Hindawi Publishing Corporation

ISRN Applied Mathematics

Volume 2013, Article ID 708548, 11 pages
http://dx.doi.org/10.1155/2013/708548

Research Article

Hindawi

Strong Convergence Theorems for Maximal Monotone
Operators, Fixed-Point Problems, and Equilibrium Problems

Huan-chun Wu, Cao-zong Cheng, and De-ning Qu

College of Applied Science, Beijing University of Technology, Beijing 100124, China

Correspondence should be addressed to Cao-zong Cheng; czcheng@bjut.edu.cn

Received 31 May 2013; Accepted 19 June 2013

Academic Editors: C. Lu, E. Skubalska-Rafajlowicz, Q. Song, and E. Zirilli

Copyright © 2013 Huan-chun Wu et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We present a new iterative method for finding a common element of the set of fixed points of a nonexpansive mapping, the set
of solutions to an equilibrium problem, and the set of zeros of the sum of maximal monotone operators and prove the strong
convergence theorems in the Hilbert spaces. We also apply our results to variational inequality and optimization problems.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert
space H. A mapping S : C — C is nonexpansive if [|Sx —
Syl < llx — yll for all x, y € C. The set of fixed points of S is
denoted by Fix(S). It is well known that Fix(S) is closed and
convex. There are two iterative methods for approximating
fixed points of a nonexpansive mapping. One is introduced
by Mann in [1] and the other by Halpern in [2]. The iteration
procedure of Mann’s type for approximating fixed points of a
nonexpansive mapping S is the following: x, € C and

Xpi1 = %, + (1 — ) Sx,,, 6))

where {a,} is a sequence in [0, 1]. The iteration procedure of
Halpern’s type is the following: u € C, x, € Cand

X1 = ot + (1 —a,) Sx,,, (2)

where {«,} is a sequence in [0, 1].

Let f be a bifunction from C x C to R, where R is
the set of real numbers. The equilibrium problem is to find
x € C such that f(x,y) > 0 for all y € C. The set
of such solutions is denoted by EP(f). Numerous problems
in physics, optimization, and economics reduce to finding a
solution to the equilibrium problem (e.g., see [3]). For solving
the equilibrium problem, we assume that the bifunction f
satisfies the following conditions:

(Al) f(x,x) =0forall x € C,

(A2) f is monotone, that is, f(x, y) + f(y,x) < 0 for all

x,y €C,

(A3) for every x, y, z € C, limsup, |, f(tz + (1 - t)x, y) <
Jxy),

(A4) f(x,-) is convex and lower semicontinuous for each
x €C.

Equilibrium problems have been studied extensively; see [3-
9].

Let B be a mapping of H into 2. The effective domain of
B is denoted by dom(B), that is, dom(B) = {x € H : Bx #0}.
A multivalued mapping B is said to be monotone if

(x-y,u—v)>0 Vx,y€dom(B), u€ Bx, veBy.
®3)

A monotone operator B is said to be maximal if its graph is
not properly contained in the graph of any other monotone
operator. For a maximal monotone operator Bon H and r >
0, the operator J, = (I + rB)"! : H — dom(B) is called the
resolvent of B for r. It is known that J, is firmly nonexpansive.
Given a positive constant , a mapping A : C — H is said to
be a-inverse strongly monotone if

x -y, Ax — Ay) > alAx — Ay|P Vx,yeC.  (4)
Y 54 y y

Some authors have paid more attention to finding an element
in the set of zeros of A+ B. For a mapping A from C into H, we



know that (A + B) 10 = Fix(J, (I — AA)); see [10]. Takahashi
etal. [11] constructed the following iterative sequence. Let u €
C,x, = x € C, and let {x,} be a sequence generated by

Xpp1 = U + (1 - (Xn) ]/\n (xn - /\nAxn) . (5)

Under appropriate conditions they proved that the sequence
{x,} converges strongly to a point z, € (A+B)'0. Lin
and Takahashi [12] introduced an iterative sequence that
converges strongly to an element of (A + B)"'0N F~'0, where
F is another maximal monotone operator. Takahashi et al. [13]
presented a new iterative sequence converging strongly to an
element of (A + B)"'0 N Fix(S).

Motivated by the above results, in this paper, we introduce
a new iterative algorithm for finding a common element of
the set of fixed points of a nonexpansive mapping, the set
of solutions to an equilibrium problem, and the set of zeros
of the sum of maximal monotone operators and prove the
strong convergence theorems in the Hilbert spaces. Finally,
we give the applications to the variational inequality and
optimization problems.

2. Preliminaries

Throughout this paper, let H be a real Hilbert space with inner
product (-,-) and norm | - ||, and let C be a nonempty closed
convex subset of H. We write x, — x to indicate that the
sequence {x,} converges strongly to x. Similarly, x, — x
will mean weak convergence. It is well known that H satisfies
Opial’s condition; that is, for any sequence {x,} < H with
x, — x, we have

liminf ||x, - x|| < liminf ||x, - y||

n— 00 n— 00

Vy#x. (6)
For any x € H, there exists a unique point P-x € C such that

Jx - Boxl < x5l vyec. )
P, is called the metric projection of H onto C. Note that P, is

a nonexpansive mapping of H onto C. For x € Hand z € C,
we have

z=Pxe(z-y,x-2z)>0 forevery yeC. (8)

For y > 0, a mapping V on H is called y-strongly
monotone if

(x -y, Vx-Vy) 2?”96—)’“2 Vx,y € H. ©))

Taking L > 0, a mapping T on H is said to be L-Lipschitzian
continuous if

ITx-Ty| <L|x-y| Vx,yeH. (10)
It is easy to see that A is y/L*-inverse strongly monotone
whenever A is y-strongly monotone and L-Lipschitzian

continuous. Now we consider inverse strongly monotone. Let
a > 0,andlet A : C — H bean «-inverse strongly monotone
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operator. If 0 < A < 2«, then I — AA is a nonexpansive
mapping. Indeed, for x, y € C and 0 < A < 2a, we get

(1= 24)x = (1 - 24) y|

= |(x - y) - A(Ax - ay)|’

= = yI” =22 (x = 3, Ax = Ay) + | Ax - Ay’ W
< = yI° - 22afAx - Ay|” + | Ax - 4y’

<= 3P + A A - 20) | Ax — Ay’

< Jx -y

Therefore, the operator I — AA is a nonexpansive mapping of
Cinto H.
We need the following lemmas.

Lemma 1 (see [3]). Let C be a nonempty closed convex subset
of H, and let f be a bifunction from CxC to R satisfying (Al)-
(A4). Ifr > 0 and x € H, then there exists z € C such that

f(z,y)+%(y—z,z—x>20 Vy e C. (12)

Lemma 2 (see [7]). Let C be a nonempty closed convex subset
of H, and let f be a bifunction from CxC to R satisfying (Al)-
(A4). Forr > 0, define a mapping T, : H — 2 as follows:

T, (x) = {zeC:f(z,y)+l(y—z,z—x) ZOVyeC}.
r
(13)
Then the following hold:
(i) T, is single valued,

(ii) T, is firmly nonexpansive; that is, for any x, y € H,

<X =¥ Trx - Try> 2 "Trx - Try"z’ (14)

(i) Fix(T,) = EP(f),
(iv) EP(f) is closed and convex.

Lemma 3. LetV be ay-strongly monotone and L-Lipschitzian
continuous operator on a real Hilbert space H withy, L > 0
and 2y —1 < L* < 2y. Suppose that {,} is a sequence in (0, 1).
Forall x, y € H, one has

"(I _ﬁnv)x_ (I _ﬁnv) y" < (1 _ﬂnT) "X _y” > (15)

wheret =y — L*/2.
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Proof. Observe that
It = BV)x— (1= B,V)y|’
= e =yl + BV = Vy|* = 2B, (x = 3, Vx = Vy)
< = yI* + BiLlx = I” - 287l - ¥

= (1+ A1 = 28,7) [x - I
g2, (v 2 Ie-or

= (1-28,7 - B,L* + Bi7) | -y
< (1-2B,7+ Bor* = BuL> + BoL%) [ =y

=[(1=B2) = B, (L7 - B.L)] |x - 4|

Since the sequence {8,} ¢ (0,1) and 2y — 1 < L* < 2y, we
obtain

“(I_ﬁnv)x_(l_ﬁnv)y” < (l_ﬁnT) "x_y" 17)
O

(16)

Lemma 4 (see [8]). Suppose that (A1)-(A4) hold. If x,y € H
andry,r, > 0, then

lrz _"1|

|7,y -Tx] < ly- x| +

Trzy - y” . (18)

Lemma 5 (see [13]). Let H be a real Hilbert space, and let B be
a maximal monotone operator on H. Then the following holds:

-t
ST Jx = Jox, Jox = x) > ||Jx = ]tx”Z 19)
foralls,t >0andx € H.

Lemma 6 (see [14, 15]). Let {s,} be a sequence of nonnegative
real numbers satisfying

Spr1 S (1 - ‘xn) Spt “nﬁn Ve N2 0, (20)

where {a,}, {B,,}, and {y,} satisfy the following conditions:
(0) {a} < [0,1], X2y @, = 0,

(i) limsup, _, ., B, <0,
(i) y, = 0, Y02, ¥, < c0.

Then lim,, _, .5, = 0.
The following lemma is an immediate consequence of the
inner product on H.

Lemma 7. For all x, y € H, the inequality || x + y||2 < |Ix|* +
2(y,x + y) holds.

Lemma 8 (see [16] (demiclosedness principle)). Let C be
a nonempty closed convex subset of H, S : C — H a
nonexpansive mapping, and x a point in H, the sequence {x,}
in C. Suppose that x,, — x and that x, — Sx,, — 0. Then x €
Fix(S).

3. Strong Convergence Theorems

In this section, we present a new iterative method for finding
acommon element of the set of fixed points of a nonexpansive
mapping, the set of solutions to an equilibrium problem, and
the set of zeros of the sum of maximal monotone operators.

Theorem 9. Let C be a nonempty closed convex subset of a
real Hilbert space H and A an a-inverse strongly monotone
operator of C into H. Let B be a maximal monotone operator
on H such that the domain of B is included in C. Let ], =
(I+AB)™" be the resolvent of B for A > 0, and let S be a
nonexpansive mapping of C into itself. Suppose that V is a
y-strongly monotone and L-Lipschitzian continuous operator
on H withy, L > 0and 2y — 1 < L* < 2y. Assume that
f:CxC — Rsatisfies (A1)-(A4). Suppose that (A + B)'on
Fix(S) N EP(f) #0. Let w € C and x, € C, and let {x,} be a
sequence generated by

u, € C, such that f (u,, y)

+i (y —u,u,-x, =20 VyeC,
n (1)
Xyl = /-;nw + (I - ﬁnv)
x [(xnxn +(1-a,) )y (I-2,4) Sun] ,

where the sequences {a,}, {B,}, {A,}, and {r,} satisfy the fol-
lowing conditions:

@) fer,} € (0,1) and Y72 a, < 00,

@Bt < O, p -

00, and 32\ 1B = Bul < 00,

(3)0<a<A,<b<2aand Y2 A —A,l < oo,

0’ Zfl(z)l ﬁn =

(4)0<c<r,and Y2 |1, — 1.l < 00

Then the sequence {x,} converges strongly to an element of
(A + B)"'0 N Fix(S) N EP(f).
Proof. The proof will be completed by eight steps.

Step 1. Show that the sequences {x,} and {u,,} are bounded.

Note that (A + B)"'0 n Fix(S) n EP(f) is a closed convex
subset of H since (A + B)™'0, Fix(S), and EP(f) are closed
and convex. For simplicity, we write

Q:=(A+B)'0NFix(S) NEP(f). (22)

From Lemmas 1 and 2, we have u,, = T, x,, and for any
z€Q,

<|x, - 2| (23)

[, — 2|| = "Trnxn -T,z




Set y, = a,x,, + (1 — )]} (I = A, A)Su,. It follows that

I, — ]
= "(xnxn +(1-a,) ]y (I-2,A)Su, - z”

a,(x,—2)+(1-a,) [],\n (I-1,A)Su, - Z] " (24)
<a,|x, - 2|+ (1 -a,)|x, - 2|

= lx —=-
Lemma 3 implies that

%11 = 2]
Buw + (1= B,V)

x [, + (1= a,) Ty (I-1,A)Su,] - 7|
=B, (@=V2) + (1= B,V) y, = (I - B,V) 2]
< Bullw=Vzl + (1= B,V) .~ (I - B,V) 2]
< By llw = Vzl + (1= B,7) |y, - 2|
< By llw = Vzl + (1= B,7) |x, - 2|

lw - Vz|
T

+ (1 - ﬁnT) "xn - Z”

lw - VZ||} L2
T

< BT

R whererz?—?.

(25)

< max {”xn - Z" N

From a simple inductive process, it follows that

(26)

|%,:1 — 2] < max {||x1 _ llo —TVZII } )

which yields that {x,} is bounded, so is the sequence {u, }.

Step 2. Show that lim,, ,  lIx,,,; — x,ll = 0.
Since

Iz = %
= |Buaw + (1= BuaV)
X [0ty 1%00 + (1= ay0) Ty
=B —(I-B,V)
x (e, + (1-a,) [ (I-1,A)Su,]
=(Buss = B) @+ (I = BusV) Yo
~(I=BuaaV) Y+ (L= B V) ya = (1= BV 3

(I - /\n+1A) Sun+l]

n+l
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< Bt = Bal loll + (1= B ®) [ Vi1 = vl
+ 1Bt = Bal IVyall < 1Buer = Bul (Il + V]
+ (1= Bunt)
X o s + (1= @) T, (1= Ay A) St
—ot,x, = (L= a,) I (I-2,4)Su,
< [Bur = Bal U0l + [Vyall) + (1 = Bir7)
X @t [Xner = T, (1= A1 A) Sth |

+a, “xn =T, (I-1,4) Su,

7, T =200 A) Sty = To, (1= 2, 4) Su, ]
< |Bur = Bal (ol + [y ) + (1 = B 7)
X [tnr e = T,y (1= s A) Stt |
+at, [x, = T, (1= 4,4) Su,|
+ |7, (T= A1 A) St
],
~Tp,, U=A,A)Su, + ], (I-A,A)Su,

ntl (I - An+1A) Sun + ])tnﬂ (I - /\n+1A) Sun
~Jp, (T=2,4) Su,|]
< |ﬁn+1 - ﬁn| ("w" + ||Vyn") + (1 - ﬁn+lr)

Xn+1 — ]An+1 (I - /\n+1A) Sun+1“

x [‘Xn+1
+ oty [, = T, (T4, 4) Su,|
s = thll + [Air = A| [ ASu, |

1,

+ || T, (I=A,4) Su, = T, (I-1,A)Su,

(27)
it follows from Lemmas 4 and 5 that

"xn+2 — X1 “

< [Bur = Bul (ol + [Vyal)) + (1 = B 7)
X | Ky ||xn+1 - ])L,Hl (I - /\n+1A) Sun+1|'

+ o, |, = T, (1= 2,A) Su,|
* |An+1 - /\n| ”AS”n“ + “xnﬂ - xn”

I/\n+1 B )‘nl

T, —T
I

r

n+l n+l

x .., (1= A,A) Su, (I - 1,A) Su,

|
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< |Buir = Bal (loll + [Vya])) + (1 = Boia7)

X |«

Xn+1 — ])»,Hl (I - An+1A) Sun+1||

n+1

+a, “xn =,

s = Aal A4St ]| + 01 = 2

-2

a

| n+1 - | "u lAn+1 n|

n+l xn+1|| +

X “])Ln+1 (I-21,A)Su,—(I-

< (1 - ﬁn+1T) “xn+1 - xn”

T &g ||xn+1 - ]/\n+1 (I - /‘n-f-lA) Surﬁ-l

],\ |)‘n+1 /\nl ”Asun”
T — T,
‘ M T
Cc
+ M ]A,M (I_ /\nA)Sun - ( “'n

1B = Bal (0l + [Vy)
(28)

Set M = sup,ilx, - ],\n(I - A, A)Su,l, IASw, [, 1w, —
Xparll 1, (I = A, A)Su, —(I= A, A)Su,l, (lwll +Vy,I)} We
have

"xn+2 — Xut1 ||
< (1 - :Bn+1T) Hxn+1 - xn"

+M (ocn+1 + 0+ [y — Ay + [fer = 1] (29)

C

A
+M lﬁn+l ﬁnl) .

By the assumptions Y 7>, B, = 00, Yoo, &, < 00, Y01 A, —

/\n| < 00, ZZZI |rn+1 - rnl < 00, and Z;(:)l |ﬁn+l - /3n| < 00,
it follows from Lemma 6 that
,}E%O "xn+1 - xn“ =0. (30)
Step 3. Show that lim,, , [Ix,, — u,|l = 0.
For any z € Q, we have
2
s, - 2|
2
= (xn—z,un—z) (31)

1
e L Y A e A

which implies that
ot = 2l < I = 2l = o = . (32)
With the help of Lemma 7, we get
s = 2l

=B, (w—-Vz)+ (I -

B.V)

X [ocnxn +(1-a,) ], (I-1,4) Sun]

~(1- V)|
< |1 - BuV) [
—(z—ﬁmznz+z</3n<w—vZ>,xn+1—z>
< (1= B Jan (- 2) + (1 - ax,)

X (]A"(I -1,A)Su, - z)"2

wt (L=, Ty (T-1,4)Su,|  (33)

+2B,{w-Vz,x,,, — 2) .
Consequently,
s = 2’
< (1=p,0) [, — 2] + (1~
+2B,(w=Vz,x,,, —2)
< (1-,7) [, 2
(1= a,) (xn = 2l = lxn = )]

‘xn) ”un - Z"2]

(34)
+2B, (0 =Vz, x4, - 2)
< (1 - /3,[[) ["xn - ZHZ - (1 - ‘xn) "xn - unllz]
+ zﬁn <w —Vz, X4, — z>
< w2l = (1= 1) (1= @) oy = 0,
+2B,{w—-Vz,x,,, —2).
Hence,
(1 - ﬁnT) (1 - ‘Xn) ”xn - ”n“z
< e =2l s — 2
+2B,(w-Vz,x,,, — 2) (35)

< [ = x| (s = 2 + %01 = 2[)
+2B, lw = Vz| |x,1 — 2| -
Since lim,, _, o, ll%,,1 — x,Il = 0 and lim,, _, 3, = 0, we get

nlil%o ”xn - un” =0. (36)



Step 4. Show that lim,, _, . |ASu,, — Az|| =0, forall z € Q.
For z € (), we get

7, (@ - 2,400, - 2|
= |7, (T = A, 408, — 1, (1 - 2,408z
< |[(Su, - Sz) = A,, (ASu,, — AS2)|
< |lu, - 2|° - 21, (Su, — Sz, ASu,, — ASz) -
+ A2||ASu,, - ASz|
< |x, - 2| - 21,0)| ASu,, - ASz|
+ AZ||ASu,, — ASz|”
< %, = 2| + A, (A, - 2a) | ASw, — ASz]”.
This together with (33) deduces that
T
<(1-B7)
x e, — 2l + (1~ a,)
X (Jxw = 2l + 2, (A, = 20) | ASu,, - AS2])]
+2B,(@ = Vz, %y, - 2)
<(1-B1)
x[lxn = 2l + (1 - @,) A, (A, - 20) [ ASu, — ASz]’]
+ 2B, (@ = Vz, X,y — 2)
<l x, = 21” + (1= B,7) (1 = o) A,y (A, - 200)

x | ASu, — Az|* + 2B,(w - Vz, x,,; — 2).

(38)
Thus,
(1-B,7)(1-a,) A, (2a - A,) |ASu, - ASz|
< Jx, = 2l = %0 - 2|
+ 2B, llw - Vz| | %, — 2] (39)

< o = i | (20 = 2] + 2001 = 2])
+2B, llw = Vz| ||x,,1 - 2|

Since0 < a <A, <b<2aand Yo |A,, —A,l < oo, the
sequence {A,,} isa Cauchy sequence. Assume that A, — A, €
[a, b]. It follows that

Jim |ASu, — Az| = o0. (40)

Step 5. Show thatlim,, _, , [I]) (I —A,A)Su, —Su,| = 0.
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Seth, =J, (I - A,A)Su,. For z € Q, we have

"hn - Z”2
= "L\n (I-2,A)Su, ], (I-1,A) SZ"Z

<{(I-1,A)Su, - (I-1,A)Sz,h, - z)
= 1= 2,4) S, ~ (1= A, ) S + [, = =]

- ”(I - /\nA) Sun - (I - AnA) Sz - (hn - z)llz]

1
S 5 ["un - Z”2 + “hn - Z”2
~||(Su, = h,) = A, (ASu, - AS2)|*].
(41)
Therefore,
I, - 2|
< |lun - 2* = | (Su, - ) = A, (ASu,, — AS2)|
(42)

< %, - 2| = [|Sus - ha||” - 22| ASw, — ASz|

+ 21, (Su, — h,, ASu,, — ASz) .

Using (33) again, we obtain that

[0 -2l
<(1-B,7)
<[l =2l + (1=a) |1y, (1= 2,8) S, ~ [ ]
+2B,(w=Vz,x,,, — 2)
< (1= B,7) [onlls = 2" + (1 - a,)
% (Ilxn = 2| = 1814, ~ 1
— A2||ASu, — ASz|
+2M,, (Su,, — h,,, ASu,, — ASz)) |
+2B,{w—-Vz,x,,, —2)
< (1= Br) [ =2l = (1= &) S, = |
— (1 - a,) A2||ASu, — ASz|
+2(1-a,) A, (Su, —h,, ASu, - ASz)]

+2B,{w—-Vz,x,,, —2)
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< |x, - z||2 -(1-B,1)(1-a,)|Su, - hn”Z
+24, (1 - a,) ||Su, - h,| |ASu, - ASz|
+2B, llo =Vl [|x,., - 2]
(43)

Thus,
(1= B,7) (1 - @) |Sut, = |
< ey = 2l = ey — 2
20, |Su, — | | ASu, — ASz]
+ 2B, lw = Vz [|x,,1 - 2| (44)
< e = sl s = 2 + 6es = 21)
+ 24, [[Su, = b, || | ASu, - Az]
+ 2B, llo = Vzl x40 — 2] -

It follows from (30), (40), and lim = 0 that

nﬁooﬁn

Tim ||, (I = A,A) Su, = Su,,| = 0. (45)

Step 6. Show that lim
Since

u, —Su,|| = 0.

n—>oo"

1 = St
= [|B (= VSu,) + (I - B,V)
DI, (1= 2,4) Su, |
~(I=B,V) Su,|
< By flw = VSu,| + (1 - B,7) (46)
(1=a,) ), (I-2,4)
< By llw = VSu, | + (1 - B,7)

= Su,| +(1-a,)

X [ocnxn+(1 -«

X [cxn S
x |1, (1= 1,4) Su,, - Su,[],
equality (45) implies that
,}H%O |lxn+1 - Sun" =0. (47)
As
= Sl < e = 20| + I -

xn+1" + ||xn+1 - Sun" > (48)

it follows from (30), (36), and (47) that
Jim [, = Sus,,|| = 0. (49)

Step 7. Show thatlimsup,, _, . {(w—Vzy, x,,,,
zy = Polw+ (I -V)zy].

—2z,) < 0, where

Observe that the mapping x — Pylw + (I — V)x] is a
contraction. Indeed, for any x, y € H,

[Pafw+ (= V)x] = Py [0+ (=) y]|’
<|T-v)yx-T-v)y|

=[(x-y)-
= = yI* -2 ¢x =y V- V)
<=y = 27lx = o + Ll -5

= (=274 1) Jx -l

(vx-vy)|°
(50)
+ Ve -y

As2y—1< L* < 2y,wehave0 < 1 -2y +L* < 1. The Banach
contraction mapping principle guarantees that the mapping
x — Pylw + (I = V)x] has a unique fixed point z; that is,
zy = Polw+ (I -V)z].

In order to show this inequality, we can choose a subse-
quence {xni} of {x,} such that

lim sup (@ - Vzg, X, zo)— lim <w VZzg, X, —zo>
n— 00
(51)

In view of the boundedness of {x, } there exists a
subsequence {x } of {x, } such that X — P Without loss

of generality, we "assume that x, — p It follows from (36)
that u,, — p. Since {u, } cC and C is closed and convex, we
get p € C. Now we show that peq.

First we prove that p € EP(f). By (21),

1
f(un’y)+r_<y_un’un_xn>20 V)’GC (52)

n

The monotonicity of f implies that

1
T_ <)’ —Up Uy — xn> 2 f(y’ un) V)’ eC. (53)

Replacing n by n;, we obtain

Uy — Xy, c
<y_u”f’T>2f(y’u"f) Vy eC. (54)

Applying (36) and (A4), we have
f(np)<0 VyeC. (55)

ForO0 <t <1,y €C, sety, =ty+(l—-t)p. Then y, €
C and f(y,, p) <0. Thus,

0=f(py) <tf e y) + (=0 f (¥ p) <tf (35 ¥).
(56)
Dividing by t, we see that
f(ey)=0. (57)



Letting t | 0, we get
f(py)=z0 VyeC. (58)

That is, p € EP(f).

Now we prove that p € Fix(S). Otherwise, assume that
p ¢ Fix(S), that is, p # Sp. Opial’s condition and (49) imply
that

p” < liminf ”u - Sp"

lim inf "u
i— 00

i— 00
= l1im_>g01f ””n,- - Su,, +Su, — Sp“

(59)
= l1m 1nf ”Suni - Sp"
1— 00

sliminf”u - "
i— 00 i p

This is a contradiction. Thus, p € Fix(S).

Next we will show that p € (A + B)to.

In fact,let A, — A, € [a,b], and let v,, = Su,,. It follows
from Lemma 5 that

||]/\0 (I - AOA) Vy — ]An (I - AnA) Vn"
- "]/\n (I=2A)v, = T, (I-21,A)v,

+]/\0 (I - /\nA) Vn = ]/1,‘ (I - AnA) Vn"

(60)
< P, + o2l
0
x|, (1= 24,4) v, = (1= 1,4) v,
Thus,
lim 2, 1= 26A) v, = T, (1= 1, 4) v, | = (61)
Since
v, = I, (1= AoA) v,
L= 1,4) v, (62)
+ |, T=2,A) v, = Ty, (T=254) v,
equalities (45) and (61) imply that
Tim ||v, = Ty, (I=AA) v, = 0. (63)
Therefore,
lim v, =1, (1-294)v,,| = 0. (64)

It follows fromu,, — pand (49) thatv, — p.As N, (I= AgA)
is nonexpansive, Lemma 8 implies that P =, =-24A)p.
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That is, p € (A+ B)™'0. Hence, p € Q. By (51) and the
property of metric projection, we have

lim sup (w — Vzy, X111 — Zo)

lim (w-Vz,,x, —z
1—>00< 0 0> (65)
= {w - Vzg, p - 2p)

=([w+(I-V)zy| =29, p—2,) <O0.

Step 8. Show that x,, — z,, where z, = Po[w + (I = V)z,].
According to (21), we get

||xn+1 - ZO”2
= ﬁn ((U - VZO) + (I - ﬁnv)
X [ocnxn +(1-ap) I, (I-1,A) Sun]

~(1-BV)z|
< (l_ﬁn &y, (xn_zo)

+(1-ap) (])Ln (I-7,A)Su, - ZO)"2 (66)

+ 2, (W = VZg, X1 — 2Z)
< (1 - ﬁnT) [‘xn"xn - ZO||2
“n) "xn - ZO"2]

+ 2B, {w = Vzy, %, — 2¢)

+(1-

<(1-B,7)|x, - z0||2 +2B,(w = Vzg, X1 — Z0)-

It follows from (65) and Lemma 6 that {
toz, € Q.

x,} converges strongly

Remark 10. By an examination of the proof of Theorem 9, the
conclusion still holds in the case that «,, = 0.

Remark 11. Consider the following quadratic optimization
problem:

et
1)211515 (Vx, x) — {x, ), (67)

where H is a real Hilbert space, V is a self-adjoint bounded

linear operator on H such that
(Vx, x) > )7||x||2, Vx € H and some y > 0. (68)

Letting A = 0,B = 0y (ie., the subdifferential of the
indicator function of C), C = H, f(x,y) =0, and «, = 0,
algorithm (21) reduces to

Xn+1 = ﬁnw + (I - ﬁnv) Xn- (69)

Xu [17] showed that the sequence in algorithm (69) converges
strongly to the solution of problem (67).
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Remark 12. Consider the setting of Theorem 9 with f(x, y) =
0, a, =0, and V = § = I. Then algorithm (21) corresponds
to the algorithm in [11, Theorem 9].

The corollaries below are the direct consequences of
Theorem 9.

Corollary 13. Let C be a nonempty closed convex subset of a
real Hilbert space H and A an a-inverse strongly monotone
operator of C into H. Let B be a maximal monotone operator
on H such that the domain of B is included in C. Let ], =
(I+AB)™" be the resolvent of B for A > 0, and let S be a
nonexpansive mapping of C into itself. Suppose that V is a
y-strongly monotone and L-Lipschitzian continuous operator
on H withy, L > 0 and 2y -1 < L* < 2y. Suppose that
(A+B)'0NFix(S) 0. Let w € C and x, € C, and let {x,} be
a sequence generated by

U, = PC‘xn’
n+1

= IBrlw + (I - ﬁnv) [(xnxn + (1 - (xn) ])L,, (I - /lnA) Sun] >

(70)

where the sequences {«,}, {3,,}, and {A,} satisfy the following
conditions:

M) {a,} € (0,1) and Y2, &, < 00,

(2) {ﬂé‘o} c (0,1, B, — 0, Y2 B, = oo, and
anl |ﬂn+1 - /3n| < 00,

(3)0<a<A,<b<2axand Y2 A, —A,l < c0.

Then the sequence {x,,} converges strongly to an element of (A+
B)~'0 N Fix(8).

Proof. Letting f(x,y) = Oforallx,y € Candr, = 1lin
Theorem 9, we get the result. OJ

Corollary 14. Let C be a nonempty closed convex subset of a
real Hilbert space H and A an a-inverse strongly monotone
operator of C into H. Let B be a maximal monotone operator
on H such that the domain of B is included in C. Let J =
(I +AB)™" be the resolvent of B for A > 0. Assume that f :
CxC — R satisfies (Al)-(A4). Suppose that (A + B)™'0 n
EP(f)#0. Let w € C and x; € C, and let {x,} be a sequence
generated by

u, € C, such that f (u,,y)+ L (y =ttty —x,) 20
rn

Vy € C,

Xne1 = /3,,0) + (1 - ﬁn) [(ann + (1 - an) ])L,l (I - )‘nA) un] >
(71)

where the sequences {«,}, {B,}, {A,}, and {r,} satisfy the
following conditions:

) {o,} € (0,1) and ¥,

a, < 00,

9
(2) {ﬁ(glo} C (O) 1)) ﬁn - 0) ZZZI an = 09, and
Zn:l |ﬁn+1 - /3n| <o,
(3)0<a<A,<b<2aand Y2 1A, —A,l < oo,

(4)0<c<r,and Y2 |1, — 1l < 0.
Then the sequence {x,} converges strongly to an element of
(A + B)'0 NEP(f).

Proof. Putting V = S = I in Theorem 9, we can obtain the
desired result. O

4. Applications

In this section, we apply the results in the preceding section
to variational inequality and optimization problems. Now we
consider the variational inequality problem. Let H be a real
Hilbert space, and let f be a proper lower semicontinuous

convex function of H into (-00, +00]. Then the subdifferen-
tial Of of f is defined as

of x)={z € H: f(y)~ f(x) = (z,y-x),Vy € H}
(72)

for all x € H. Rockafellar [18] claimed that df is a maximal
monotone operator. Let C be a nonempty closed convex
subset of H, and let 6 be the indicator function of C. That
is,

8o (x) = {0 x € C, (73)

+00 x ¢ C.

Since & is a proper lower semicontinuous convex function
on H, the subdifferential J5_ of d; is a maximal monotone
operator. The resolvent ], of 0, for A > 0 is defined by

]Ax—(I+/186) x VxeH. (74)
We have
u=Jix= (I+M)§C)71x & x €u+ Aoy u
&= x€u+ANcu & x—u € ANcu
! (75)
(=>X(x—u,y—u)§0 VyeC

= (x-u,y-u)y<0 VyeC
& u = Pcx,
where Nou = {z € H : {(z,y —u) < 0,Vy € C}. The

variational inequality problem for nonlinear operator A is to
find z € C such that

(Az,y—-2z)>0, VyeC. (76)
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The set of its solutions is denoted by VI(C, A). Then we have
z € VI(C,A)

& (Az,y-2z) 20, VyeC

e (-Az,y-z)<0 VyeC
(77)
& -Az € Ngz

& 0€Az+ Nz &= 0€ Az + 05 2

= zc (A + aﬁc)_lo.

Using Theorem 9, we obtain the strong convergence theorem
for the variational inequality problem.

Theorem 15. Let C be a nonempty closed convex subset of a
real Hilbert space H and A an a-inverse strongly monotone
operator of C into H, and let V be a y-strongly monotone and
L-Lipschitzian continuous operator on H withy, L > 0 and
2y -1 < L* < 2y. Suppose that VI(C, A) #0. Let w € C and
x, € C, and let {x,} be a sequence generated by

u, = Pox,,

Xne1 = ﬁnw + (I - ﬁnV) [‘xnxn + (1 - ‘xn) PC (I - /\nA) un] >
(78)

where the sequences {«,}, {5,,}, and {A,} satisfy the following
conditions:

@) {fer,} € (0,1) and Y2, «,, < 00,

(2) {ﬁn} C (0) 1)’ ﬁn - 0’ Z?;l ﬁn
z;z“;l |/3n+1 - Bnl < 00,

(3)0<a<A,<b<2aand ¥’ A, —A,l < oo

Then the sequence {x,} converges strongly to an element of
VI(C, A).

Proof. Notice that VI(C, A) = (A + aac)‘lo. Letting f(x, y) =
Oforallx, y € C, r, = 1,and S = I, Theorem 9 yields that the
sequence {x,} converges strongly to an element of VI(C, A).

O
Next we study the optimization problem
min g (x)
(79)
x € C,

where g(x) is a proper lower semicontinuous convex function
of H into (—00, +00] such that C is included in domg = {x €
H : g(x) < +00}. We denote by Sol (g, C) the set of solutions
to problem (79). Let f: C x C — R be a bifunction defined

by
fley)=9()-9&). (80)

It is clear that f(x, y) satisfies (Al)-(A4) and EP(f) =
Sol (g, C). Therefore, by Theorem 9, the following result is
obtained.
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Theorem 16. Let g(x) be a proper lower semicontinuous
convex function of H into (=00, +00] and C a nonempty closed
convex subset of H such that C is included in domg, and let
V' be a y-strongly monotone and L-Lipschitzian continuous
operator on H withy, L > 0 and 2y — 1 < L* < 2y. Suppose
that Sol (g,C)#0. Let w € C and x, € C, and let {x,} be a
sequence generated by

u, =ar min{ ()+i|| —x||2]»
o= argmin g () + -y ==l -

Xne1 = ﬁnw + (I - ﬁnv) [(ann + (1 - (Xn) un] >

where the sequences {,}, {,}, and {r,} satisfy the following
conditions:

@) {fer,} € (0,1) and ¥, &, < 00,

@B} < O, B, — 0, Y2 B, = oo and
ZZZI |ﬁn+1 - /3n| < 00,

(B)0<c<r,and 32 I, —1,l < co.

Then the sequence {x,} converges strongly to an element of
Sol (g, C).

Proof. Letting S = I, A = 0, B = 05, and f(x,y) = g(y) -
g(x) in Theorem 9, we get the conclusion. O
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