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We consider a nonsmooth multiobjective programming problem where the functions involved are nondifferentiable. The class of
univex functions is generalized to a far wider class of (¢, &, p, 0)-d;-V-type I univex functions. Then, through various nontrivial
examples, we illustrate that the class introduced is new and extends several known classes existing in the literature. Based upon
these generalized functions, Karush-Kuhn-Tucker type sufficient optimality conditions are established. Further, we derive weak,

strong, converse, and strict converse duality theorems for Mond-Weir type multiobjective dual program.

1. Introduction

Generalizations of convexity related to optimality conditions
and duality for nonlinear single objective or multiobjective
optimization problems have been of much interest in the
recent past and thus explored the extent of optimality condi-
tions and duality applicability in mathematical programming
problems. Consequently, various generalizations of convex
functions have been introduced in the literature (see Hanson
[1], Vial [2], Hanson and Mond [3], Jeyakumar and Mond [4],
Hanson et al. [5], Liang et al. [6], and Gulati et al. [7]).
Nonsmooth optimization provides analytical tools for
studying optimization problems involving functions that are
not differentiable in the usual sense. Several nonlinear anal-
ysis problems arise from areas of optimization theory, game
theory, differential equations, mathematical physics, convex
analysis, and nonlinear functional analysis. For a nondiffer-
entiable multiobjective programming problem, there exists a
generalization of invexity to locally Lipschitz functions with
gradients replaced by the Clarke generalized subgradient.
Instead of Clarke generalized subgradient, Ye [8] used the
concept of directional derivative to define the class of d invex

functions. Also, he derived necessary and sufficient opti-
mality conditions taking functions f'(x,;y) and g}(xo; ¥)
to be convex. However, Antczak [9] considered the direc-
tional derivatives of objective and constraint functions to be
preinvex and derived duality results for Wolfe type, Mond-
Weir type, and mixed type dual programs. Mishra and Noor
[10] extended the class of functions to d-V-type I functions
and obtained sufficient optimality and duality results for
Mond-Weir type multiobjective dual program. Nahak and
Mohapatra [11] obtained duality results for multiobjective
programming problem under (d-p-#-0) invexity assump-
tions. Slimani and Radjef [12] introduced a far wider class
of nondifferentiable functions called d;-V-type I functions
in which each component is directionally differentiable in its
own direction instead of the same direction and established
sufficient optimality and duality results.

On the other hand, Bector et al. [13] generalized the
notion of convexity to univex functions. Rueda et al. [14]
obtained optimality and duality results for several mathemat-
ical programs by combining the concepts of type I and univex
functions. Mishra [15] obtained optimality results and saddle
point results for multiobjective programs under generalized
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type I univex functions. Generalizing the functions, Mishra
et al. [16] obtained duality results for a nondifferentiable
multiobjective programming problem under generalized d-
univexity. As an extension, Ahmad [17] introduced a new
class of d;-V-type I univex functions which was generalized
toaclass of (d;-p-0)- V-type I univex functions by Kharbanda
et al. [18].

In this paper, we introduce a new generalized class of
(@, a, p,0)-d;-V-type 1 univex functions which generalizes
the class of functions introduced by Kharbanda et al. [18],
Ahmad [17], Slimani and Radjef [12], Mishra and Noor [10],
Mishra etal. [16], Antczak [9], Suneja and Srivastava [19], and
Ye [8]. Further, we establish weak, strong, converse, and strict
converse duality results for Mond-Weir type multiobjective
dual program.

2. Preliminaries and Definitions

The following convention of vectors in R" will be followed
throughout this paper: x 2 y © x; 2 y;,i = 1,2,...,m;
XZ2yexZyxFyx>yex >y,i=12,...,nLet
D be a nonempty subset of R”,# : D x D — R", and let x,
be an arbitrary pointof Dandh : D — R,f: D — R",
$:R = R,b:DxD — R,.Also,wedenote R = {y: y ¢
R™and y > 0}, R§(>) ={y:yeRandy =0 (y>0)}and

i=T,m=1{1,2,...,m}, j= Lk={1,2,...,k}.

Definition 1 (Weir and Mond [20] and Weir and Jeyakumar
[21]). The function A is called preinvex on D if, for all x, x,, €
D, there exists a vector function # such that VA € [0, 1], x, +
Ay(x, x,) € D, one has

M(x)+ (1 =AM h(x,) 2 h(x,+Aq(x,x,)). (1)

Definition 2 (Mititelu [22]). The set D is said to be invex at x,
with respect to #, if, for each x € D,

x,+Ap(x,x,) €D, VAe[0,1]. (2)

D is said to be an invex set with respect to #, if D is invex at
each x, € D with respect to same #.

Definition 3 (Antczak [9]). Let D € R” be an invex set. An
m-dimensional vector-valued function ¢ : D — R is said
to be preinvex with respect to #, if each of its components is
preinvex on D with respect to the same function 7.

Definition 4 (Clarke [23]). The function h is said to be locally
Lipschitz at x, € D, if there exist a neighbourhood v(x,) of
x, and a constant k > 0 such that

|h(y)-h)| <k|y-=x|,

where || - || denotes the Euclidean norm. Also, one says that i
is locally Lipschitz on D if it is locally Lipschitz at every point
of D.

Vx,y €v(x,), (3)

Definition 5 (Bector et al. [13]). A differentiable function A is
said to be univex at x, with respect to ¢, #, b if, Vx € D, one
has

b(x,%,) ¢ (h(x) = h(x,) 2 [Vh(x,)] 7 (x.x,). (@)
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Definition 6 (Mishra et al. [16]). Let D € R" be a nonempty
open set. The function f is called d-univex at x, € D with
respect to ¢, 7, b if it is directionally differentiable at x, such
that, for any x € D,

b (X’ xo) (/5 (f1 (X) - fz (xo)) = fi’ (xo; n (X’ xo)) > ( )
5

Vi=1,m,

where f; (x,;1(x, x,)) denotes the directional derivative of f;
at x,, in the direction 7(x, x,):

JACKVICEDN)

- lim fz ('xo + /\1’[ ('x’ xo)) B fz (xo)
A—0* A '

(6)

If the above inequalities are satisfied at any point x,, € D, then
f is said to be d-univex on D with respect to #.

Definition 7 (Slimani and Radjef [12]). The function h is
said to be semidirectionally differentiable at x, € D in the
direction #(x, x,) if its directional derivative h'(xo;iq(x, x,))
exists finite for all x € D.

Definition 8 (Slimani and Radjef [12]). Let D < R" be a
nonempty open set. The function f is called d;-invex at x,, €
D with respect to (#;),_1;,» if, for any x € D,

fi) = filxo) 2 fi (s (x,%,)),  Vi=Tm,  (7)

where f; is semidirectionally differentiable at x, in direction
n;:DxD — R" fori=1,m.

We consider the following nonlinear multiobjective pro-
gramming problem:

(MP)  Minimize f(x)=(f; (x), f,(%),..., f,, (%))

subjectto g (x) £0,
(8)
where x € D and the functions f: D — R™, g: D — Rk,
and D is a nonempty open subset of R”. Let X = {x € D :

g(x) £ 0} be the set of feasible solutions of (MP). For x, € D,
if we denote

J(x,)={je{l,2,....k} : g (x,) = 0},
T(xO)Z{jG{1,2,...,k}:gj(x0)<()}, )

f(xo):{je {l,2,...,k}:gj(xo)>0},

then

J(x,)UT(x,)UT (x,) ={1,2,...,k}. (10)
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Now we define a new class of(¢,a, p,0)-d;-V-type 1
univex functions where ¢ : D x D x R — R s a functional
which for any x, x, € D satisfies the following properties:

(1) @(x, x50, + a,) < @(x,x,50;) + ¢(x,x,;a,), for all
a;,a, € R, (subadditive in third argument);

(ii) p(x, x;a) = ap(x,xya), foralla € R, 2 0
and for all a € R, (positive homogeneous in third
argument);

(iii) @(x,x,;a) > 0, foralla > 0.

Let the functions f: D — R™and g: D — R* where
fiand g; are semidirectionally differentiable functions in the
directions7; : X xD — R"'and 6, : X x D — R" for
i = 1,m and j= 1, k. Also, let «, & be the vectors in Rk
whose components are the functions o, cxf : X XD — R\
{0}, &},&? : X xD — R, \ {0}, respectively, for i = 1,m,
j = 1,k, while p € R™* and 5 € R* whose components are

inRando : XXD — R"; b, and b, are nonnegative functions
definedon X x D, ¢, : R — R,and ¢, : R — R.

Definition 9. (f,g) is said to be (¢,«, p,0)-d;-V-type 1
univex at x, € D with respect to (#;),_5,, and (0; )J 1z if for
allx e X

by (%, %,) o (fi (%) = £; (x,))
2 ¢ (x%6: 05 (%,%,) f (%571 (3 %,)))

+potex )|’ Vi=T,m,

- bl (x’ xo) ¢1 (g] (xo))

2 ¢ (X, X0 ajz‘ (x’ xo) g; ('xo; ej (X, xo)))

i=1,m

(11)

+ Pi|la(x’ xo)"2’ V] = 1, k.

If the inequalities in f are strict (whenever x # x,), then
(f, g) is said to be semistrictly (¢, , p, 0)-d;-V-type I univex
at x,, with respect to (;),_1;; and (6; i) it
Remark 10. (i) If in the above definition, ¢(x, x,; oci1 (x,x,)
F o6, 20))) = 0 (36, %,) £ (x5 150, %,)), - p(ox, x5 05 (x,
xo)g;.(xo; Gj(x, x,))) = (sz.(x, xo)g;(xo;Gj(x, x,)), foralli =
I,mand j = L,k, then we obtain the definition of (d;-
p-0)-V-type I univex function given by Kharbanda et al.
[18]. Also, if in addition, we take pil,pf = 0, then the
above definition reduces to definition of d;-V-type I univex
function introduced by Ahmad [17].

(i) If ¢ is same as in (i) and p; ,p]

= 0, ocl(x x,)
o (xx) = L foralli = I,mand j = ﬁandb(x,x)
b (x,x ) = 1, ¢,(t) = t, and ¢,(t) = t, then the
above definition becomes definition of d;-V-type I function
introduced by Slimani and Radjef [12].

(iii) If f and g are differentiable functions and ¢(x, x,;

al (o, %) fl (s (36, %)) = o (6, x,) [VFi(x )1 T 1(x, x,),

P, X3 05 (X, 2,) (50302, %,))) = (%, %) [Vg(x,)]"
n(x, x,), and pil,p]? =0,i=1,mand j= 1,k and b,(x,x,) =
b(x,x,) = 1, ¢,(t) = t, ¢,(t) = t, then above definition
reduces to V-type I functions given by Hanson et al. [5].
Also, if, in addition, we take ocil (x,x,) = oc?(x, x,) = 1, then
we get the definition of type I function defined by Hanson
and Mond [3].

(iv) If, in the above definition, ¢(x, X, o] (x, x,) f; (03 1;
(6, %,))) = 0 (3, %,) £} (x5 11(, X)), @6, x5 065 (2, %,) g (%3
0;(x,x,))) = ocf(x, xo)g;.(xo; n(x,x,)), and pil,pf =0,i =
T,m,and j = 1,k and b,(x, x,) = b, (x,x,) = 1, ¢,(t) = t, and
¢,(t) = t, then we obtain the definition of d-type I function
introduced by Suneja and Srivastava [19].

Definition 11. (f, g) is said to be quasi (¢, &, p, 0)-d;-V-typel
univex at x, € D with respect to (;),_i;; and (6;) Py if for

some vectors p € Rg’, A€ Rg and forall x € X

i=1,m

bo (X, xo) (/50 < .Mt‘xz (x’ o) (fz (x) i (xo))> =0

i=1

i=1

= ¢ (xa xg5 Y i f; (i (%, xo))>

< o)

<ZA 2 (xx,) g; (x )>;0

k
=9 <x, X, Z)ng; (xo;ej (x, xo))>

Jj=1

(12)

< —ﬁzucf(x, xo)llz'

If the second (implied) inequality in f is strict (x # x,,),
then (f, g) is said to be semistrictly quasi (¢, &, p, 0)-d;-V-
type I univex at x, with respect to (;),_i; and (6;)

i=1,m i/ j=1k"

Definition 12. (f, g) is said to be pseudo (¢,&, p,0)-d;-V-
type I univex at x,, € D with respect to (1;);_1;; and (6;)

if for some vectors 4 € RY, A € Rg and for all x € X

i=1,m ]lk’

@ (x, X3 Y i f] (o3 (%, xo))>
i=1
2 ' lotx, x|

=:%wm0%<iw¢@mJUH@—ﬁwm>

I\

0)



k
® (x, X, Z)\jg;. (xo;Hj (x, xo))>

j=1

2 _ﬁz ”U (x7 xo)Hz

k
= by (x,x,) ¢, <Z/\j62]2. (x,%,) g (x0)> <0.
=
(13)

If the second (implied) inequality in f (resp.,g) is
strict (x #x,), then (f, g) is said to be semistrictly pseudo
(o, &, p,0)-d;-V-typelunivexin f (resp., g) and if the second
(implied) inequalities in f and g are both strict, then (f, g) is
said to be strictly pseudo (¢, &, p, 0)-d;- V-type I univex at x,,
with respect to (1;);_17; and (6, )] T
Definition 13. (f, g) is said to be quasi-pseudo (¢, &, p,0)-
d;-V-type I univex at x, € D with respect to (#;),_1;; and

(Gj)].:ﬁ, if for some vectors y € Rg, A€ R; andforallx € X
by (%, %,) @5 <ZM@3 (%, x,) (f; (%) = f; (%))) <0
i=1

=9 <X, X0 Z/’lifi, (xo; i (X, xo)))

i=1

< —p' ot x|

k
® (x, X,; ZAjg; (xo; 0; (x, xo))>

j=1

(14)

2 ot x|

k
= b (x, xo) ¢ (Z)‘j&? (x, xo) gj (xo)> 0.
j=1

If the second (implied) inequality in g is strict (x # x,),
then (f, g) is said to be quasistrictly pseudo (¢, &, p, 0)-d;- V-
type I univex at x, with respect to (1,),_1; and (6)

i=1,m jlk

Definition 14. (f, g) is said to be pseudo-quasi (¢, &, p, 0)-
d;-V-type I univex at x, € D with respect to (7;) and

i=l,m

(6.). —, if for some vectors y € R”, A € R¥ and forall x € X
77 j=1k U > >

(x Xo5 Z/’ll 0’711 x5 X )))

> 5" o x x,)|°

— b5 B () 69 15

1\%

0,
(15)
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k
by (x, %) ¢, Z (%, %,) g; (x,) | 20

L (16)
=¢<x,xo;zkjgj (30, <x,xo>)>

j=1
< o)

If the second (implied) inequality in f is strict (x # x,,),
then (f, g) is said to be strictly pseudo-quasi (¢, &, p, 0)-d;-
V-type I univex at x,, with respect to (17;);_t; and (6,)

i=l,m i/ j=1k"

3. Illustration

In this section, we give some nontrivial examples which
illustrate that the class of functions introduced in this paper
is nonempty.

Example 15. Let f: R* — Rand g: R> — Rbe defined by

Xt 4 x5+ x| +4 if x; #0,x,#0
f(x,x,)=14 ifx;=0,x,=0
8+ +x; else, 17)
—2-4x} - 6x5 if x;#0,x,#0
X1, %,) =
g( 1 2) { else.

Letn(x,y) = (1 + x1,2 + yz), 0(x,y) = (0,x,), p(x, y;a) =
(lal/2)(1 + x193), 0(%, ¥) = (x; + y1, 1 + y,), and &' (x, y) =
8, o’ (x, y) = 4 where x = (x;,%,), ¥ = (1, ¥5)-

Also, let by(x, y) = 1/2,b)(x, y) = 4, ¢,(t) = 4t, ¢,(t) =
4t, p' = —4,and p* =

The set X of feasible solutions of problem is nonempty.
Clearly, f and g are semidirectionally differentiable at x, =

(0,0) with f'(x,;1(x, x,)) = 1 + xf and g'(x,;0(x, x,)) = 0
It is easy to see that for all x € X

by (x,,) b, (f (%) = f (x,))
2 ¢ (% x50 (x,%,) f (%6377 (%.%,)))
+pH ot x|
= by (xx,) ¢ (9 (x,))

=0 (x’ X0 o (X’ xo) g, (xo; 6 (x’ xo)))

(18)

+ p2||0(x, x0)||2.

Therefore (£, g) is (¢, &, p, 0)-d;-V-type I function at x,,.
However, if we take x = (1, 1), then

(i) bo (x, x) (/50 (f () - f (xo))
<ol (x,5%,) f (%031 (3. %,)) + p'flo (. x,)

bo (X, x) ¢o (f (x) - f (xo)) < (Xl (x’ xo) f’ (xo; n (x’ xo)) :
(19)
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Thus (f, g) is neither (d;-p-0)-V-type I univex function
given by Kharbanda et al. [18] nor d;-V-type I univex
function at x,, as given by Ahmad [17].

Hence the above example clearly illustrates that the class
of (¢, a, p, 0)-d;-V-type I univex functions is more general-
ized than the class of (d;-p-0)-V-type I univex functions and
the class of d;-V-type I univex functions.

Next we show that (f, g) is pseudo-quasi (¢, &, p, 0)-d;-
V-type I univex function but not (¢,a, p,0)-d;-V-type 1
univex function.

Example 16. Let f: R*> — R’and g : R*> — R” be defined
by

4x? - 2x, +4x5  if x,#0,x,%0
fi(x1,x,) = 19 +9x3 if x, =0,x,#0
0 else,

L

(2x2x7 +6+x, if x;#0,x,#0

X ,.X = <

fz( 1 2) 0 else,
[1+6x7 ifx,#0,x,=0

fi(xpx,) = 42+3x5 if x; =0,x,#0 (20)
0 else,

L

0 ifx;=00rx,=0
X1, X,) =
91(1 2) { 1 %

else,

2-x7  ifx;#0,x,=0

g2 (%, %) =42-6x5 ifx; =0,x,#0
-1 else.

Let n,(x, y) = (1 + x% + yf,l + xi), 1,0, ) = (0,x; + x5),
(e, y) = (4 + x‘ll,Z + xi + yi), 0,(x,y) = (1 + x,,0),
0,(x,y) = 2+ x1,2 + 2x3), @(x, y;a) = lal(x} + y7),
by(x,y) = 4, b(x,y) = 4, ¢,(t) = t/2, ¢;(t) = 4t, and
o(x, y) = (X1 + Y1, X5 + Vy).

Also, let ocl(x,y) = 2, (xz(x,y) = 1, oc;(x,y) = 1,

2 2 Al = I _ 1_

aj(x,y) =1, ocz(x y)=3,p =1Lp =-4,p =4,p, =1,
P = 6P = ~4p = 6 =y = /2,4 =0,
and A, = 1,4, = 0 where x = (x,%,), ¥ = (V, »2)s
& (x,y) = 1/ag (x, y), and & (x, y) = 1/af(x, y), i = 1,2,3,
j=1,2.

The set X of feasible solutions of problem is nonempty.
Clearly, f;,f, f3 and g,,g9, are semidirectionally dif-
ferentiable at x, = (0,0) with fll(xo;nl(x, x,)) =
=2(1 + 3), (X3 12(x,%,)) = 0, f5(x0315(%,%,)) = 0,
g{(xo;Ol(x, x,)) = 0,and g;(xo;ez(x, x,)) = 0.

It is easy to see that for all x € X

(x xo’Z.”z 0’771 X, xo))) +P ||0(x X, )“

2.2 2 2
=xx]+x,+2x720

5
= b, (%, %,) ¢, <ZM@3 (3, x,) (f; (%) - f; (%)))
20,

bl (X, xo) ¢1 <ZA]&5 (x’ xo) gj (xo)> =0 Z 0
j=1
= ¢ (x, X, ZAjg} (xo; 0, (x, xo))>
j=1
+ P’ lo (%, ” = (xl + x2) £0.
(21)

Therefore (f, g) is pseudo-quasi (¢, &, p, 0)-d;-V-type I uni-
vex function at x,,.
However, for the above defined problem, if we take

@ x=(1,1),
bo (x’ xo) ¢o (fl (X) - fl (xo))
<@ (xx50 (0.%,) fi (xeimm (0.%)))  (22)

+piflo (o)
(i) x = (1,0),
by (%, %,) o (f2 (%) = £5(x,))
<9 (0xgm (6x,) fi (xi (%:%,)))  (23)
+palote %)

So (f, g) is not (@, «, p, 0)-d;-V-type I univex function at x,,.

4. Sufficient Optimality Conditions

In this section, we discuss some sufficient optimality con-
ditions for a point to be an efficient solution of (MP)
under newly defined class of (¢, «, p, 0)-d;-V-type I univex
functions.

Theorem 17. Suppose there exist a feasible solution x,, of (MP)
and vector functionsn; : XxD — R, i=1,m, 0;: XxD —
R", j € J(x,), and scalars p; > 0,i = 1,m, and A; 2 0, j €
J(x,) such that

(i) 221 tuifil(xo; 1;(x, x,)) +Zj€](xo) A
0,Vx € X,

(ii) foranyu € Ru < 0 = ¢,(u) < 0Oandu 2 0 =
¢, () 20,b,(x,x,) >0, b,(x,x,) 20,

(i) (f, gy(x,)) is pseudo-quasi (¢, &, p, 0)-d;-V-type I uni-
vex at x, with respect to (n;),_i;; and (0;) jej(x, ), and

195(x030;(x, x,)) 2

i=Lm
(iv) p' +p° 20,
then x, is an efficient solution of (MP).



Proof. Suppose that x, is not an efficient solution of (MP).
Then there exists an x € X of (MP) such that f(x) < f(x,).

As y; > 0, & (x,x,) > 0,i = 1, m, therefore

D1t (3,%,) (f; () = f; (x,)) < 0. (24)
i=1
Also g;(x,) =0, 1; 20, &Jz(x, x,) > 0, j € J(x,) imply
jel(x,)

Since hypothesis (ii) holds, therefore inequality (24) and
equality (25) become

b (x,x,) 9, ( S (5.) ) m») <
- (26)

bl (x’xo)¢1 ( Z A]&f (X, xo) gj (xo)> 2 0.

j€J(x,)

Using hypothesis (iii), we obtain

; ( 5t S ! (oo xo>>> < ool

i=1

<P<x’xo; > Aig; (x0:6; (x>xo))> < P lloCe x|
jeI(x,)
(27)

The above inequalities along with subadditivity of ¢ yield

<x i S (i, )

+ Z Ajg;. (xo;Gj (x, xo))>

j€J(x,)

< - ([61 + ﬁz) lo (x, x,)|* < 0 (using hypothesis (iv)).

(28)
But as hypothesis (i) holds and ¢(x,x,;0) = 0 and
@(x,x,;a) > 0 for a > 0, therefore
<X xo’ Z."lt xo’ ’71 X, X ))
(29)
+ Z )L]g] (xo,e (x, 0))) > 0.
jeI(x,)
Thus we get a contradiction and hence the proof. O

Theorem 18. Suppose there exist a feasible solution x,, of (MP)
and vector functionsn; : X x D — R, i = 1,m, and 6; :
XxD — R" je J(x,), and scalars y; 2 0,i = 1,m, and
A; 20, j€J(x,) satisfying
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(i) eril /’lifil(xo; ni(x’ xo)) +Zj€](xa) A
0, forall x € X,

(ii) foranyu € Ru £ 0 = ¢,(u) £ 0andu 2 0 =
¢1(1/l) z 0) bo(xa -xo) g 0) bl(xa xo) g 0)

(i) (f, gyx,)) is strictly pseudo (¢, &, p,0)-d;-V-type 1
univex at x, with respect to (1;),_i;, and (0,) j¢s(x,)» and

195(x030;(x, x,)) 2

i=L,m
(iv) p' +p° 20,
then x, is an efficient solution of (MP).

Proof. Suppose that x, is not an efficient solution of (MP).
Then there exists x € X of (MP) such that f(x) < f(x,).

Asy; 2 0,i=1,m, & (x,x,) > 0,i=1,m, and g;(x,) = 0,
/\]- >0, &Jz.(x, x,) > 0, j € J(x,), therefore

ZM (3%0) (i () = f; (x,)) £ 0,
(30)
Z /\jajz' (x, xo)gj (x,) =
jeI(x,)
Using hypothesis (ii), we obtain
(Zm % %) (f; (%) - ﬁ@JO
(31)

<ZA xx)gj(x)>20
jeJ(x,)

Since (f, gj(x,)) is strictly pseudo (¢, &, p,0)-d;-V-type 1
univex at x,, therefore, the above inequalities yield

m
¢ (x, o5 )t fi (s (x, xo))> <7 ot )
i=1

® <x,xo; Z )ng;. (xo;Qj (x,

j€J(x,)

xo>)> <Plote x|
(32)
Using subadditivity of ¢ and hypothesis (iv), we get

¢ ('x’ X0 Zﬂifi’ (xa; i (x’ xo))
i=1

’ 33
+ 2 Ay (%00 (x’xo))> )
Jj€l(x,)

<=(p'+ 7)o (e x,)|" 0.

But hypothesis (i) and properties of ¢ imply

¢ (x, DYV CAVACEN)
i=1

(34)

+ Z )ng;. (xo;ej (x,xo))> >0,

j€J(x,)
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which leads to a contradiction. Hence x, is an efficient
solution of (MP). O

In order to illustrate the result obtained, we will give an
example of a multiobjective optimization problem in which
the efficient solution will be obtained by the application of
Theorem 18.

Example 19. Let

Minimize f (x) = (f; (%), f, (x))

(35)
subjectto g (x) = (g (x), g, (x)) £ 0
where f: R* — R*and g: R* — R’ be defined as
[2+ 3 +8]x;| if x,#£0,x,#0
fi(xnx) =40 if x, =0,x,=0
kxf + x5 else,
(2, .2 .
X7+ x5 —4|x;| ifx,#0,x,#0
fo(x1,%,) =10 if x, =0,x,=0
|4+ 2x7+3x5  else,
(36)
—x}+1 if x,#0,x,=0
g1 (x1,%,) = 0 ifx,=0,x,=0
4x, - x} - 3x5 else,
x; — 3%} if x;#0,x,=0
9, (x1,%,) = 0 ifx,=0,x,=0

—x% - xf +2 else.

Let n,(x, ) = (1 + xf + yf,O), n(x,y) = (1 + xf,Z + 2x§),
0,(x, ) = (1+x5,2+x3),0,(x, y) = (2+2x3,0), ¢(x, y;a) =
|a|(1+x%yf)» bo(x> J/) = 47 b](x» J/) = 4) ¢o(t) = t/2) ¢1(t) = Zt
ando(x, y) = (x; + ¥, 1+ ).

Also, let ocll(x, y) = 4, oc;(x, y) = 2, (xf(x, y) =
Gxy) = Lp =4p = ~4p =0p =4p =
~2,p5 = 5,4 = py = 1/2,A = 1/2,and A, = 0
where x = (x,%,), ¥y = (7, 1., & (x,) = 1/a}(x, y),
and &?(x,y) = l/oci(x,y),i =12, j=12

The set X of feasible solutions of problem is
nonempty. Clearly, f, f, and g,,g, are semidirectionally
differentiable at x, = (0,0) with f1’ (X311 (%, x,)) =
0, f5(%p315(%,%,)) = —4(1+x3), g (%30, (x, x,)) = 4(1+x7),
and gé(xo; 0,(x,x,)) = 4(1 + xf).

It is easy to see that for all x € X \ {x,}

so(x, X s G, (3 xo>))

2 —p' ot x|

8

= by (%, %,) ¢ (ZM % %) (f; (%) = ﬁ(xo)))>0

7
(Z)tjoc (x,%,) g (x )> 20
z !
—s ( e S0, (520, (5, x»))
=
< —ﬁzna(x, xa)”Z.
(37)

Hence (f, gj( ) is strictly pseudo (¢, &, p,0)-d;-V-type I
univex function at x,,.

Also, hypotheses (i), (ii), and (iv) of Theorem 18 are
clearly satisfied and it follows that x, is an efficient solution
of the above defined multiobjective optimization problem,
whereas it will be impossible to apply for this purpose the
sufficient optimality conditions given in Kharbanda et al. [18],
Ahmad [17], Slimani and Radjef [12], Mishra and Noor [10],
Mishra et al. [16], Antczak [9], Suneja and Srivastava [19], and
Ye [8].

Theorem 20. Suppose there exist a feasible solution x, of (MP)
and vector functionsn; : X x D — R, i = 1,m, and 6; :

XxD — R" je€ J(x,), and scalars y; 2 0, i = 1,m, and
A; 20, j € J(x,), satisfying

(1) Z:Zl Mifil(xo; qi(x’ xo)) + Zje](xa) Ajg;'(xg; ej(x) xo)) 2
0, forall x € X,

(ii) foranyu € Ru £ 0 = ¢,(u) £ 0andu 2 0 =
¢ (1) 20, b,(x,x,) 20, b(x,x,) 20, and

(iii) p' +p° 2 0.
Also, if either the fact that

@) (f> gy(x,)) is semistrictly quasi (¢, &, p,0)-d;-V-type I
univex at x,, with respect to (1;),_1;,; and (0, )]E](xo)’ or

(®) (f, gy(x,)) is quasistrictly pseudo (¢, &, p, 0)-d;-V-type
I univex at x, with respect to (y;),_1, and (9 )
or

J€J(x,)?

i=l,m

(©) (> gj(x,)) is strictly pseudo-quasi (¢, &, p, 0)-d;-V-type
I univex at x, with respect to (1;); and (9 )
holds,

i=1,m j€J(x,)

then x, is an efficient solution of (MP).

Proof. If (a) or
theorem we get

(c) holds, then proceeding as in previous

0 ( 5t S ! G xo») <P ote )l
i1

xo))) < —plotex)’.

(38)

® (x,xo; Z )\jg;. (xo;Gj (x,

jel(x,)



And if (b) holds, we get

; ( 5t S ! G xm) < P ote sl

i=1

<P<x’xo; > 495 (%636 (x’xo))> <=p’flox. x|
j€J(x,)

(39)

The remaining part of proof runs on the lines of the proof of
Theorem 18. O

Now, following Antczak [9] and Slimani and Radjef [12],
we state the following necessary optimality conditions.

Theorem 21 (Karush-Kuhn-Tucker type necessary optimality
conditions). If

(i) x, is a weakly efficient solution of (MP),
(i) g; is continuous at x, for j € T(x,),
(iii) there exist vector functionsn; : XxD — R'i=1,m,
and8;: X xD — R", j € J(x,), such that at x, € D

the following inequalities are satisfied with respect to
n:XxD — R"

fi, (xo;’/l(x’ xo)) é le (xo;ﬂi (x’ xo)) >
Vx e X, Vi=1,m,

g; (xo; n (x’ xo)) < g; (xo; 9]' (x’ xo)) >

Vx e X, Vje J(x,),

(40)

(v) for all i = 1,m and j € J(x,), f; and g;j are
semidirectionally differentiable at x,, and the functions
fl e x,), i = T,m, and gi(x030,(x,%,)), j €
J(x,), are preinvex functions of x on X,

(v) the function g satisfies d;-constraint qualification at x,
with respect to (0,) jejx,)» then there exist u € R and

A€ Rg such that

m k
Z.uifi, (x03m; (%, %,)) + Z/\jg; (xo;ej (x, xo)) 20,
im1 =1

(41)
Vx € X,
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5. Mond-Weir Type Duality

In this section, we consider Mond-Weir type dual of (MP) and
establish weak, strong, converse, and strict converse duality
theorems. Consider

(MWD) Max

f)

subject to Y w7 (y31; (. »))

i=1

k
+ 24,9, (136, (x.3)) 2 0,

j=1
Vx € X,
(42)
Aigi(»)z0, j=1k, (43)
where y € D,u € R, A € R§>’7i : X xD — R forall

i=1,mand6;: X xD — R forall j = 1,k. Let W be the
set of feasible points of (MWD).

Theorem 22 (weak duality). Let x and (y,u,A, (’71')1‘:17,’
(ej)j=ﬁ) be the feasible solutions of (MP) and (MWD),
respectively, with yu > 0. If

(i) (f, g) is pseudo-quasi (@, &, p, 0)-d;-V-type I univex at
y with respect to (v;), 1>, and (0, )J W

(ii) foranyu € Ru < 0 = ¢,(u) < Oandu 2 0 =
¢ () 20, b,(x,y) >0,b,(x,y) 20, and

(iit) p' +p* 2 0,

i=1,m

then

f&)£f(y). (44)
Proof. Suppose to the contrary that

fE)<f(y). (45)

As y; > 0, &il(x,y) >0,i=1,m, we get
Y (x,9) (i () - £ () < 0. (46)
i=1

Since /\Jgj(y) 0, &“ (x,y) >0,j=1, 1, k, therefore

Z?t HESOHPRC!

y)z0. (47)

Using hypothesis (ii), we get

(ZM %) (fi (x ﬁ(y))) <0

(48)

b (x, y)dh(ZA (x.y g](y)> 20
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Since hypothesis (i) holds, therefore the above inequalities
yield

¢ (x, ¥s if"ifi’ (s (% y))) <=p'llotx |’

(49)

k
¢ (x, 3 ) Mg (1:0; (%, y))> <ot )"
=

Using subadditivity of ¢ and hypothesis (iii), we get

¢<x,y;2mf yin; (%, 7))
i1

<= +7) o (x ) 0.

Z% (765 (x, y))>
(50)

j=1

However, the feasible condition (42) and properties of ¢
imply

<x ¥; Zu,f (ysm; (%, p)) + Z%g] (6 (x, y))) >0
(51)
Thus we get a contradiction and hence the proof. O

The proof of the following theorems runs on the lines of
the proof of Theorem 22.

Theorem 23 (weak duality). Let x and (y,u, A (1)1
(0]-)].:@) be the feasible solutions of (MP) and (MWD),
respectively. If

(i) (f, g) is pseudo-quasi (@, &, p, 0)-d;-V-type I univex at
y with respect to (1;);_t,, and (6;)

i=1,m ]Ik’

(ii) foranyu € Ru < 0 = ¢,(u) < Oandu 2 0 =
¢ () 20, b,(x,y) >0,b(x,y) 20, and
(iii) p' +p> 2 0,
then

f@£f(y). (52)

Theorem 24 (weak duality). Let x and (y,u, A, (1)1
(Oj) j:T,k) be the feasible solutions of (MP) and (MWD),
respectively. If

(i) (f, g) is quasistrictly pseudo (¢, &, p,0)-d;-V-type I
univex at y with respect to (;) and (9 )

i=1,m i’ =1k

OQandu 2 0 =

(ii) foranyu € R u £ 0 = ¢,(u) =
¢, (1) 20, by(x,y) 20,b(x,y) 20, and

(i) p* + p* 2 0,
then

f&) £ (). (53)

Theorem 25 (strong duality). Let x, be a weakly efficient
solution of (MP) and gj is continuous at x, for j € J(x,). Also,

the vector functions n;, i = 1,m and 0, j € J(x,) exist for
which

fil (xo; n (X, xo)) S fll (xo; Hi (x’ xo)) >
VxeX, Vi=1,m,
g; (xo; n (X, xo)) s g; (xo;ej (x’ xa)) >

Vx € X, VjeJ(x,)

(54)

at x, and f;, g; are semidirectionally differentiable at x, with
fi'(xo; n;(x, x,)) and g;(xo; Gj(x, X,)) as preinvex functions on
X. Also if g satisfies dp-constraint qualification at x,, then
JueRand A € R’; such that (x,, ph, A, (1)1 (Gj)j:ﬁ) is
feasible for (MWD) and the objective function values of (MP)
and (MWD) are equal. Moreover, if any weak duality holds,
then (xo, s A, (1), (0]-)].:@) is a weakly efficient solution
of (MWD).

Proof. Since x, is a weakly efficient solution of (MP), there-
fore, by Theorem 21, there exist y € R;” and A € R]; such that

Zm

(x51; (%, x,)) + Z)ng] (xo,O (%, x )) >0

(55)
Vx € X,

A]g] (XO) =0, Vj= l,k.

It follows that (x,, p, A, (1;); 17 (Oj)j=17c) € W and there-
fore feasible for (MWD). Clearly, objective function values of
(MP) and (MWD) are equal at these points.

Suppose (x,, 4, A, (1), 17> (ej)jsz) is not a weakly effi-
cient solution for (MWD). Then 3(¥, &, A 1) i=tom> 6. )] 1k)
€ W such that f(x,) < f(¥) which contradicts weak duality
theorems. Therefore (x,, i, A, (11;);-17> (Gj)j:ﬁ) is a weakly
efficient solution of (MWD). O

Theorem 26 (converse duality). Let (y,, A, (1)
(Gj)j:ﬁ) be a feasible solution of (MWD). Suppose hypotheses
of Theorem 24 hold at y,, then y, is an efficient solution of
(MP).

Proof. Suppose that y, is not an eflicient solution of (MP).
Then 3x, € X such that

f(xo) < £ (o) (56)
Hence, by Theorem 24 (weak duality), we obtain a contradic-
tion. Therefore y, is an efficient solution of (MP). O

Theorem 27 (strict converse duality). Let x, and (y,,u, A,
M) i=Tom> (Oj)j:ﬁ) be the feasible solutions of (MP) and
(MWD), respectively. If

(i) f(x,) = f(¥,)s
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(ii) (f, g) is semistrictly quasi (¢, &, p, 0)-d;-V-type I uni-
vex at y, with respect to (1];),_1, and (0 i) i

(iii) foranyu €e Ru £ 0 = ¢,(u) £ 0andu 2 0 =
¢1(u) 2 0, by(x,, ¥,) 2 0, by(x,, ¥,) 2 0, and

(iv) p' +p° 20,
then x, = y,.

i=1,m

Proof. Suppose x, # y,.
Since y € RY, & (x,, y,) > 0,i = 1,m, and hypothesis (i)
holds, therefore

ZM ZM,

As &?(xo, ¥,) > 0,j = 1,k and y, is feasible solution of
(MWD), therefore

Z/\

Using hypothesis (iii), we obtain

(%05 ¥o) fi (x,) (%00 ¥o) fi (30) - (57)

2 (%00 %) 9; (3,) 2 0 (58)

b, (%00 ) &, (Zuz, %o ¥o) (fi (x,) = ﬁ(ya)))é

b (xo’yo)¢l <ZA]0‘] o’yo)g] (y0)> 20
(59)
Applying hypothesis (ii) to the above inequalities, we get

¢ (xo’ Yo Z["ifi, (

i=1

Yor Hi (xo’ yo))) < _ﬁl ||0(x0’y0)||2’

k
< 2
¢ <xo, Vo5 Y A5 (7030 (xo,yo))> < —p’llotx o)l
=
(60)
Using subadditivity of ¢ and hypothesis (iv), we get

<o,yo,Zm (Yos 1 (X0 ¥,))

(61)

k
+ 24,95 (7039, (%%))) <0

j=1

which is a contradiction as feasible condition (42) holds and
@(x,, ¥,50) = 0 and @(x,, ¥,;a) > 0 for a > 0 yield

P (xo’ Vo3 Z!”ifi/ ()/0; Ui (xo’ yo))
i=1

(62)
k
+226; (7650 (%o, yo))> > 0.
j=1

Hence x, = y,. O
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