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We prove quadruple fixed point theorems in partially ordered metric spaces depending on another
function. Also, we state some examples showing that our results are real generalization of known
ones in quadruple fixed point theory.

1. Introduction and Preliminaries

Basic topological properties of an ordered set like convergence were introduced by Wolk [1].
In 1981, Monjardet [2] considered metrics on partially ordered sets. Ran and Reurings [3]
proved an analog of Banach contraction mapping principle in partially ordered metric spaces.
In their pioneering work, they also provide applications to matrix equations. As an extension,
Nieto and Rodriguez-Lépez [4] discovered further fixed point theorems in partially ordered
metric spaces. For some other related results in ordered metric spaces, see, for example, [5-7].

Bhaskar and Lakshmikantham in [8] introduced the concept of coupled fixed point of
amapping F : X x X — X and investigated the existence and uniqueness of a coupled fixed
point theorem in partially ordered complete metric spaces. Lakshmikantham and Ciri¢ in
[9] defined mixed g-monotone property and coupled coincidence point in partially ordered
metric spaces. They also proved related fixed point theorems. Later, various results on
coupled fixed point have been obtained, see, for example, [9-20].

Following this trend, Berinde and Borcut [21] introduced the concept of tripled fixed
point in ordered sets. The following two definitions are from [21].
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Definition 1.1. Let (X, <) be a partially ordered setand F : X x X x X — X. The mapping F is
said to have the mixed monotone property if, for any x,y,z € X,
x1,x€X, x1<x=F(x1,y,2) <F(x2,y,2),
Y1, Y2 € Xr W < Y2 - F(x/ Y1, Z) 2 F(xryZI Z)/ (11)
z1,22€X, z1<z=F(x,y,21) <F(x,y, 22).

Definition 1.2. Let F : X x X x X — X. An element (x, y, z) is called a tripled fixed point of F
if

F(x,y,z) =x, F(y,x,y) =y, F(z,y,x) =z (1.2)

Also, Berinde and Borcut [21] proved the following theorem.

Theorem 1.3. Let (X, <,d) be a partially ordered set and suppose that there is a metric d on X such
that (X, d) is a complete metric space. Suppose also that F : X x X x X — X be a mapping such that
it has the mixed monotone property and there exist j,r,1 > 0 with j + r +1 < 1 such that

d(F(x,y,z),F(u,v,w)) < jd(x,u) + rd(y,v) +1d(z,w), (1.3)

for any x,y,z € X for which x < u, v < y, and z < w. Additionally suppose that either F is
continuous or X has the following properties:

(1) if a nondecreasing sequence x, — x, then x, < x for all n,

(2) if a nonincreasing sequence y, — y, then y <y, for all n.

Ifthere exist xg, Yo, 20 € X such that xo < F(xy, Yo, 20), Yo > P(yo, X0, 20), and zg < F(zo, Yo, Xo),
then there exist x,y, z € X such that

F(x,y,z)=x, F(y,x,y)=y, F(zyx)=z (1.4)

that is, F has a tripled fixed point.

The notion of fixed point of order N > 3 was first introduced by Samet and Vetro
[22]. Very recently, Karapinar used the notion of quadruple fixed point and obtained some
quadruple fixed point theorems [23] in partially ordered metric spaces. This work motivated
the following studies [24-27] which provide further fixed point theorems on quadruple fixed
points.

From now on, we denote X* = X x X x X x X.

Definition 1.4 (see [24]). Let X be a nonempty set and let F : X* — X be a given mapping.
An element (x,y, z,w) € X x X3 is called a quadruple fixed point of F if

F(x,y,z,w) =x, F(y,z,w,x) =1y, F(z,w,x,y) =z, F(w,x,y,z) =w.
(1.5)
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Let (X, d) be a metric space. The mapping d : X* — X, given by
H((x, v,z,w), (u,v,h1) =d(x,y) +d(y,v) +d(z,h) + d(w,l), (1.6)

defines a metric on X*, which will be denoted for convenience by d.
Remark 1.5. In [23, 24, 27], the notion of quadruple fixed point is called quartet fixed point.

Definition 1.6 (see [24]). Let (X, <) be a partially ordered set and F : X* — X be a mapping.
We say that F has the mixed monotone property if F(x,y, z, w) is monotone nondecreasing
in x and z and is monotone nonincreasing in y and w; that is, for any x,y, z, w € X,

x1,x€X, x1<x, implies F(x1,y,z,w) < F(x,y,2z,w),

y,y2€X, yi <y, implies F(x,y2,2z,w) < F(x,y1,2,w),
(1.7)
z1,z0 € X, z1 <z implies F(x,y,z1,w) < F(x,y,z,w),

wy, wy € X, wi<w, implies F(x,y,z,w,) < F(x,y,z,w).

In this paper, we prove some quadruple fixed point theorems in partially ordered
metric spaces depended on another functionT : X — X.

2. Main Results
We start with the following definition (see, e.g., [28-31]).

Definition 2.1. Let (X, d) be a metric space. A mapping T : X — X is said to be ICS if T
is injective, continuous, and it has the property: for every sequence {x,} in X, if {Tx,} is
convergent then, {x,} is also convergent.

Let @ be the set of all functions ¢ : [0,00) — [0, o0) such that
(1) ¢(t) <tforallt € (0, +c0),
(2) lim, 4+ ¢(r) < tforall t € (0, +00).

Our first result is given by the following theorem.

Theorem 2.2. Let (X, <) be a partially ordered set and suppose that there is a metric d on X such that
(X, d) is a complete metric space. Suppose also that T : X — X is an ICS mapping and F : X* — X
is such that F has the mixed monotone property. Assume that there exists ¢ € @ such that

d(TF(x,y,z,w),TF(u,v,1,5)) < ¢p(max{d(Tx,Tu),d(Ty,Tv),d(Tz,Tr),d(Tw,Ts)})
2.1)
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forany x,y,z,w,u,v,r,s € X for whichx <u,v <y, z<r and s <w. Additionally assume that
either

(a) F is continuous, or
(b) X has the following properties:
(i) if nondecreasing sequence x,, — x (respectively, z, — z), then x, < x (respectively,
zp < z) forall m,

(ii) if nomincreasing sequence y, — y (respectively, w, — w), then y, > y
(respectively, w, > w) for all n.

If there exist xo, Yo, zo,wo € X such that xo < F(xo,Y0,20,w0), Yo = F(yo, 20, wo,%0), zo <
F(zo, w0, x0,Y0), and wy > F(wo, X0, Yo, Zo), then there exist x,y, z, w € X such that

F(x,y,z,w) =x, F(y,z,w,x) =y, F(z,w,x,y) =z, F(w,x,y,z) = w.

(2.2)

that is, F has a quadruple fixed point.
Proof. Let x¢, o, zo, wo € X such that

xp < F(XO/ Yo, 2o, wO)/ Yo > F(yOI Zo, Wo, xO)/ (23)

2o < F(zo, w0, X0, Y0), wo > F(wo, x0, Yo, 20)- (2.4)
Set

x1 = F(x0,y0,2z0,w0), y1 = F(yo,z0, w0, X0), 25)

z1 = F(zo, w0, X0, o), wy = F(wo, x0, Yo, 20)-

Then, xo < x1, Yo > y1, 20 < z1, and wy > w;. Again, define x, = F(x1,y1, 21, w1),
y2 = F(y1,z1,w1,x1), 2o = F(z1,w1,x1,y1), and w, = F(w1, x1,Y1,2z1). Since F has the mixed
monotone property, we have xg < x1 < xo, Y2 < y1 < Yo, 20 < z1 < 2o, and w, < w1 < wy.
By continuing this process, we can construct four sequences {x,}, {y.}, {2z}, and {w,} in X
such that

Xnit = F(%n, Yn, 2o, wn), Y, = F(Yn, Zn, Wn, Xn),
(2.6)

zna1 = F(z1,w1,x1,11),  Wna1 = F(Wn, Xn, Y, Zn).

Since F has the mixed monotone property, by using a mathematical induction it is easy to see
that

Xn £ Xnsl,  Ynl SYn,  Zn S Zntl,  Wrel S Wy, forn=0,1,2,..., (2.7)
Assume that, for some n € N,

Xn = Xn+l, Yn = Yn+1, Zn = Zn+l, Wy = Wpy- (2.8)
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Then, by (2.6), (x4, Yn, Zn, wy) is a quadruple fixed point of F. Therefore, in the rest of the
proof, for any n € N we will assume that

Xn#Xnil O YnFYns1 O  Zp#Zps1l OF Wy # Wnil. (2.9)

Since T is injective, for any n € N,

0 < max{d(Txy, Txns1), A(TYn, Tyn1), ATz, Tzyi1), d(Twy, Twp.a) }- (2.10)

Due to (2.1), (2.6), and (2.7), we have

A(Txy, Txpe1) = d(TF (Xp-1, Yn-1, Zn-1, Wn1), TF (X, Y, Zn, Wn) )
< p(max{d(Txn-1,Txy), d(TYn-1,Tyn), d(Tzp-1,Tzy), d(Twy, Twy) }),

A(TY,11,TY,) = A(TF (Yn, Zn,Wn, Xn), TF (Yn-1, Zn-1,Wn-1, Xn1))
< p(max{d(Tyn1,Tyn), d(Tzn1,Tzn), d(Twy 1, Twy), d(Txn1,Txn)}),

A(Tzy, Tzpa1) = A(TF(zn-1, Wn1, Xn-1, Yn-1), TF (20, Wy, XY, )
< p(max{d(Tzp-1,Tzn), d(Ttn-1, T0,), d(Tn1,TZ0), d(TYn1,Tyn) }),

A(Twns1, Twy) = A(TF (W, Xn, Yns Zn), TF (Wn1, X1, Yn-1, Zn-1))
< p(max{d(Twy-1, Twy), d(Txp-1,Txn), d(Tyn-1,Tyn), d(Tzn-1,Tzn) }).

2.11)
Using the fact that ¢(t) <t for all t > 0 together with (2.11), we obtain that
0 < max{d(Txu, Txyn:1), A(TYn, TYn1), (T2, Tzyi1), A(Twy, Twpia) }
< ¢p(max{d(Txn-1,Txn), dA(TYn-1,Tyn), d(Tzn-1,Tzy), d(Twy, Twy) }) (2.12)
<max{d(Txn-1,Txn), dA(TYn-1,Tyn), d(Tzn-1,Tzy), d(Twy-1, Twy)}.
It follows that
max{d(Txn, Txn:1), A(TYn, Tyni1), A(Tzn, Tzps1), d(Twy, Twn.1) }
(2.13)

< max{d(Txn—ll Txn)r d(Tyn—lf T]/n)/ d(TZn—lf TZTL)/ d(Twn—ll Twn) } .

Thus, max{d(Tx,, Txu+1), A(TYn, TYni1), d(T2zn, Tzpi1), d(Twy, Twyi)} is a positive decreas-
ing sequence. Hence, there exists r > 0 such that

lim max{d(Txn, Txpe1), A(TYn, TYns1), A(Tzn, Tzps1), A(Twp, Twpa) } = 1. (2.14)

n—+oo
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Suppose that r > 0. Letting n — +oo in (2.12), we obtain that

0<r< lim ¢(max{d(Txn, Txpi1), d(TYn, TYni1), A(Tzn, Tzpi1), d(Twn, Twyi)})
n— +oo
(2.15)
= lim¢(t) <7,

which is a contradiction. Therefore, we deduce that

lim max{d(Txu, Txn:1), A(TYn, TYns1), (T2, Tzy11), d(Twy, Twpi) } = 0. (2.16)

n—+oo
We will show that {Tx,}, {Ty,}, {Tz,}, and {Tw,} are Cauchy sequences. Assume

the contrary, that is, either {Tx,} or {Ty,} or {Tz,} or {Tw,} is not a Cauchy sequence,
consequently,

im d(Txy, Tx,) #0 or  lim d(Tym, Tyn) #0, (2.17)

nm—+

or limy, ;s 400 A(T 2z, Tzy,) # 0 o1 limy, 1 — 400 A(Tw, Twy,) #0. This means that there exists € >
0 for which we can find subsequences of integers () and (nx) with ny > my > k such that

max{d(Txm., Txn,), A(TYme, Ty ), ATz, Tz ), A(TWys,, Twn, ) } > €. (2.18)

Furthermore, corresponding to my, we can choose 7, in such a way that it is the smallest
integer with ny > my and satisfying (2.18). Then,

max{d(Txm., Txn-1), d(TYm, TYn,-1), ATz, Tzny-1), d(TW,, Twn, 1)} < €. (2.19)

By the triangle inequality and (2.19), we have

A(Txm,, Txp,) < A(Txpm, Txp—1) + A(Txp-1, Txp, )

(2.20)
<e+d(Txpy-1,Txy,,).
Thus, by (2.16), we obtain
lim d(Txp,, Txy,) < lim d(Txy,, Tx, 1) <e. (2.21)
k—+o0 k—+o0
Similarly, we have
klim A(TYm, TYn, ) < klim A(TYm, TYn,—1) <€,
lim d(Tz,,, Tz, ) < klim ATz, Tzn1) <€, (2.22)
—+00 — +0o

lim d(Twy,, Twy,,) < klim Ad(Twy,, Twy, 1) < €.

k—+o0 — +00
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Again, by (2.19), we have

A(Txmy, Txp,) < A(Txp, Tx 1) + A(T X1, Txp—1) + A(Txp 1, Txp,)
S d(Txmk/Txmk—l) + d(Txmk—erxmk)

(2.23)
+ d(Txmk, Txnk_l) + d(Txnk_l, Txnk)
<d(Txmy, Txp-1) + A(TxXm1, TxXm, ) + €+ A(Txp -1, Txp,).
Letting k — +o0o and using (2.16), we get
lim d(Txp,, Txp) < Im d(Txpm-1,Txp-1) <&,
k—+o0 k—+o0
klir£1 A(TYme, Ty, ) < klin} A(TYme-1,TYn—1) <&,
o e 2.24
klim A(Tzm,, Tzy,) < klim A(Tzme-1,Tzn1) <€, ( )
— +00 — +o0
klim A(Twy,, Twy, ) < klim Ad(Twyy-1, Twy, 1) < €.
— +00 — +00

Using (2.18) and (2.24), we have

lim max{d(Txm,, Txn,), A(TYme, Tyn.), AT zZmy, Tz ), A(TWyy,., Tw,) }

k— +o0

lim max{d(Txm,-1, Txn,-1), d(TYme-1, TYn-1), AT zm-1, TzZn,-1), A(Tw—1, Twy, 1)}

k— +o0

=¢.
(2.25)
Now, using inequality (2.1), we obtain

d(Txpy,, Txn,)

= d(TF (Xm-1, Yme-1, Zme—1, Wimg=1), TF (X, -1, Y1, Zn—1, Wnyp—1))

< ¢ (max{d(Txme-1, Txne-1), A(TYme-1, TYne-1), A(TzZme-1, Tzpy-1), A(TWpsy -1, T 1) })
A(TYmy TYn,)

= d(TF (Yme-1, Zme-1, Wing-1, Xme-1), TF (Ynp<1, Zng=1, Wiy-1, Xne-1) )

< ¢(max{d(Tym,-1, TYn-1), A(Tzm-1, Tzne-1), A(TWm—1, Twn—1), A(T X1, Txn, 1) }),
A(TYmer TYn)

= d(TF (Zme-1, Wime-1, Xme—1, Yme-1), TF (Zne=1, Wne=1, X1, Ye—1) )

< ¢(max{d(Tzm-1, Tzn,—1), A(Twm—1, Twy—1), A(Txm-1, Txn-1), A(TYmy-1, TYn-1) }),
A(TYmy, TYny )

= d(TF (w1, Xme—1, Ymi-1, Zm—1 ), TE (W -1, Xy =1, Yp=1, Zng—1) )

< ¢(max{d(Twm,—1, Twp—1), A(Txp -1, Txn1), A(TYme-1, TYn-1), A(Tzme-1, Tzn, 1) })

(2.26)
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From (2.26), we deduce that

max{d(Txm., Txn,), A(TYme, TYn.), AT zZmy, Tz ), A(TWys,, Tw,) }
< p(max{d(Txme-1, Txn-1), A(TYmp-1, TYne-1), d(Tzme-1, Tzne-1), AT W1, Twn 1) }).

(2.27)
Letting k — +o0 in (2.27) and by using (2.25), we get that
0<e< tlimj)(t) <g, (2.28)

which is a contradiction. Thus, {Tx,}, {Ty.}, {Tz,}, and {Tw,} are Cauchy sequences in
(X,d). Since X is a complete metric space, {Tx,}, {Ty.}, {Tz,}, and {Tw,} are convergent
sequences.

Since T is an ICS mapping, there exist x, v, z, w € X such that

Iim x, = x, lim y, =y, im z, =z, Iim w, = w. (2.29)
n—+oo n— +oo n—+oo n— +oo

Since T is continuous, we have

Iim Tx, =Tx, lim Ty, =Ty, im Tz, =Tz, lim Tw, = Tw. (2.30)

n—+oo n—+oo n—+oo n—+oo

Suppose now the assumption (a) holds, that is, F is continuous. By (2.6), (2.29), and
(2.30) we obtain

x= lm x,11 = lim F(xy, Yn, 2Zn, Wn)
n—+oo n— +oo

= F( lim X, hm  Yn, hm  Zn, hm wn> =F(x,y,z,w),

n—+

y= lim | Yue1 = hm F(yn,zn,wn,xn)

n—+

<n1~l>qlooyn, hm zn,nhm Wn, hm xn> =F(y,z,w,x),

(2.31)
z= lim  Zp = hm F(zn,wn,xn,yn)

n—+

= F( lim z,, lim w,, lim X, hm yn> =F(z,w,x,y),

n— +oo n— +oo n—+

w= lim w1 = 11m F(wn,xn,yn, Zn)

n—+oo

= F( lim w,, 11m  Xn, lim \ Yn, 11m zn> = F(w,x,y,z).

n—+oo n— n—+

We have proved that F has a quadruple fixed point.
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Suppose now the assumption (b) holds. Since {x,} and {z,} are nondecreasing with
x, — xand z, — zand also {y,} and {w,} are nonincreasing, with y, — y and w, — w,
we have

Xn <X, Yn2Y, zp < 2, Wy > W (2.32)

for all n. Consider now

d(Tx, TF(x,y,z,w)) < d(Tx,Txp) + d(Txp, TF(x,y,z,w))
= d(Tx, Txpe1) + A(TF (X, Yn, 2n, wn), TF(x,y,2,w))
(2.33)
< d(Tx, Txpe1) + ¢(max{d(Tx,, Tx),d(Ty,, Ty),d(Tz,, Tz),

d(Tw,, Tw)}).
Taking n — oo and using (2.30), the right-hand side of (2.33) tends to 0, so we get that

d(Tx,TF(x,y,z,w)) = 0. Thus, Tx = TF(x,y,z,w), and since T is injective, we get that
x = F(x,y,z, w). Analogously, one finds that

F(y,z,w,x) =y, F(z,w,x,y) = z, F(w,x,y,z) =w. (2.34)

Thus, we proved that F has a quadrupled fixed point. This completes the proof of

Theorem 2.2. O
Repeating the same proof of Theorem 2.2, we may state the following corollary.

Corollary 2.3. Let (X, <) be a partially ordered set and suppose that there is a metric d on X such
that (X, d) is a complete metric space. Suppose also T : X — X is an ICS mapping and F : X* — X
is such that F has the mixed monotone property. Assume that there exists ¢ € @ such that

A(TE(x, ,2,0), TF(1,0,1,5)) < ¢<d(Tx, Tu) +d(Ty,Tv) Z d(Tz, Tt) + d(Tw, Ts) >

(2.35)

forany x,y,z,w,u,v,t,s € X for which x <u,v <y, z <t and s < w. Additionally suppose that
either

(a) F is continuous, or

(b) X has the following property:

(i) if non-decreasing sequence x, — x (resp., z, — z), then x, < x (resp., z, < z) for
all n,

(ii) if non-increasing sequence y, — y (resp., w, — w), then y, >y (resp., w, > w)
forall n.
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If there exist xo,Y,,z0,wo € X such that xo < F(xo0,Yy 20,w0), Yy = F(Yy z0,wo,X0), z0 <
F(zo, w0, x0,Y,) and wy > F(wo, wo, Y, 20), then there exist x,y,z, w € X such that

F(x,y,z,w) =x, F(y,z,w,x) =y, F(z,w,x,y) =z, F(w,x,y,z)=w,
(2.36)

that is, F has a quadruple fixed point.

Corollary 2.4. Let (X, <) be a partially ordered set and suppose that there is a metric d on X such that
(X, d) is a complete metric space. Suppose also that T : X — X is an ICS mapping and F : X* — X
is such that F has the mixed monotone property. Assume that there exists k € [0, 1) such that

d(TF(x,y,z,w), TF(u,v,t,5)) < kmax{d(Tx,Tu),d(Ty,Tv),d(Tz,Tt),d(Tw,Ts)}
(2.37)

forany x,y,z,w,u,v,t,s € X for whichx <u,v <y, z<t and s <w. Suppose that either
(a) F is continuous, or

(b) X has the following property:

(i) if nondecreasing sequence x, — x (resp., z, — z), then x, < x (resp., z, < z) for
all n,

(ii) if nonincreasing sequence y, — y (resp., w, — w), then y, > y (resp., w, > w)
forall n.

If there exist xo, Yo, zo,wo € X such that xo < F(xo, Yo, wo, z0), Yo > F(yo,z0, wo, x0), zo <

F(zo,wo, x0,Y0), and wo > F (wo, wo, Yo, zo) then, there exist x,y, z,w € X such that

F(x,y,z,w) =x, F(y,z,w,x) =y, F(z,w,x,y) = z, F(w,x,y,z)=w,
(2.38)

that is, F has a quadruple fixed point.

Proof. It suffices to remark that ¢(t) = kt in Theorem 2.2. O

Corollary 2.5. Let (X, <) be a partially ordered set and suppose that there is a metric d on X such that
(X, d) is a complete metric space. Suppose also that T : X — X is an ICS mapping and F : X* — X
is such that F has the mixed monotone property. Assume that there exists k € [0, 1) such that

d(TF(x,y,z,w),TF(u,v,t,5s)) < Z(d(Tx, Tu),d(Ty,Tv),d(Tz,Tt),d(Tw,Ts))  (2.39)

forany x,y,z,w,u,v,t,s € X for whichx <u, v <y, z < tands < w. Suppose that either

(a) F is continuous, or

(b) X has the following property:

(i) if nondecreasing sequence x, — x (resp., z, — z), then x, < x (resp., z, < z) for
all n,
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(ii) if nonincreasing sequence y, — y (resp., w, — w), then y, > y (resp., w, > w)
forall n.

If there exist xo,Yo,zo,wo € X such that xo < F(xo, Yo, wo,z0), Yo > F(yo,z0,wo, x0), zo <

F(zo, wo, x0,Y0) and wy > F (wo, wo, Yo, zo) then there exist x,y, z, w € X such that

F(x,y,z,w) =x, F(y,z,w,x) =y, F(z,w,x,y) =z, F(w,x,y,z)=w
(2.40)

that is, F has a quadruple fixed point.
Proof. It suffices to take ¢(t) = kt in Corollary 2.3. O

Now, we shall prove the existence and uniqueness of a quadruple fixed point. For a
product X* of a partial ordered set (X, <), we define a partial ordering in the following way:
For all (x,y,z,w), (u,v,t,s) € X*,

x,Y,z,w) < (u,v,ts) = x<u, >v, z<t w?>s. (2.41)
Yy y

We say that (x,y, z, w) and (u, v, t, s) are comparable if
(x,y,z,w) < (w,o,t,s) or (uvs,t)<(xy zw). (2.42)

Also, we say that (x,y,z,w) isequal to (u,v,t,s) ifand onlyif x =u,y =v,z=t, w=s.

Theorem 2.6. In addition to hypotheses of Theorem 2.2, suppose that that for all (x,y,z,w),
(u,v,t,s) € X*, there exists (a,b,c,d) € X* such that (F(a,b,c,d), F(b,c,d, a),
F(c,d,a,b),F(d,a,b,c))is comparable to (F(x,y,z,w), F(y,z,w,x), F(z,w, x,y), F(w,x,y, z))
and (F(u,v,t,s),F(v,t,s,u),F(t,s,u,v),F(s,u,v,t)). Then, F has a unique quadruple fixed point
(x,y,z,w).

Proof. The set of quadruple fixed points of F is not empty due to Theorem 2.2. Assume, now,
(x,v,z,w) and (u,v,t,s) are two quadrupled fixed points of F, that is,

F(x,y,z,w) =x, F(u,v,t,8) =u,
F(y,z,w,x) =y, F(v,t,s,u) =0,
F(z,w,x,y) = z, F(t,s,u,v) =t,
F(w,x,y,z) =w, F(s,u,v,t) = s.

(2.43)

We shall show that (x,y,z,w) and (u,v,t,s) are equal. By assumption, there exists
(a,b,c,d) € X* such that (F(a,b,c,d), F(b,c,d,a), F(c,d,a,b), F(d,a,b,c)) is comparable
to (F(x,y,z,w), F(y,z,w,x), F(z,w,x,y), F(w,x,y,z)) and (F(u,v,t,s), F(v,t,s,u),
F(t,s,u,v), F(s,u,v,t)).
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Define sequences {a,}, {b,}, {c,}, and {d,} such that

ap=a, by=b, cy=c, dy=d, foranyn2>1,

an = F(ay-1,bu-1, Cpn1,dn-1),
by, = F(by-1, cn-1,dn-1, an-1),
cn = F(cp1,dn-1,an-1,bn-1),
dn = F(dnflr an-1, bnflr Cnfl)/

(2.44)

for all n. Further, set xo = x, yo =y, 20 = 2z, wp = w and up = u, vy = v, typ = t, sp = s and on
the same way define the sequences {x,}, {y.}, {zn}, and {w,} and {u,}, {v,}, {t.}, and {s,}.
Then, it is easy that

xn=F(x,y,z,w), u, = F(u,v,t,s),
yn=F(y,z,w,x,), v, = F(v,t,5,u),
zn = F(z,w,x,v), t, = F(t,s,u,v), (2.45)
w, = F(w,x,y,z), sp = F(s,u,v,t),

for all m > 1. Since (F(x,y,z,w),F(y,z,w,x),F(z,w,x,y), F(w,x,y,2)) = (x1,y1,21,w1) =
(x,y,z,w) is comparable to (F(a,b,c,d),F(b,c,d,a),F(c,d,a,b)) = (ai,bi,c1,d1), then it is
easy to show (x,y,z,w) > (a1, b1, c1,d1). Recursively, we get that

(x,y,z,w) > (an, by, cp,dy) Vn. (2.46)

By (2.46) and (2.1), we have

d(Tx,Tanq) = d(TF(x,y,z,w),TF(a, by, cu,dy))
< ¢(max{d(Tx,Tay,),d(Ty,Tb,),d(Tz,Tc,), d(Tw,Tdy,)}),
d(Tbys1,Ty) = A(TF(by, cn, dn, ax), TF(y,z,w, x))
< ¢p(max{d(Ty, Tbh,),d(Tz, Tcy),d(Tw,Td,),d(Tx,Ta,)}),
d(Tz,Tep) = d(TF(z,w,x,y), TF(cq,dn, an, by)) 247
< ¢(max{d(Tz,Tc,), d(Tw,Td,),d(Tx,Tay,),d(Ty, Tby)}),
d(Tw,Tdp.1) = d(TF(w,x,y,2), TF(dy, an, by, cu))

< ¢(max{d(Tw,Td,),d(Tx,Ta,),d(Ty,Th,),d(Tz,Tc,)}).

It follows from (2.47) that

max{d(Tz, Tcp), d(Tw, Tdyi), d(Tx, Tap),d(Ty, Tbya) }
(2.48)
< ¢p(max{d(Tz, Tcy),d(Tw,Td,),d(Tx,Ta,),d(Ty, Tb,)}).
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Therefore, for eachn > 1,

max{d(Tz,Tcy), d(Tw,Tdy,),d(Tx,Ta,),d(Ty, Tb,)} (2.49)
2.49
< ¢"(max{d(Tz, Tco),d(Tw,Tdy),d(Tx,Tag),d(Ty,Thy)}).

It is known that ¢(t) < t and lim, 4+ ¢(r) < t imply lim,_,, ¢"(t) = O for each ¢t > 0. Thus,
from (2.49),

lim max{d(Tz,Tcy),d(Tw,Td,),d(Tx,Ta,),d(Ty, Tb,)} = 0. (2.50)

n—oo

This yields that

lim d(Tx,Ta,) =0, lim d(Ty, Tb,) =0,

lim d(Tz,Tcy,) =0, lim d(Tw, Td,) = 0. (2.51)
Analogously, we show that

lim d(Tu,Ta,) =0, lim d(Tv,Tb,) =0,

lim d(Tt, Tcy,) =0, lim d(Ts, Td,) = 0. (2.52)

Combining (2.51) to (2.52) yields that (Tx, Ty, Tz, Tw) and (Tu,Tv, Tt, Ts) are equal. The fact
that T is injective givesus x =u, y =v,z=tf,and w = s. O

We state some examples showing that our results are effective.

Example 2.7. Let X = [1,64] with the metric d(x,y) = |x — y|, for all x,y € X and the usual
ordering. Clearly, (X, d) is a complete metric space.
LetT:X — Xand F: X* — X be defined by

1/3
Tx =In(x) +1, F(x,y,z,w) = 8(;) , Vx,y,z,weX. (2.53)

It is clear that T is an ICS mapping, F has the mixed monotone property and continuous.
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Set ¢(t) = 2t/3. Taking x,y, z,w,u,v,s,t € X forwhichx <u,v<y,z<s,andt < w,
we have

d(TF(x,y,z,w), TF(u,v,s,t)) = %|(1nx -Iny) - (Inu-Inv)|

1

< -|lnx—Inu|+ %|lny—lnv|

3
1
3 max{[Inx —Inu|, |[Iny - Inv|}

= ¢(max{d(Tx,Tu),d(Ty,Tv),d(Tz,Ts),d(Tw,Tt)}),
(2.54)

which is the contractive condition (2.1). Moreover, taking xy = yo = zg = 8 = wy, we have

xo < F(x0, Yo, 20, wp), Yo > F(yo, zo, wo, x0),
(2.55)
zo < F(zo, w0, x0,Y0) , wy > F(wo, x0, Yo, 20)-

Therefore, all the conditions of Theorem 2.2 hold and (8, 8, 8, 8) is the unique quadruple fixed
point of F, since also the hypotheses of Theorem 2.6 hold.

On the other hand, we can not apply Corollary 15 of Karapimnar [27] to this example.
Indeed, forx=1=y=v,u=2,1<z=sand1<t=w, we have

d(F(x,y,z,w),F(u,v,s,t)) = 8|(2)1/3 - 1| > 31 > Zd(x,u)
(2.56)
= Z[d(x,u) +d(y,v) +d(z,s) +d(w,t)],

for any k € [0, 1).

Example 2.8. Let X = R with d(x,y) = |x — y| and natural ordering. Let T : X — X and
F:X* — X be defined by Tx = x/12 and F(x,y,z,w) = 2/5(x -y + z — w). It is clear that T
is an ICS mapping and F has the monotone property and continuous. Set ¢(t) = 2t/3 € @. It
is clear that all conditions of Theorem 2.2 are satisfied and (0,0, 0, 0) is the desired quadruple
point.

Note that Corollary 15 of Karapinar [27] is not applicable. Indeed, for x =0, u = 1 and
y=v=z=s=t=w=0,wehave

d(F(x,y,z,w),F(u,v,s,t)) = % > Zd(x,u) = g[d(x,u) +d(y,v) +d(z,s) +d(w,t)],
(2.57)

for any k € [0, 1).
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