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In an abstract framework, we consider the following initial value problem: u" + pAu + F(u)u = f in (0,T), u(0) = u®,u'(0) = ',
where y is a positive function and f a nonsmooth function. Given ’, u', and f we determine F(u) in order to have a solution u of
the previous equation. We analyze two cases of F(u). In our approach, we use the Theory of Linear Operators in Hilbert Spaces, the
compactness Aubin-Lions Theorem, and an argument of Fixed Point. One of our two results provides an answer in a certain sense
to an open question formulated by Lions in (1981, Page 284).

1. Introduction

Let V and H be two real separable Hilbert spaces with V dense
in H and V continuously embedding in H. The scalar product
and norms of V and H are represented, respectively, by

(@, ), llul - @)

Let A be the self-adjoint operator of H defined by the
triplet {V, H, ((u,v))}. Consider « € R, « > 0. We denote
by D(A”) the Hilbert space

(u,v), |ul,

D(A%) = {u € H; A% ¢ H} @)
equipped with the scalar product
(1, V) prasy = (A%u, A%) (3)

(cf. Lions [1]).
Consider the following initial value problem:

u’ +yAu+F(u)u=f in (0,7),
(4)
u(0) = u°, u' (0) = ul,

where p is a positive function and f a nonsmooth function.

The objective of this work is to study the following inverse
problem: given u®,ul, and f € L*(0, T; D(A%)') (D(A%)' dual
space of D(A%)) to determine F(u) such that Problem (4) has
a solution u. We analyze two cases of F(u), more precisely, the
cases

Fu) = A", (5)

F (u) = ullcogoy:x) (6)

where X is an appropriate Hilbert space.
In Lions [2, Page 284], the following problem is formu-

lated
t
W — Au+ [J <J uzdx> ds] u
o \Ja

=v(#)8(x-x,) in Qx(0,T),

(7)
u=0 on I'x(0,7T),

u(x,0) =0, u (x,0)=0, x€Q,
where Q) is an open bounded set of R" with boundary T,
x, € Q, and 8(x — x;) being the Dirac mass supported at

{x,}. He says not to know if this problem admits a solution.
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He say also that one of the difficulties in the study of existence
of solutions of the nonlinear equations lies in the difficulty
in defining weak solutions, since the transposition method is
essentially a linear method. This is ultimately connected to
the fact that one cannot multiply distributions.

Problem (4) with F(u) of the form (6) is an abstract
formulation of Problem (7) with a slight modification of the
nonlinear term. Theorem 3 gives the existence of solutions of
this problem. In applications we give examples of Problem
(7), with the modification of the nonlinear term, for Q an
open bounded set of R”, n = 1,2, 3.

In Grotta Ragazzo [3] the following equation is studied:

1 (" “

Uy — Uy — AU+ (— J uzdx> u=0 in (0,m)xR. (8)
7T Jo

This equation is considered as a first approximation of the

Klein-Gordon equation

U, —u, —au+u =0 in (0,7)x R. 9)

Observe that (8) with a = 0 and « = 1 is the meson equation
of Schiff [4] (cf. also Jorgens [5]).

The physical motivation of (8) with & = 1 can be seen in
Lourédo et al. [6].

Problem (4) with F(u) of the form (5) generalizes (8)
when a = 0. The existence of solutions of this problem is
studied in Theorem 1.

In Louredo et al., loc.cit., is analyzed the equation

u” —u(t)Au +a<j uzdx>u+ b(J u'zdx) u'
Q Q

=0 in Qx(0,00)

(10)

with nonlinear boundary condition. The F(u) given in (5) is
different from the a( [ . u?dx) of this equation. The term F(u)
is related to the nonsmoothness of f.

2. Main Results

We use the notation D(A%)' = D(A™),a € R, a > 0.
Identifying H with H', we have

D(A") > H— D(A™). (11)

Here and in what follows the notation X < Y means that the
space X in dense in the space Y and the embedding of X in Y

are continuous. Note that D(A™)" = D(A%). Also, if 3,y € R
with 3 > y, we have

D(AF) — D(4). (12)
Assume that

the embedding of V in H is compact. (13)

First we analyze Problem (2) with F(u) = |A™%%1??, that

is, the problem
~ 2
u + UAu + 'A 9/2u| P

u=f in (0,T),

u' (0) = u’.

(14)

u(0) = u°,
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Theorem 1. Assume condition (13). Let 0 and p be real
numbers with p > 1. Consider

u’ e D(A(l_e)/z),

uwew" (0,T),

u' e D(A_e/z),

u(t) = gy > 0,
(15)
vt € [0,T] (4 constant),

few" (0,1;D (A7),
Then there exists a function u in the class
ue L®(0,1;D (A7),
u' e L% (0, ;D (A7), (16)
u" e L% (0,T; D (A™197))

such that u is solution of the equation

2
u" + uAu + |A_9/2u' Py
17)

=f inL®(0,T;D (A7)
and satisfies the initial conditions
u@©=u’, U (0)=u. (18)

Remark 2. When p = 1 it is possible to obtain a solution u
of Problem (14) by using the Theory of Semigroups (cf. Pazy

[71).

To formulate the second problem, we introduce some
notations. In fact, let us define

y=D(A"??), z=D(a?), Xx=D(4"),
(19)
where
—Qs/\<ﬂ, AeR. (20)
2 2
By (12) we have
Y o X s Z. (21)

Consider Problem (4) with F(u) = |lullco(o77,x) and vy =
0, that is, the problem

u" + uAu + lulcoorou = f in (0,7), o)
22

u(0) =0, u' (0) =u'.

Theorem 3. Assume that 0, u', and f satisfy the hypotheses
of Theorem 1 and u° = 0. Then there exists a function u in the
class (16) such that u is solution of the problem

U+ pAu+ ullcogo ot
—f inL® (O,T;D(A_(1+6)/2))> (23)

u(0) =0, u' (0) =u'.
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Remark 4. Note that if u belongs to class (16) then u €
C°([0, T); X) (cf. Lions and Magenes [8]).

Corollary 5. Under the same hypotheses of Theorem 1, there
exists a function u in the class (16) such that u is solution of the
problem

"+ pAu+ |l o = fin L (0,T;D (A™102)),

u(0) =0, u' (0) =u'.

(24)

We analyze the uniqueness of solutions. Consider 6 = 0
in Theorem 1. Then the solution u gives by this theorem when
0 = 0 satisfies

ueL”(0,1;D(A"?)),
u € L®(0,T;H), (25)
u" e L% (0, ;D (A7),

'+ pAu + lu*Pu = f inL% (0, T;D (A_l/z)) ,

(26)
u(0) =, u' (0) =u'.
Theorem 6. Let p > 1 be a real number. Consider
u’eD(AV), u'eH,
u satisfying (15), with y' € L®(0,T), (27)

few" (0,1;D(A77)).

Then there exists a unique solution u of Problem (26) in the
class (25).

We do not know if there is uniqueness of solutions for
Theorem 3, even when 0 = 0.
In what follows we prove the above results.

3. Proof of Theorem 1

Before proving the theorem, we make some considerations
on the operator A”. Recall hypothesis (13). By solving the
spectral problem ((u,v)) = A(u,v), for all v € V, we
determine the eigenfunctions and eigenvalues, respectively,
(w,) and (A,) of the operator A, that is,

Aw, =Aw, v=12,...,

(28)

A, — 00, v— 00.

Note that (w,) is a Hilbert basis of H (cf. Brezis [9] and
Komornik [10]).
Letbe a € R, & > 0. Then the linear operator

A*:D(A%) — H (29)
is continuous, bijective, and

A'u= YA (ww,)w, YueD(A). (30)

r=1

Also,
(A%

:H — D(A") (31)

is given by

(A = S0 (fw)w VEH ()

These results can be found in Lions [1] and Medeiros and
Milla Miranda [11].
Introduce the adjoint operator (A%)* of A%, that is,
(A%)" : H — D(AY)'
((A) f:2) oy = (£ A%2),

where & = D(A%). Note that H is identified with H'. By the
properties of A%, we have that

(33)
Vze X,

(A%)" is linear, continuous and bijective. (34)

Thus, the linear operator

[(a")]"

is continuous and bijective.

:D(AY) — H (35)

Proposition 7. Let f € H and g € D(A*)'. Then one has the
following.

(i) 2321 /\i(f’ wv)w

 converges in D(A%Y, and
(A f = 35 (), 36)
(ii) ijl A5G w,) g1y qw, converges in H, and
(CONIPED Y RICAIRETNC2

where & = D(A%).

Proof. We prove (i). As f € H, we have

f= Z (frw,)w, (38)

Considetr z € . Then noting that (w,, w,) g7xq = (W, w,),
we obtain

n)t“ W, W, Z
<V_va(f ) >H
S QXITTRRS  CUATI S
')

u=1

n

= Y A (fw) (zw,).

V=m



On the other hand, by (30) we derive

(Zm () A”‘Z) - <Zm (fow)w, gag (=

n

= 2 (fw)(zw,).

V=m

wﬂ)w,,)

(40)

The last two expressions give

(Brveee)  =(3swers)

(41)
This and (38) provide that

n

Z/\?(f’wv)wv_)o infl”’ as m,n — 0OQ. (42)

y=m

So (i), is proved. Taking the limit in (41) and observing (33),,
we obtain (36).

We prove (ii). We have that there exists a unique f € H
such that

(A%)'f =g (43)
By (33), and (30),, we have

(99 = ()0 400, ) =X ()

(44)
Then
n n
ZAva<g’ w1,>5[,x2-w1, = z (f’ wv) w,,. (45)
v=m v=m
This implies that

n
Z/\;“<g, W,) g1 qW, — 0 in H as m,n — co. (46)

V=m

Thus (ii), is proved. By (43) and (45), we obtain

o o0
- #1-1
Z/\va<g’ wv>3”’><grwv = Z (f’ wv) w, = f = [(Aa) ] g
v=1 v=1
(47)
This concludes the proof of the proposition. O

Motived by (37), we equip the space D(A%)" with the
scalar product

(9, h)D(A“
= ([(a] 9. [(a)] ')
= (OZO:Av“<g’ wV)I’X%wV’ OZO:A/T <h’ wﬂ>£l”><f[wl4) >

7 (48)
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where & = D(A%). This scalar product on 2 ! yields a norm

W,) g1y qW,|  (49)

9oy = [(4%)°] gu

which is equivalent to the usual norm of D(A“)'.

By similarity between expressions (30) and (36) and
between (32) and (37), respectively, we introduce the nota-
tions

(4 =45 [a)] =@ 60
Also we use the notation

(A% = A =D(4%). (51)

With these considerations and expressions (29) and (33), we
obtain

DA% 25 H A p(a™) (52)
and by expressions (35) and (31),
DA% 5 HAS paY). (53)

Also by (37) and (48), (49), respectively, we find

Ag = ZA;(X(’]’ wu/)D(A*a)xD(Av‘)ww VgeD(A™),
=1
(54)
(@M)pas = (A9 A7h),  |glpu« =14"9|.
(55)

Proposition 8. Consider f3, y € R. Then the linear operator
A7 D(4F) — D(arF) (56)
defined by
(A"9,2) sy parsy = (AP A7F2) - (57)

is continuous.

Proof. We obtain
(A 3,2) | < [AP 3] |ATP2] = [l a2l 35 (58)
where % = D(A"P). Then

HAYLV"y < lpasy Yy e D(Aﬁ) (59)

which proves the proposition. O
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Proof of Theorem 1. We use the Galerkin method (cf. Lions
[12] and Vicente and Frota [13]). Thus consider an approxi-
mate solution u,, of Problem (14); that is,

Uy () = ) Gjon (w3 (60)
j=1
(s ;) + 1 (At ;) + |47 0, |7 (11 0,)

= <f’wj>D(AV0),><D(AV0)) j: 1,2,...,7}1;

(61)
u,, (0) = M Z<u w]>E,XE wj;
! 1 i 1
lzlm (0) = um = Z<M ,wj>G,Xij,
j=1
where E = D(A™""?) and G = D(A""). O

Remark 9. Note that
0 0
u, — u

in D (A(H’)/z),

|A(1—9)/2u?n| < 'A(I—G)/2u0| ,

(62)
u:n —u4' inD (A—e/z) R
|A9/2 1|<'A9/2 1|
Remark 10. Observe that if y < 0 then
(= wj>D(A*V)><D(AV) =(zw), j=12... (&3

Multiply both sides of (61); by g}m(t)k;e and add from

j=1lupto j =m. We obtain

(u;,A_eu:n) +u (Aum,A_eu:n)

+ |A*9/2um|2p (4 A, (64)
B <fA W/ xw’
where
“D(AY), = % (65)
Then,

1d, _
Ea|Ao/2l|+2dt(|A(19 m'z)
1 i|A"6/2

+ .2(p+1)
2(p+1)dt

(66)

m

= AT (AT

By Proposition 8 with y = 0 and 8 = -y, and noting that
Yo — 0 = (1 — 6)/2, we obtain

(A*Vof) AYofewj) — (A*Vof) A(I*G)/ij) )

(67)

<f’ A79w1'>w’><w =

Substituting this equality into (66) and integrating on [0, t],
we obtain

%|A_9/2u:n (l‘)'2 + %y ) 'A(l‘e)/zum (l‘)|2

-9/ (p+1)
+—2(p+1)|A u,, (t)|

(", (1-6)/2 2
3| @, o as

(68)

t
+ J (A_y"f (s) ,A(l_o)/zu:n (s)) ds
0
1, 2
+ E'A 0121 | + u(0) |A(1 qufn

A0, o 2(p+1)

2(p+1)|

Note that
1(*, (1-6)/2 2
3 . u (s) |A u,, (s)| ds

' ) )
#s))rl _ 2
<2 J;) T [Z# (S)] |14(1 0)/214,” (5)| ds.

Also

r (A f (s), AYP0 (5)) ds
0
= ( ATNF@), A(H’)/zum (t))

_ (A_Yof (0) ,A“"Q)/zufn)

(70)

- Jt (A_y"f' (s), A(l_e)/zum (s)) ds,
0
(A7 f (1), AP0, )|

1 2 1 (1-6)/2 2
< — cofommfa-n)y T ¢ () |A u,, ()| ,
Yo I£11% (omp(an)) T 4 H | '

jt (A%f' (s), A0y, (5)) ds
0

(71)

+ All J: |A770f’ (S)' I:‘l/l (5) 'A(lfe)/zum (S)'st] .



Substituting (69)-(71) into (68), we find

%'A-e/zu:n (t)|2 N ?liﬂ(t) 'A(I—G)/zum (t)|2

. (p+1)
— Ay of

[ @[ 1
L ” [ u(s )|A“ o2, (5)| ds] 72)
+ M+ AT f(0)]|A | + N

s ol oo, o ]
+ E(0),
where

M = _“f"LOO(O,T;D(A’Vo))’

Ho

N = L JT |A_9/2f' (s)|ds,
Ho Jo

(73)
1y .- 2
E(0) = E'A 20" /4(0)|A(1 920
+ |A"9/2u°'2(P+1).
2(p+1)
Applying Gronwall inequality in (72), we deduce
1y - 2 1 _ 2
5|A Py )]+ naQ |A%O2y, @)
1 2(p+1)
+ t
2(p+ 1)' i )|
(74)

< (E@©) +M+|A™"f(0) |A“*9>/2u°| +N)
% expj [/uplu' @)1+ AT f ())]]d

vt € [0,T].

With this inequality, we determine a subsequence of (u,,,),
still denoted by (u,,), and a function u such that

u,, — u weak star in L (0,T; D (A""?)),
uy, — u' weak star in L (0,T; D (A™%?)). 7
By (13) we have that
D (A"} is compactly embedding in D (A™?) (76)

(cf. [1] and [11]). Then convergences (75) and Aubin-Lions
Theorem (cf. [14]) imply

Uy, — u in L% (0,T;D(A?)). (77)
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Therefore,
- 2p — 2p
'A 9/2um' R |A 9/2u|
This convergence and convergence (75), provide

. 2p
'A e/zum| u,,

in L*(0,T). (78)

N 'A—6/2u|2pu
(79)
weak star in L™ (0, T:D (A(l—e)/Z))
which implies
.A—G/Zum'ZPum . |A_g/2u'2p
weak star in L* (0, T; D (A7)

since (1 — 0)/2 > —y,, y, defined in (65).

In order to obtain an estimate for (i), we apply the
method of projections to the approximate equation (61) (cf.
Lions [12]). Thus, we consider the orthogonal projection

(80)

™Mz

P,:H—V, cH,  P,z-=

m

(zw;)ws (81
1

J

where V,, is the subspace generated by w,, w,, ..., w,,.
By similar arguments employed to obtain (67) and by (54)
or (30), we find

<f >D(A-m )XD(A) (A yof Alw ) /\)J)'O (A yof’wj)'
(82)
Multiply both members of (61); by A;"w; and add
from j = 1 up to j = m. Then, applying to this result,
expression (82), affirmation (54), or (30) and noting that
Ayl AT (Au,,), |A 0, PP Ay, belong to V,, we
obtain

AU+ uATY (Au,,) + 'A_G/ 2um|2pA_y°u

— Pm (A—Vof)

which gives

m

(83)

'A_“u::,' <u |A(1_9)/2u

ol
, (84)
+ ClATu, [T |ACOPy, |+ a7 g

Then estimates (74) and (80) provide
(”:r’;) is bounded in L™ (0,T; D (A™")). (85)

Thus, there exists a subsequence of (u:;), still denoted by (u::l),
such that
u — u'" weak star in L® (0, T; D (A7")). (86)

Expressions (75) and (86) tell us that u belongs to class
(16). Convergences (75);, (80), and (86) allow us to pass to
limit in (83) and to obtain

AT+ AT (uAu) + 'A_6/2u|2PA_V"u =ATf  (87)

which provides (17). Initial conditions (18) follow from
convergences (75) and (86).
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4, Proof of Theorem 3

The idea is to apply a fixed point argument to the problem

u,'c' +pAu +ku, = f in (0,T),

(88)
u, (0) =0 u, (0) = u',

where k € R,k > 0.
We solve (88). Consider an approximate solution uy, of
(88) given by

Upn (1) = ) Gjom (D W) (89)

=
(ukm, w; ) +u (Aukm, w; ) +k (ukm, w])
={f, wj>D(AV0)’><D(A70)’ j=12...,m  (90)

By similar arguments used to obtain (74), we derive

u,’cm (0) = ”;141-

%'A My o + }l‘u OA% 2w, (0

ky -
+ E|A e/zukm (t)'z o

T
<L expjo abdt _ g,
Vi € [0,T],Vk = 0,Vm,

where

L= %|A*"/2 1| +M+N (M and N defined in (73)),

a® = | ] +]Af ]
(92)
The preceding inequality gives
(t4,,) is bounded in L™ (O,T;D (A(l_e)/z)) ,
Vm, Vk > 0;
(93)
(u,'cm) is bounded in L% (O,T;D (A—e/z)) ,
Vm, Vk > 0.
By the projection method, we obtain, as in (83),
Ay 4 uAT (Auy,) + kA Puy, = P, (AT f). (94)
This and estimate (91) provide
(u,’c'm) is bounded in L (0, ;D (A™)), Vm. (95)

Estimates (93) and (95) allow us to find a subsequence of
(tg,,,)> still denoted by (uy,,,), and a function u; such that, by
passing to limit in (94), we obtain

Ay + AT (Aug) + kA ™V0u,
(96)
=AT"f inL”(0,T;H).

This, initial conditions (90),, and estimates (95) imply

w, + pAu +kug = £ in L (0,T;D (A™));
(97)

u (0) =0 u, (0) = u'.

By taking the lim inf in both side of (91), we obtain

2 2
luil oz + Tty <P VEZ 0. (98)

AsY — X < Z and the embedding Y in X are compact
(A < (1-0)/2), it follows from of Aubin-Lions Theorem (see
Simon [14]) that

”uk”C"([O,T];X) <P, Vk=0. (99)
Define the map
yil0,00) =R,  y(k)=

where u, is the solution of Problem (97). We will prove that ¢
has a fixed point. Consider only the case f #0. The case f = 0
is outside of our attention. We will prove the following results.

"uk"C‘)([O,T];X)’ (100)

(I) One has y(0) > 0.

In fact if y(0) = 0, we have that u, = 0 is a solution of
(97) with k = 0, but this a contradiction since f #0.

(II) One has v is continuous on [0, 00).
Let k, > 0. Consider k > 0. By (94) and (90), we obtain
U, + Ay, + ki, = AVP, (A f);
U (0) =0, 1y, (0) =1},

(101)
Upeom T MAukom + kOukOm = AVOPm (A_Vof) ’

Up (0) =0 U (0) = 1.

Use the notation z,,
problems give

= Uy, — Uy, Then the preceding

- (k - kO) Ukems

z, (0) =

z, + YAz, +koz,, = 102
z,,(0) =0,

Taking the scalar product of H of both sides of this
equation with A_ez:n, we find

A

2dt
AT, [ = ko) (s 477,
We have
(v A1) = (A0, A PP2)) . (104)
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Integrating on [0, t] both sides of the last two expressions, we Taking into account estimate (91) in (107) and (109), we
derive find

~Yo (1-0)/2
%|A_9/22:n (t)'z + %“(t) |A(1—e)/zzm (t)|2 |(A s, (£), A z,, (t))|

2C’R
<

1 _
. %'A_e/zzm (t)|2 +-p(t) |A(1 0)/2Zm (t)|2,

t (110)
- % Jtﬂl (s)|A" ", (s)|2ds Jo (A7, (5), 402, (5)) ds
0
t CZRT 1t (1-6)/2 2
i . (1-0)/2,,1 < + —J pu(s)|A z,, (s)| ds.
(=) [ (A (9,472, 9) s, 3 MO |
(105)
Substituting the last two inequalities into (106), we obtain
We obtain
t
|k—k0|J0 (A1, (5), 40022 ()] dis
t
- 1-6)/2 1
Jo (A YU (5), A z,, (s)) ds 2C2
[k kol
= (A"up, (1), A2, (1) (106)
1 (1-6)/2 2 CRT
t — |k —ko|p(t)|A t — |k—k
L(Ay"u (s), A" 02 (s)) +2| 0|p¢()| Zm()' o | ol
1 ' -0/, (o
+5|k—ko|J u(s) .A z,, (s)| ds.
As (1-0)/2 > —y,, we have 0 (111)
|( APu (1), ALO2, (t))' Combining this inequality with (105), we derive
< C|AT Iy, (1) |4, 1) )

2 ] . %|A*9/2Z:n (t)'Z N ( 0 u(t) |A(170)/2zm (t)'z

< 2_ |A(1—9)/2ukm (t)’ + E‘u (t) |A(1—9)/22m (t)| . .

) +Ffa Pz, 0f
2

(107)
AlSO, < -— J |M (5)' [AM (5) |A1 9)/22 (S)| ] (112)
2C°R  C?
(A Yoy A(l -6)/ ) _ (Afe/zu;cm’ A’g/zzm), (108) + [ 2 + ERT] |k — k|

t 1 t _
I (A oul (s), A0 e)/zz (s))ds *3 |k — ko L p(s) |A(1 e)/zzm (S)'st.
0

t
< J |A Py ’ m (S) ”A 6/22 (s) | ds Considering |k—k,| < 1/2 and using the Gronwall inequality,
0 this expression gives
t
< J Cla™u,, () [AY 2, ()] ds (109)
0 Loz 1 o2 1 1 40-0)2 2
E|A z, ()] + ZMO|A 2, (8)]

e J a2, o) dt

24 (113)

¥ %|A‘9/2zm O] <R k=K,

%J 1 (s) |A(1 -0/ 20 (s)' ds. vt € [0,T],
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where the constant R; > 0 is independent of 1 and k. Taking
the lim inf in both sides of this inequality, we find

1A w0 -, @)
+ %|A“‘9)/2 (uk ) - 1, (t))'z (114)

<R |k—ky|, Vtel0,T].

By Simon [14] and noting that the embedding of Y in X is
compact, we derive

u — 1y, in C°([0,T];X), k— k. (115)

Thus.

"uk"C"([O,T];X) - "uko C0([0,T);X)’ k— ko (116)

which proves the continuity of y at k, > 0. In similar way we
prove the continuity of y at k, = 0.

(III) One has y(k) — O0ask — oo.

Let (k;) be a sequence of positive numbers with k; — oo.
It follows from (98) and the compactness of the embedding
of Y in X that there exists a subsequence of (k;), still denoted
by (k;), and a function y such that

w, — x in C°([0,T];X). (117)
This implies
u, — x in L*(0,T;Z). (118)

By estimate (91), we obtain

§||uk||§z(0m) <R, Vkz0. (119)
Then
w, — 0 in L*(0,T;Z). (120)
Convergences (118) and (120) provide
x =0. (121)
Thus by (117) we find
u, — 0 in C°([0,T];X). (122)

As the sequence (k;) was arbitrary and the limit of () is
always the same, we conclude that

u, — 0 in C°([0,T];X), k— oo. (123)
Thus
"“k"d([o,ﬂ;x) —0, k— o0 (124)

which proves part (III).

By (I)-(III), we deduce that there exists k > 0,k € R such
that

v (k) = k. (125)

Considering this k in (97), we obtain a solution u of (22) that

satisfies all conditions of the theorem.
The proof of Corollary 5 follows by defining the map

y:0,00) = R,y (k) = iy (126)
where 1 is the solution of the problem
up +pAu +kue = f in L*(0,T;D (A_(1+9)/2));
(127)

u(0) =0, u' (0) =,

and applying similar arguments to those used in the proof of
Theorem 3.

5. Proof of Theorem 6

Let u and z be solutions of Problem (26) with © and z in class
(25). Consider w = u — z. Then by (26) we have

w” + pAw + [ulPw + ([ul*? - |217) z
=0 in L% (0, ;D (A7), (128)
w(0) =0, w' (0) = 0.

Fix 0 < s < T. Consider 0 < t < s. Introduce the function

t

y(t) = J w (1) dr.

N

(129)

We have
y € c’ ([0,5] ;D(Al/z));
ae. t€(0,);

y()=0, ¥y () =w(

t
Ay () = I APw@ydn, Ay 1) = Aw ()

s t
y(t) =- L w(r)dr + Jo w (1) dr.
(130)

Apply the operator given by the first member of (128), to y(t).
We obtain

(W' @®,y®), ,+ 1O (AW ©),y () g
+lu @ (w(t), y ()
+(lu P -1z @®F) (z@®), y ()

=0, ae.te(0,59),

(131)
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where E = D(A"?). By (130),, we find

" d ’ 1d
(W' ®.yO) = 7 (W O w®) =S Flw®F.
(132)
Also by (130)5,
1d 12
B0 (A0 0), ) pg = 55 [1O |47y O
(133)

[4/ ) |A1/2y(t)'2.

Integrate (131) on [0, s] and use (128);, (130), (132), and (133).
We deduce

s 2
lIw(s)l2 + ly(o) Ij AV () dt
2 2 0

= _%J i (t) |A”2y(t)| dt
(134)
j (O (w (), y (1)) dt
+ j [l O - 12 OF] (2 1), y () dt.
We modify each term of the second member of (134). We have
t s
A%y (1) =J AV (1) dT—J AY?w(r)dr.  (135)
0 0

Then

J,Je @42y e

<2 [ of|[ A”werdn ar
0 0

s s 2
+2 JO |;4' (t)' Uo AV (1) dz| dt (136)

N
2
0

s 2
2 J Ay () dr
0

2

u(0) Uot Ay (1) dt| dt

W)
0

r |;4’ (t)| dt.
0

First, we assume that y' #0. In this case, we choose s, =
min{y(O)/SIIy'IILm(O’T), 1,T} > 0. We have

s 2
ZIJ Ay (r)dr
0

Jo 1o @]
0

2 (137)

>

—u(0)

J Ay (r)dr
0

0<s<s,.
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Combining this last inequality with (136), we find

J; W oy ofa

slu () t 2

ZJ @] [,4(0) U AV (1) d ] dt (138
0 U 0
1 Y 2

+4—1M(0) A w(r)dr|, 0<s<s,.

0
We introduce the notations
"”"LOO(O,T;H) <SS, ||Z||L°0(0,T;H) <S,. (139)

(Note that w € C°([0,T]; H) since w belongs to class (25)).
We have

L W OF (w0, y 1) dt‘

1 (140)
1 S N
< zs? L lw ()*dt + Esff’ L |y (6)|dt.
By (130),, we obtain
5 s 2 t 2
|y(t)| < Z[J |w (1)| dr] + 2[J |lw (7)| dr]
0 0 (141)
< 4sJ. lw ()|’ d.
0
Therefore
r ly (1) dt < 45 J lw (t)dt. (142)
0 0
Combining (140) and (142), we deduce
[ 0P e,y o)a
° (143)

< sZPJ “lw (t))dt + 4877s 2[ ~|w (£)|*dt.
The preceding inequality with 0 < s < s, gives

IL lu@®)? (w(t), y () dt

< 55?’} %|w(t)|2dt. (144)
0

On the other hand,
@)1 =1z OFF = (lu®OF +1z®OF) (u®OF - 12@)),
lu @)1 = 1z @] < p(S; +8,)7 " w ()]

(145)

Hence,
lu @ = 1z O] < Nw ()], (146)

where
=p(SL+85) (S, +8,)7" (147)
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Thus estimate (146) gives

UO (lu @I = 1zOFF) (z(), y () dt‘

< NS, J lw @) |y )] dt (148)
0
N 1 2 1 N 5

< NSZJ —|w ()|°dt + —NSZJ ly )| dt.
02 2 0

This expressions, (142), and 0 < s < s, provide
L (1 P = 12 0) (20, y (1) dt‘
(149)

N
1
< 5NS, j —|w ()| dt.
02
Combining inequalities (138), (144), and (149) with inequality
(134), we obtain

s 2
l|w(s)|2 + lM(O) U A0 (r)dr
2 4 0

!
s t) t 2
2J y_' [M(O)IJ Al/zw(r)dr ]dt
0o MU 0
+ (55 + 5st)j Lword, o<s<s,
02
(150)
This implies
w(s)=0, 0<s<s,. (151)

We will prove that w'(s,) = 0. In fact as w belongs to
class (25) we have that w' € CE([O, Sols H); that s, (Ww'(t), &) is
continuous on [0, s,] for all £ € H. Consider & € D(A). Then
by (128), we obtain

(" ®),8),,  + (Aw®),8) pp + lu OFF (w (1),

+(lu @ - 1z (O1) (2 (1), )
=0, ae te(0,sp).
(152)
Integrating this equality on [0, s,] and using (151), we derive

So

(& (5):8)+ [ (w P = 2 OP) 20, e = .
(153)

This, (146), and (151) give

@ ). 8)] < | [ = 2 0P?) 1z 0]t
(154)

1
< j N |w(#) 1z ()] €| dt = 0.
0

1

Therefore, (w'(so),f) = 0 for all £ € D(A). By density we
obtain (w'(s,),€) = 0 for all £ € H. Thus w'(s,)) = 0. Note
that the constants S;, S,, and N given, respectively, by (139)
and (147) are independent of 0 < s < s,,.

We apply similar arguments to the problem

w” + Aw + [ulPw + (Jul*? - 21) 2

=0 in L (s, 25D (A7), (155)

w(sy) =0, w' (s) =0

and we obtain w(s) = 0 for s, < s < 2s,. After a finite number
of steps we proof that w(s) =0for0 <s < T.

When pt' = 0, that is, u(t) = py,, forallt e [0,T],
expressions (144), (149), and similar arguments used to obtain
the preceding result, allow us to deduce the uniqueness of
solutions in this case.

6. Applications

Let Q be an open bounded set of R"” with boundary I' of
class C*™. Let A = —A be the self-adjoint operator defined by
the triplet {Hé (Q), L*(Q), ((u, v))}, where ((1, v)) denotes the
usual scalar product of Hé (Q). The norm of L*(Q) is denoted
by |u].

Lemmall. Let 0 > —1 be a real number. Then, D(A(”e)/z) is
contained in H'*%(Q) and

the embedding of D (A(1+9)/2) in H'% (Q) is continuous.
(156)

Proof. First we prove (156) when (1 + 0)/2 = m, m a natural
number. More precisely, we prove that if u € D(A™), then
u € H™(Q) and

el gy < Cpe |A™u]. (157)

To prove (157), we use the method of mathematical induction.
Consider m = 1 and u € D(A). Then, by the regularity of
solutions of elliptic problems, we obtain u € H*((2) and

el < Co lAy|. (158)
Assume that (157) holds for m = h. Consider u € D(A™).
Then, Au € D(A"). By induction hypothesis it follows that

Au € H*(Q) and

| At n oy < Gy |A" (Aw)| = |4" 0. (159)
Consider the problem
Au=g in Q,
(160)
u=0 on I,

where g = Au. As g € H*"(Q), by the regularity of solutions
of elliptic problems, we have u € H 22(()) and

”u”HZh*Z(Q) < C* ||Au||th(Q). (161)



12

Inequalities (159) and (161) provide

Ity < C*C [A" | = G,y | A" M| (162)

This and (158) prove (157).

Next we use the interpolation of Hilbert spaces. Consider
a natural number m such that 2m > 1 + 0. By results of
intermediate spaces, we have

(2" (Q), L (Q)]y =H"™(@Q), 0<y<l.  (163)

(cf. Lions and Magenes [8]). We have by (157) that the
injections

D(Am) —>H2m (Q),

D(A%) =17 (@) — I*(®) (164)

are continuous. Then, by interpolation of Hilbert spaces, we
have that the injection

0<y<l1
(165)

[D(a™), L2 @)] — [H" (@), @)],

is continuous. We choose y, = 1 — (1 +8)/2m. Then, by (163),
we obtain

(B (@), (@] =H""(@). (166)

Also
[D(a™), L (Q)]% =D (A"7). (167)
These last two equalities and (165) give the lemma. O

Consider the operator 8(x—x,), x, € Q. For0 > (n/2)-1;
we have that

H'"(Q) = C°(Q). (168)
This embedding and (156) imply that
the embedding of D (A(1+9)/2) in C°(Q)
(169)
. . n
is continuous (6 > 3 1).
Define
(6(x-x0),9)=¢(x,), 9D (A(He)/z) . (170)

By (169) we have that §(x — x,) € D(A~ 1972y Thys, for

f=v8(x-x,) withveWw" (0,T),
. (171)
8 (x —xp) € D(A™72) <9 > 1),

Theorems 1 and 3 give, respectively, solutions u of problems
(14) and (22).

ISRN Applied Mathematics

Consider (171) for the particular case 8 = 0. Then
Theorems 1 and 6 provide a unique solution u of the problem

b p
Uy — Ullyy, + (J |u|2dx> u

=8 (x — xp) (p=1);

in (a, b) X (O, T) (172)
u(a,t)=u(b,t)=0, te(0,T);
u(x,0) =1’ (x), u,(x,O):ul(x), x € (a,b).

On the other hand, we have X = L*(Q) if A = 0 (X defined in
(21)). In this case —9/2 < 0 < (1 -0)/2, thatis, 0 < 0 < 1. The
two restrictions 6 > /2 — 1 and 0 < 0 < 1 give, respectively,
forn = 1,2, and 3 the variations 0 < 6 < 1,0 < 0 < 1, and
1/2 < 0 < 1. In all three cases, Corollary 5 gives a solution u
of the problem

T p/2
u - pAu + [J <J |u|2dx> dt] u
0 \Ja

=v(x-x)) inQxOT) (pz1); (73

u=0 inI'x(0,T);

u(x,0) =u0(x), u' (x,0) =u' (x), x€Q,

where Q) is an open bounded set of R", n = 1,2, 3.
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