theorems present solutions for the Yang-
Baxter systems.

Theorem 37 (see [9]). Let A be a commutative algebra, and
LA €K Then, A,B,C,D: A® A > A®A A(a ®b) =
AM@ab+ab®1-b®a,Bla®b)=Cla®b)=1® ab+

ab®1-b®aandD@®b)=A1®ab+tab® 1-b®ais
a Yang-Baxter system of type IL.

Theorem 38. Let W = A, X = B = C, Z = D in the above
theorem. It turns out that W, X, Z is also a Yang-Baxter system

of type I.

Proof. First, let us observe that the result holds even for A a
noncommutative algebra. One way to prove the theorem is by
direct computations.

Alternatively, one can observe that

y(@e®b)=1®ab+ab®1-a®b (53)

is an algebra factorization, and apply Remark 2.4 of [6].
Also, refer to Theorem 5.2 of [8]. O

Remark 39. One can combine the proof of the Theorem 38
with Remark 2.4 and Proposition 2.9 of [6] to obtain a large
class of Yang-Baxter operators defined on V ® V, where V' =
A ® A. See also Remark 33.

Theorem 40. Let A be an algebra; p,q,s,r € K v, 1//, tA®
A — A ® A semientwining maps; A,B,C,D : A® A —

ARA, A = Rfs, B =yor,C= w'or, D= R;‘,q. Ifl//, = ToyorT,
then A, B, C,D is a Yang-Baxter system of type IL.

Proof. Use Theorem 34 (i) to check the first-four equations.

Then, observe that B = C" & 1//, = 7o y o 7. The last-four
equations then follow. O

Theorem 41. Let A be an algebra, andy : AQA — A®Aa
semientwining map.

Then, there exists a semientwining map 1//, tA®A —
A ® A, such that 1//’ = T oy o 7 if and only if y, viewed as
v:AP®A — A®A®™, is an algebra factorization.

!

Proof. Assume that there exists a semientwining map v =
! !
Toyot.Denotey (a®b) =b, ®a”, foralla,b € A, that is,
!
a, ®b" = a" ®b,. Also denote by op the multiplication in

A thatis, foralla,b € A, a-opb = ba. Then we must check
conditions (4). For all a,b,c € A,

Y (L ®c)=Toy o1 (1w ®c)

=T01//,(C®1A«>p):C®IAop,
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w(a-opbcbc) =T°1//,°T(ba®c)
= TDl/// (c®ba) = T(baraﬁr ®c“’ﬁ’)

e
=c ®aﬁr-opba'

= Cap ® a. opb™-

(54)
Similarly one can prove the converse. O

Remark 42 (example of algebra factorization for Theorem 41).
We consider the algebra A = A”? = K[X]/ (X2 — p), where p
is a scalar. Then A has the basis {1, x}, where x is the image of
X in the factor ring, so x* = p.

Ifgisascalar, theny : AP® A > A® AP, defined as
follows

viel)=1ael,

y(1ex)=x81,

y(xel)=1®x, =
Yv(x®x)=qlel-x®x,

is an algebra factorization.
Notice that if g =
factorization with (53).

2p, then v is the same algebra

Theorem 43. Let A be an algebra, let B and M be vector
spaces, z € B (z#0), v : B® A — A ® B a semientwining,
and let M be an (A, B, y) semientwined module with the right
measuring ¢. We consider the maps as follows:

XZWOTB’A:B®A_)B®A,

n:M®A — M®A, mear— ma®ly,, (56)

(:M®B— M®B, mebr— ¢(meb) ez

Then, the following equation holds
[¢,n,X] =0. (57)
Proof. The proof follows by direct computations. O

Remark 44. The relation [{,n,X] = 0 from the above

theorem is related to Section 3.6 of [23].
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