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An analytical model for the temperature distribution of a spray column, three-phase direct contact heat exchanger is developed. So
far there were only numerical models available for this process; however to understand the dynamic behaviour of these systems,
characteristic models are required. In this work, using cell model configuration and irrotational potential flow approximation
characteristic models has been developed for the relative velocity and the drag coefficient of the evaporation swarm of drops in an
immiscible liquid, using a convective heat transfer coefficient of those drops included the drop interaction effect, which derived by
authors already. Moreover, one-dimensional energy equation was formulated involving the direct contact heat transfer coefficient,
the holdup ratio, the drop radius, the relative velocity, and the physical phases properties. In addition, time-dependent drops sizes
were taken into account as a function of vaporization ratio inside the drops, while a constant holdup ratio along the column was
assumed. Furthermore, the model correlated well against experimental data.

1. Introduction

A direct contact heat exchanger is a highly effective device
for transferring heat between two immiscible fluids while
they are flowing co-currently or countercurrently inside a
column.Themain feature of the direct contact heat exchanger
is that it permits a confident contact between a hot fluid and
a cold fluid. However, a number of different methods have
been used to define the type of direct contact heat exchanger,
including layer type, where the hot fluid is stagnant while the
cold fluid flows on top, and a spray type, where one of two
fluids is injected into the other. Generally, there are two types
of spray column, depending on which injection technique is
being used: an integrated type and a split type. In the former,
the cold fluid is dispersed from the bottom of the column into
a hot fluid, whereas in the second one, the hot fluid is pumped
in countercurrently with the flowing cold fluid [1].

A direct contact heat exchanger has several advantages
over surface heat exchangers [2], such as eliminating metallic
heat transfer surface between fluids which are prone to

corrosion and fouling, as well as increasing the heat transfer
resistance. It can be operated at very low temperature differ-
ences or heat transfer driving forces and allows lower mass
flow rates of transferring fluids, convenient separation of the
fluids, and a high heat transfer coefficient (about 20–100 times
than single phase or surface type heat exchanger) [3]. There-
fore, it can be found in several industrial applications, such
as water desalination by freezing, geothermal power energy
production, crystallization, waste heat recovery, energy stor-
age systems, solar power energy, and emergency cooling of
chemical and nuclear reactors [4]. Considerable attention has
been paid to the area of direct contact heat exchangers in
recent years, particularly when change of phase takes place,
but most of the efforts have been focused on the evaporation
of single drops or condensation of single bubbles.

A very limited number of experimental, theoretical, and
numerical investigations have dealt with the evaporation of
multidrops in an immiscible liquid media. In addition, the
available works in this area have concentrated mainly on
single parameters affecting the phenomena of heat transfer
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in direct contact heat exchangers, such as a heat transfer
coefficient and holdup ratio. Sideman and Gat [5] stud-
ied experimentally the operating characteristics of a spray
column using a pentane-water system and calculated the
volumetric heat transfer coefficient and average holdup ratio
as a function of pentane and water superficial velocities.
The temperature profiles of the dispersed (kerosene) and
continuous phases (water) in a spray-column direct contact
heat exchanger, were investigated both experimentally and
theoretically by Letan and Kehat [6]. They proposed that the
mechanism of heat transfer inside the spray column could
be characterized by five regions: wake growth, intermediate,
continuous wake shedding, mixing, and coalesce regimes,
respectively. In addition, they observed that the heat exchange
between the two phases in both heating and cooling processes
occurs only in the certain zones wake growth, continuous
wake shedding, and mixing region. The characteristics of
the liquid-liquid spray-column direct contact heat exchanger
were studied by Plass et al. [7] experimentally.The volumetric
heat transfer coefficient was found and they correlated their
experimental results of volumetric heat transfer as a function
of holdup ratio. By using a numerical technique Coban and
Boehm [8], Jacobs and Golafshani [9] and Brickman and
Boehm [10] developed a one-dimensional numerical model
to study the flowand the heat transfer of a spray columndirect
contact heat exchanger. The mass, momentum, and energy
equations of two-component two-phase flowwere solved and
the temperature profile, total heat transfer, and holdup ratio
were calculated. Several heat transfer models for interfacial
heat transfer between the dispersed and continuous phases
were examined by [9] and they found that the conduction
controlled heat transfer is dominated by small diameter liquid
drops. While, the possibility of increasing a spray column
direct contact heat transfer output was included in the analy-
sis of Brickman and Boehm [10]. They found that decreasing
the dispersed phase inlet temperature while maintain a
continuous phase inlet temperature produced an increase of
10–20% in heat transfer inside the column.Also, the optimum
conditions can be achieved when using the dispersed phase
at or very near to its saturation temperature. The effect of
the superficial velocity and the initial temperature of the
continuous phase and the dispersed phase on the volumetric
heat transfer coefficient of an n-pentane-water, three-phase,
direct-contact heat exchanger were investigated by Peng et al.
[3] experimentally and theoretically. Their results indicated
that the volumetric heat transfer coefficient increases with
increasing initial temperature and superficial velocity of con-
tinuous phase, while the superficial dispersed phase velocity
had no effect. More accurate numerical model is carried out
by Kang et al. [11] to study the heat transfer characteristics
of a spray column direct contact heat exchanger. A two-
dimensional axisymmetric two-component flow model was
developed and they found the injection velocity of dispersed
phase has a dominated effectmore than other parameters and
the volumetric heat transfer coefficient is uniform until the
middle column is reached.

So far there were only numerical models available
which deal with the direct contact heat transfer process
in a spray column direct contact heat exchanger; however

to understand the dynamic behaviour of these systems,
characteristic models are required. In this investigation, an
analytical model is developed to study the characteristic heat
transfer of a spray-column direct contact heat exchanger.
The analysis is based on solving the one-dimensional energy
equation for two-component two-phase flow using a cell
model. The direct contact heat transfer coefficient, drag
coefficient, and relative velocity of multidrops’ evaporation
during their flow in the countercurrent with hot water
were determined and the temperature distribution along the
column height was found. It is important here to note that
no analytical model is currently available to describe the
temperature distribution of the temperature inside the direct
contact column.

2. Theoretical Modelling

Initially, due to the large diameter of the column in com-
parison to the diameter of the drops, and because there is
no circulation zone inside the column, the flow inside the
column can be assumed to be a one-dimensional flow [9].
On the other hand, immiscibility between the countercurrent
flow phases means the mass flow rate of both phases stays
constant along the column because neither the dispersed
phase or the continuous phasen goes into solution in the other
phase.

The continuity equations for countercurrent flow of the
phases can be written as [8]

.𝑚𝑑 = 𝜌𝑑𝐴𝛼𝑈𝑑, (1)
.𝑚𝑐 = 𝜌𝑐𝐴 (1 − 𝛼)𝑈𝑐. (2)

For one-dimensional, steady-state flow, the energy equations
for both phases can be written as

𝑑𝑑𝑧 [𝜌𝑑𝛼 𝑈𝑑𝐻𝑑] = −𝑄𝑉, (3)

𝑑𝑑𝑧 [𝜌𝑐 (1 − 𝛼)𝑈𝑐 𝐻𝑐] = 𝜂𝑄𝑉 . (4)

Substituting (1) and (2) into (3) and (4), respectively, yields

𝑑𝐻𝑑𝑑𝑧 = − 𝐴
.𝑚𝑑

𝑄𝑉, (5)

𝑑𝐻𝑐𝑑𝑧 = 𝐴
.𝑚𝑐

𝜂𝑄𝑉 , (6)

where Q represents the heat transfer from the continuous
phase to the dispersed phase and 𝜂 denotes the ratio of the
heat transfer from the continuous phase divided by the heat
transfer to the dispersed phase, when no heat is lost to the
surroundings:

𝜂 = 1. (7)
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Equations (5) and (6) can be written in terms of the phase
temperature, as:

𝑑𝑇𝑐𝑑𝑧 = − 𝑄
.𝑚𝑐𝑐𝑝𝑐

𝐴𝑉, (8)

𝑑𝑇𝑑𝑑𝑧 = 𝑄
.𝑚𝑑𝑐𝑝𝑑

𝐴𝑉, (9)

where

𝐻𝑐 = 𝑐𝑝𝑐𝑇𝑐,
𝐻𝑑 = 𝑐𝑝𝑑𝑇𝑑, (10)

where𝐻𝑑 and𝐻𝑐 denote the enthalpies of the dispersed phase
and the continuous phase, respectively, and (𝐴/𝑉) is the total
heat transfer area per unit volume. Plass et al. [7] suggested
the following expression for this parameter and for spherical
drops:

𝐴𝑉 = 6𝛼𝑑 , (11)

where 𝛼 denoted the holdup ratio or the ratio between the
volumes of dispersed phase in the column and the total
volume (dispersed and continuous phase volume) and 𝑑 is
the column diameter.

Substituting (11) into (8) and (9) results in

𝑑𝑇𝑐𝑑𝑧 = −(6𝛼𝑑 ) 𝑄
.𝑚𝑐𝑐𝑝𝑐 , (12)

𝑑𝑇𝑑𝑑𝑧 = (6𝛼𝑑 ) 𝑄
.𝑚𝑑𝑐𝑝𝑐 . (13)

The heat transfer from the continuous phase to the dispersed
phase 𝑄 can be found as

𝑄 = ℎ𝐴Δ𝑇, (14)

where ℎ is the direct contact heat transfer coefficient. Brik-
man and Boehm [10] and others used the heat transfer
coefficient for a single evaporation drop and multiplied it by
the number of drops to include the void fraction in their
analysis. However, it is more useful to use an expression for
heat transfer coefficient related to the multidrops or holdup
ratio inside the column. Actually, the phenomenon of heat
transfer to the droplets, including the droplet phase change,
is quite complex due to coalescing or breaking down of the
droplets along the column height. In addition, droplet shapes
might change due to evaporation from spherical to ellipsoidal
and finally to spherical-cup shapes.Therefore, an assumption
should be made to allow simplification of the complexity of
such phenomena. To this end, it is useful to assume that
the droplets remain spherical along the direct contact heat
transfer process, and no coalescing nor breaking down occurs
for the evaporation droplets and finally that there is a constant
droplet number.

Assume the droplets swarm to be spherical in shape and
that they move in potential flow fields with a constant drop

radius, and by solving the steady-state energy equation for
the spherical coordinate using a potential flow configuration
for the velocity components, and a cell model assumption,
Mahood (2012) [12] has found the heat transfer coefficient in
terms of Nu number, for the multidrops evaporation in an
immiscible liquid as

Nu = 4√6𝜋 ⋅ (𝛼 + 0.51 − 𝛼 )0.5 ⋅ Pe0.5. (15)

The convective heat transfer coefficient in (15) was derived
by solving a steady-state energy equation in spherical coor-
dinates, which involved velocity components. These compo-
nents of the velocity were found from the solution for the
potential flow field around the two-phase bubbles. Because
no viscous or actual solution dealing with the evaporation
of the two-phase bubble is available to compare with the
potential flow solution, Isenberg and Sideman [13], Moalem
et al. [14], and Moalem et al. [15] used the flowing velocity
factor, in which the solution is based on the assumption
that the potential flow is converted to an actual or viscous
solution:

𝑘V = 0.25 Pr−1/3, (16)
and for pure potential flow

𝑘V = 1. (17)
Therefore, (15) becomes:

Nu = 4√6𝜋 ⋅ (𝛼 + 0.51 − 𝛼 𝑘V )0.5Pe0.5. (18)

The heat transfer coefficient is related to the slip or relative
velocity of the two phases in the column, so it is important to
derive the relative velocity expression for the countercurrent
two-phase flow inside the column.

Using a cell model as shown in Figure 1, the potential
velocity of the drops in the swarm was given by Milne-
Thomson [16] and used by Cai and Wallis [17] as follows:

𝜙 = cos 𝜃𝑏3 − 𝑎3 [(𝑎3𝑈 − 𝑏3V) 𝑟 + 𝑎3𝑏32𝑟2 (𝑈 − V)] , (19)

where𝑈 and V are represented velocity of inner and outer cell
boundaries, respectively.

For V = 0, (19) reduces to the expression given by Lamb
[18] and used by Kendoush [19] as

𝜙 = 𝑈𝑏3 − 𝑎3 [𝑎3𝑟 + 𝑎3𝑏32𝑟2 ] cos 𝜃. (20)

And for 𝛼 = (𝑎/𝑏)3, (20) becomes:

𝜙 = 𝑈(1 − 𝛼) [𝛼𝑟 + 12 (𝑎3𝑟2 )] cos 𝜃. (21)

The velocity components of potential flow can be found using
(21) as

𝑉𝑟 = −𝜕𝜙𝜕𝑟 = 𝑈(1 − 𝛼) [𝛼 − (𝑎𝑟 )
3] cos 𝜃,

𝑉𝜃 = − 𝜕𝜙𝑟𝜕𝜃 = 𝑈(1 − 𝛼) [𝛼 + 12(𝑎𝑟 )
3] sin 𝜃,

(22)
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Figure 1: Schematic representation of the cell model.

where 𝑉𝑟 and 𝑉𝜃 are the radial and tangential velocity
components.

Equations in (22) are different from these equations used
by Marrucci [20] and Kendoush [21, 22] when they analysed
the problem of gas bubble swarm, which might lead to an
error in their results.

Using a method similar to that suggested by Kendoush
[21, 22], the drag force acting of the drops swarm evaporating
in an immiscible liquid has been found by Mahood [12] as

𝐹𝐷 = −8𝜋𝜇𝑎𝑈𝑓 (𝛼) 𝑓 (𝜇) 𝑓Re, (23)

where

𝑓 (𝛼) = (𝛼 + 0.5)
(1 − 𝛼)2 ,

𝑓 (𝜇) = 3𝜇𝑖 + 2𝜇𝑜2 (𝜇𝑖 + 𝜇𝑜) ,
𝑓Re = 1 + 0.15Re0.687,

(24)

and the drag coefficient is

𝐶𝐷 = 48
Re

(𝛼 + 0.5)
(1 − 𝛼)2 (1 + 0.15Re0.687) . (25)

The power of both drag force and buoyancy force should be
equal to the rate of the total kinetic energy [23]

(𝐹𝐵 + 𝐹𝐷) 𝑈 = 𝑑𝑑𝑡 (𝐾 ⋅ 𝐸)
= (𝑀 + 𝑚𝐶V) 𝑈𝑑𝑈𝑑𝑡 ,

(26)

where the term (𝑚𝐶V) denotes the added mass, which is
derived for a swarm of spherical vapour bubbles evaporation

in an immiscible liquidmediumbyMahood [12] andMahood
et al. [24] as

𝑀 = 𝑚𝐶V = 43𝜋𝜌𝑐𝑎3 𝑓1 (𝛼)(1 − 𝛼)2 , (27)

where

𝑓1 (𝛼) = 12 + 12𝛼 − 𝛼2. (28)

And 𝐹𝐵 is the buoyancy force, which can be written as:

𝐹𝐵 = 43𝜋𝑎3 (1 − 𝛼) 𝜌𝑐𝑔 (29)

Substituting (23) and (29) into (26), and ignoring bubbles
mass, in comparison with added mass that is, 𝑀 ≪ 𝑚𝐶V,
(26) becomes

𝑔(1 − 𝛼)𝑓2 (𝛼) − 6𝜌𝑐𝑎2 𝜇𝑈
𝑓 (𝑡)𝑓2 (𝛼) = 𝑑𝑈𝑑𝑡 , (30)

where

𝑓2 (𝛼) = 𝑓1 (𝛼)(1 − 𝛼)2 =
0.5 + 0.5𝛼 − 𝛼2

(1 − 𝛼)2 , (31)

𝑓 (𝑡) = 𝑓 (𝛼) 𝑓 (𝜇) 𝑓Re (32)

Equation (30) can be solved in a similar way to Joseph’s [23]
and Concha’s [25], which results in

𝑈 = 𝑔 (1 − 𝛼) 𝜌𝑐𝑎26𝜇𝑓 (𝑡)
× [1 − exp(− 6𝜇𝜌𝑐𝑎2 ⋅

𝑓 (𝑡)𝑓2 (𝛼) ⋅ 𝑡)] .
(33)
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Figure 2: The variation in continuous phase (—) and dispersed phases (- - - -) temperatures with direct contact heat exchanger height for𝑎 = 2mm.

For steady-state velocity or terminal velocity, with assuming
a drop with a rigid wall due to the contiments, which leads to𝑓(𝜇) = 3/2, (33) becomes

𝑈 = 𝑔 𝜌𝑐 𝑎29𝜇 𝑓Re
(1 − 𝛼)3(𝛼 + 0.5) . (34)

For 𝛼 → 0, (34) reduces to an equation for a single drop as

𝑈 (𝑜) = 2𝑔𝜌𝑐𝑎29𝜇 𝑓Re . (35)

The ratio of bubbles warm velocity to the single bubble
velocity can be found as:

𝑈 (𝛼)𝑈 (𝑜) = 12 [ (1 − 𝛼)3(𝛼 + 0.5)] , (36)

Or

𝑈𝑟 = 𝑈 (𝑜)2 [ (1 − 𝛼)3(𝛼 + 0.5)] . (37)

Equation (15), now, can be written in terms of the heat
transfer coefficient and the relative phases velocity as

ℎ = 2√2√6𝜋
𝑘𝑐𝛽0.5√𝑎 (𝑈𝑟𝜖 𝑘V)0.5, (38)

where

Nu = 2𝑎ℎ𝑘𝑐 ,
Pe = (2𝑎 𝑈𝑟𝜖 ) .

(39)
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Figure 3: The variation in continuous phase (—) and dispersed phases (- - - -) temperatures with direct contact heat exchanger height for𝑎 = 1.6mm.

Using (37), (38) converts to

ℎ = 2𝑘𝑐√6𝜋 (𝛽𝑈 (𝑜)𝑎𝜖 𝑘V)0.5 ( (1 − 𝛼)3/2
(𝛼 + 0.5)1/2) . (40)

The evaporating drop radius is time dependent and can be
found using the simple relation given by Wanchoo and Rina
[26] as follows:

𝑎 = 𝑎𝑜(1 + 𝑥 (𝑠 − 1))1/3, (41)

where 𝑥 and 𝑠 denote the vaporization ratio and the dispersed
phase liquid density, to its vapour density respectively.

Substituting (41) into (40) and substituting the result into
(14), then substituting the result of this into (12) and (13) after
completing the integration we obtain the following

𝑇𝑐 = 𝑇𝑐𝑜
−[( 12√6𝜋)(𝛼𝑘𝑐𝐴 Δ𝑇

𝑑 .𝑚𝑐𝑐𝑝𝑐 )(𝛽𝑈𝑜𝑎𝜖 )0.5( (1−𝛼)3/2
(𝛼+0.5)1/2)⋅𝑧] ,

(42)

𝑇𝑑 = 𝑇𝑑𝑜
+[( 12√6𝜋)(𝛼𝑘𝑐𝐴Δ𝑇

𝑑 .𝑚𝑑𝑐𝑝𝑑)(𝛽𝑈𝑜𝑎𝜖 )0.5( (1−𝛼)3/2
(𝛼+0.5)1/2)⋅𝑧].

(43)
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3. Results and Discussion

The analytical results for temperatures distribution of both
dispersed and continuous phases along the spray column
in the direct contact heat exchanger are compared with the
experimental data given by Olander et al. [27] to verify
the theoretical model results. According to (42) and (43),
only the initial phases temperatures and mass flow rates
are needed to obtain the temperature distribution along the
spray column, assuming a value for holdup ratio within the
range calculated by Golafshani [28]. He mentioned that the
holdup ratio increases very slowly inside the column due
to increasing drop diameters, which is assumed to be a
constant through his numerical analysis. In fact, the range
of the holdup ratio increase was from 0.14 to 0.165 only.
In current analysis, the drop diameters taken as a variable
depend on the vaporization rate or the ratio inside the drop.
Accordingly, and because of unavailable expression being
available to describe this factor during the evaporation of
drops or condensation of bubbles in an immiscible liquid, the
experimental data was fitted to that given by Sideman and
Hirsch [29], which was for a two-phase bubble condensation
in an immiscible liquid media. Sideman and Hirsch [29] and
others found much similarity in the heat transfer mechanism
between the cases of evaporation drops and condensation
bubbles in immiscible liquid media.

Figures 2 and 3 show the variation of dispersed and
continuous phase temperatures and the spray column height
at different initial phases temperatures and flow rates, with
an initial drop radius equal to 2mm and 1.6mm. It can
be clearly seen, that three visible regions appear on these
figures, which agrees with [1].The first region is at the phases’
entrance, where the temperature difference is at its maximum
between the phases. In this region a high increase in dispersed
temperature occurs, while nearly a constant temperature in
the continuous phase. This zone covers a very short length
of the column (about 1m), and it seems independent of the
operational column parameters.

The second zone starts after nearly one metre of the
column height and has a slow heat exchange between the
phases. According to the results, it seems to cover a wide
range of the column height. The final zone, which represents
the last opportunity for heat exchange, and at this region the
temperature difference decreases to minimum. Therefore, it
seems to be an extension of the second region effect.

From the results, good agreement seem to have been
achieved between the analytical model results and the exper-
imental results of Olander et al. [27] for all figures. The
main reason or the divergence in the results of the dispersed
phase from the experimental data is that the devices basically
measuring the water (continuous phase) temperature instead
of the dispersed (two-phase bubbles).Therefore, sometime an
averaging technique is used to obtain the mixed temperature
[8].

In addition, the maximum divergence between the
present analytical model and the experimental data occurs
at the bottom of the column especially when the dispersed
phase is injected bellow the saturation temperature. In this
case the evaporation delayed as drops would need to reach

their saturation temperature before the evaporation starts,
meaning that heat will be consumed within the drops. The
maximum error in this region is nearly 12.18%.

4. Conclusions

An analytical model has been developed for the temperature
distribution of a spray-column, three-phase direct contact
heat exchanger. According to the model developed in this
work,we have shown that it is reasonable to assume a constant
holdup ratio along the direct contact column, which is in
accordance with other numerical models in the literature
such as Cabon and Boehm [8], Jacobs and Golafshani [9],
and Kang et al. [11]. Even more, it has been shown that the
vaporization ratio of drops is an influential parameter in the
heat exchange process. As expected, we have proved that the
rate of heat transfer increases with decreasing drops size.
Since our model correlated well with experimental results
in the literature (e.g., Olander et al. [28]) we expect that
thismodel will enhance optimisation of practical applications
in areas such as the production of electrical power from
geothermal hot brine, extracting energy from salt gradient
solar pond, and the process of heatingwater by heat collecting
working fluids.

Nomenclatures

𝐴: Area (m2)𝑎: Drop radius (m)𝑎𝑜: Initial drops radius (m)𝐶𝐷: Drag coefficient𝑐𝑝𝑐: Specific heat of continuous phase(kJ ⋅ kg−1 ⋅ K−1)𝑐𝑝𝑑: Specific heat of dispersed phase(kJ ⋅ kg−1 ⋅ K−1)𝐶V: Virtual mass coefficient𝑑: Column diameter (m)𝑓(𝑡): Function appearing in (32)𝑓(𝛼): Function appearing in (24)𝑓1(𝛼): Function appearing in (28)𝑓2(𝛼): Function appearing in (31)𝐹𝐵: Buoyancy force (N)𝐹𝐷: Drag force (N)𝑔: Acceleration of gravity (m ⋅ s2)𝑘𝑐: Thermal conductivity of continuous
phase (W ⋅ m−1 ⋅ K−1)ℎ: Heat transfer coefficient(kJ ⋅m2 ⋅ s−1 ⋅ K−1)ℎ𝑐: Enthalpy of continuous phase (kJ ⋅ kg−1)ℎ𝑑: Enthalpy of dispersed phase (kJ ⋅ kg−1)𝑀: Mass of drop (kg)

.𝑚𝑐: Continuous phase mass flow rate(kg ⋅ s−1)

.𝑚𝑑: Dispersed phase mass flow rate (kg ⋅ s−1)𝑀: Virtual mass (kg)
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𝑚: Mass of fluid displaced by drops (kg)
Nu: Nusselt number
Pe: Péclet number𝑄: Heat transfer (W)
Re: Reynolds number𝑈: Velocity (m ⋅ s−1)𝑈𝑟: Relative velocity𝑈(𝑜): Single drop velocity (m ⋅ s−1)𝑈(𝛼): Velocity of drops swam (m ⋅ s−1)𝑠: Density ratio (dispersed phase vapour den-

sity to the its liquid density)𝑇𝑐: temperature of continuous phase (∘C)𝑇𝑑: Temperature of dispersed phase (∘C)Δ𝑇: Temperature differences (∘C)𝑉𝑟: Radial velocity component (m ⋅ s−1)𝑉𝜃: Tangential velocity component (m ⋅ s−1)𝑥: Vaporization ratio𝑧: Height (m).

Greek Symbols

𝜌𝑐: Continuous phase density (kg ⋅m−3)𝜌𝑑: Dispersed phase density (kg ⋅m−3)𝛼: Holdup ratio𝜇: Dynamic viscosity of continuous phase (N ⋅ s ⋅m2)𝜖: Thermal diffusivity (m2 ⋅ s−1).
Subscript

𝑜: Initial.
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