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The notion of asymptotically regular mapping in partial metric spaces is introduced, and a fixed point result for the mappings of this
class is proved. Examples show that there are cases when new results can be applied, while old ones (in metric space) cannot. Some
common fixed point theorems for sequence of mappings in partial metric spaces are also proved which generalize and improve

some known results in partial metric spaces.

1. Introduction

Matthews [1] introduced partial metric spaces as a part of
the study of denotational semantics of data flow networks.
In partial metric space, the usual metric was replaced by
partial metric, with a property that the self-distance of any
point may not be zero. In fact, it is widely recognized that
partial metric spaces play an important role in constructing
models in the theory of computation. Partial metric has
applications in the branches of science where the size of data
point is represented by its self-distance. The fixed point of a
contraction mapping in partial metric space has zero self-
distance; that is, fixed point is a total object. Every metric
space is a partial metric space with zero self-distance that
is, partial metric spaces are the generalization of metric
spaces.

O’Neill [2] generalized the concept of partial metric space
a bit further by admitting negative distances. The partial
metric defined by O’'Neill is called dualistic partial metric.
Heckmann [3] generalized it by omitting small self-distance
axiom. The partial metric defined by Heckmann is called
weak partial metric.

Banach contraction principle ensures the existence and
uniqueness of a fixed point of a contractive self-map of metric
space and has many applications in applied sciences. The fixed
point result of Matthews is the generalization of the following
Banach contraction principle.

Let (X, d) be a complete metric space and let f be a self-
map on X. If there exists A € [0, 1) such that d(fx,fy) <
Ad(x, y) for all x, y € X, then f has a unique fixed point in
X.

The fixed point result of Matthews is generalized by
several authors for single self map in partial metric spaces
(see, e.g., [4-6]). Almost all contractive conditions in these
papers imply the asymptotic regularity of the mapping under
consideration.

The purpose of this paper is to prove some common fixed
point theorems for a sequence of self maps on partial metric
spaces and generalize the result of Matthews. The notion of
asymptotically regular mapping in partial metric spaces is
introduced and a fixed point result for the mappings of this
class is also proved.



2. Definitions and Preliminaries

First, we recall some definitions and properties of partial
metric spaces.

Definition I (see [1]). A partial metric on a nonempty set X
is a function p : X x X — R (R" stands for nonnegative
reals) such that for all x, y,z € X

(pD) x =y & p(x,x) = p(x, y) = p(y, )
(p2) plx, x) < p(x, y),

(p3) p(x, y) = p(y, x),

(p4) p(x, y) < p(x,2) + p(z, y) — p(z, 2).

A partial metric space is a pair (X, p) such that X is a
nonempty set and p is a partial metric on X.

It is clear that if p(x, y) = 0, then from (pl) and (p2),
x = y.Butif x = y, p(x, y) may not be 0.

Example 2. Let p : R* x RY — R" be defined by p(x, y) =
max{x, y}, for all x,y € R, and then (R, p) is a partial
metric space.

Each partial metric on X generates a T, topology 7, on X
which has a base the family of open p-balls {B,(x,€) : x €
X, e > 0}, where B, (x,€) = {y e X: plx,y) < p(x,x) + €}
forevery x € X and e > 0.

Theorem 3 (see [1]). For each partial metric p: Xx X — R*
the pair (X, d), where d(x, y) = 2p(x, y) — p(x,x) — p(y, y)
forall x, y € X is a metric space.

Here, (X, d) is called induced metric space, and d is metric
induced by p.

Throughout this paper, we suppose that (X, p) is induced
metric space and d is metric induced by p.

Let (X, p) be partial metric space. Then,

(1) a sequence {x,} in (X, p) converges to a point x € X
ifand only if p(x, x) = lim,,_, . p(x,,, x),

(2) asequence {x,} in (X, p) is called Cauchy sequence if
there exists lim,, ,,, _, ., p(x,,, x,,,) and is finite,

(3) (X, p) is said to be complete if every Cauchy sequence

{x,} in X converges, with respect to 7,, to a point x €
X such that p(x, x) = lim, ,,, , ., p(x,, x,,).

Lemma 4 (see [1, 7]). Let (X, p) be partial metric space, and
then

(a) {x,,} is a Cauchy sequence in (X, p) if and only if it is a
Cauchy sequence in metric space (X, d).

(b) (X, p) is complete if and only if the metric space (X, d)
is complete. Furthermore, lim,, _, . d(x,,x) = 0 if and

only if

PG = limp(5ux) = Jim p(5ux). (1)

ISRN Computational Mathematics

Definition 5. A self map f on a partial metric space (X, p) is
said to be asymptotically regular at a point x in X, if

lim p (f"x, f”“x) =0, )

n— 00

where f" denotes the nth iterate of f at x.

Note that Banach type contractions, generalized contrac-
tions, and so forth are asymptotically regular at every point
of space.

Example 6. Let p : R* x R" — R" be defined by p(x, y) =
max{x, y}, for all x,y € R, and then (R, p) is a partial
metric space. The mapping f : X — X is defined by
fx = x/2, for every x € R". Then f is asymptotically regular
at every point of R*.

3. Fixed Point Theorems

First, we prove the fixed point result for asymptotically
regular mappings.

Theorem 7. Let (X, p) be a complete partial metric space and
let f be a self map on X, satisfying the following condition:

p(fx fy)
< ayp [min{p (x, fx), p (5. f¥)}]
+ay [p(x fx) p(y, f¥)] +asp(x.9)  (3)
+ay[p(x fx) + p (3, fy)]

+as [p(x fy) + p (3 fx)]

forall x,y € X, where a; = a;(x,y) (i = 1,2,3,4,5) are
nonnegative functions such that for arbitrarily fixed k > 0, 0 <
A< landforallx,y € X

a (x,y),a,(x,y) <k, (4)
as (%, y) +a, (x,y) + 205 (x, y) < A, (5)

where ¢, v : R* — R are functions such that ¢(0) = y(0) =
0 and ¢, y are continuous at 0. If f is asymptotically regular at
some x, € X, and then f has a unique fixed point u in X with

plu,u) = 0.

Proof. Let x,,,, = fx, for every n > 0. If there exists n such
that x,, = x,,,, then x,, is a fixed point of f. Suppose that
Xp41 X, for every n > 0. We show that {x,} is a Cauchy
sequence.

Let m > n denote p, = p(x,,,,x,) and then from (3) we
obtain

P (% X,)
= p (xn’xn+1) + P (xn+1’xm+l)
p (xn+1’ xn+1) -p (xm+1’ xm+1)

+p (xm+1’ xm) -

< Put P + P (f0s f).
(6)
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Using (3), we obtain
p (xn’xm) SPutPmt al(p [min {pn’ pm}] +ay [pn ’ pm]
+ a3p (xn’xm) +a, [pn + pm]

+ as [P (xn’ xm+1) + P (xm’xn+1)] >

(7)
where 4, = a,(x,, X,,). As
P (% X)) + P (X X1
< P (X %) + Pon = P (X Xp) + P (X0 X,,) ©
+ Pu— P (% X,)
< 2P (%0 %) + P+ P
Therefore from (7), it follows that
P (%)
< pot P+ @@ [min{p,, p}] + a9 [Py Pyl
+ a3 (X, Xp,) + g [Py + P o
+ a5 [2p (%, X,n) + Py + P
=(1+ay+as)(p, + pw) + (a5 +2as) p(x,, x,,,)
+ayp [min {p,, put] + [Py~ Pl -
Using (4) and (5), we obtain
P (%) < L+ 2) (P + o) + AP (5 X,)
+ ke [min {p,, put] + Ky [Py * P
(1=1) p (X %) < L+ 1) (P + o)

+ ke [min {p,, p}] + kv [y - P -
(10)

Since f is asymptotically regular at x, and ¢ and y are
continuous at zero, therefore from the above inequality we
obtain

A p (%) = 0. (1)
Hence, {x,} is a Cauchy sequence in (X, p), and by Lemma 4,
itis a Cauchy sequence in (X, d). Using completeness of (X, p)
and Lemma 4, it follows that (X,d) is complete and {x,}
converges in (X, d). Thus, lim d(x,,u) = 0 for some
ueX.

Again, from Lemma 4, and (11), we have

n— 00

P = lim (%) = im p(xx,) =0, (12

1, — 00

To prove that fu = u, let us consider the following inequali-
ties:

p (u> fu) <p (u’ xn+1) +p (xn+1> fu) -p (xn+1’xn+1)
< p(u’xnﬂ) +p(fxn’fu)’

3
p(u, fu) < p(u,x,,,) + ay¢ [min {p,, p (u, fu)}]
+ayy [Py p (s fu)] +asp (x,,u)
+ay [, + p (us fu)]
+as [p (x, fu) + p (u, fx,)],
(13)

where g; = a;(x,,, u). As
P (x fu) + p (s fx,)
< p(xpu) +p (s fu) = p(u) + p(x,00)  (14)

= p(xpu) + p(us fu) + p (1, x,1) -
Therefore, (13) gives

p(u, fu)
< (1+as) p(ux,01) + (a5 + as) p(x,, 1) + ayp,
+(ay +as) p (u, fu) + ay¢ [min {p,, p (u, fu)}]

+ay [p, - p(u fu)].
(15)

Using (4) and (5), we obtain
pu fu) < 1+ 1) p (1 x,) + Ap (x,0 1)
+Ap, + Ap (u, fu)

+ k¢ [min {p,,, p (u, fu)}] +ky [p, - p(u, fu)].
(16)

From (12) and the above inequality, it follows that

p(u, fu) < Ap (u, fu) < p(u, fu). 17)

This contradiction shows that p(u, fu) = 0, that is, fu = u.
Thus, u is a fixed point of f.

Let v be another fixed point of f and p(u,v) > 0. From
(3), we obtain

pwv) = p(fu, fv)
< ay¢ [min {p (u, fu), p (v, fv)}]

+ay [p(u fu) - p (v, fv)] + asp (u,v)

+ay [p(u, fu) + p (v, fv)]

+as [p(u, fv) + p(v. fu)]
= ay¢ [min{p (,u), p (v, v)}]

+ayy [p(wu) - p(v,v)] +asp (u,v)

+ay [pwu) + p(vv)] +as [p(w,v) + p (v,u)]
= a;¢[0] + @, [0] + a3 p (u, v)

+a,p(v,v) +as [pwv)+p(vu)

< (ay+ay +2as) p(u,v),
(18)



where g; = a;(u, v). The above inequality with (5) gives
pw,v) <Ap(u,v) < p(u,v). (19)
This contradiction proves uniqueness. O

Takinga,(x, y) = a,(x, y) = 1/(1+p(x, ¥)), () = y(t) =
a-1,0 < a<l,a5(x,y) = B, a,(x, y) = as(x, y) = 0in the
above theorem, we obtain following corollary.

Corollary 8. Let (X, p) be a complete partial metric space and
let f be a self map on X, satisfying the following condition:

p(fx, fy)

(in{p (6 fx), p (7, )} + p (% fx) - p (7. f)
- L+p(x,9)

+Bp (x, y)
(20)

forall x,y € X, where o, 3 are nonnegative reals, such that
a < 1,5 < L If f is asymptotically regular at some x, € X,
then f has a unique fixed point u in X with p(u,u) = 0.

Again taking a,(x,y) = a,(x,¥) = 0and a3(x,y) =
a,a,(x,y) = P, as(x,y) = y in Theorem 7, we obtain
following corollary.

Corollary 9. Let (X, p) be a complete partial metric space and
f be a self map on X, satisfying following condition:

p(fx. fy) <ap(x,9) + Blp(x fx) + p (3, fy)]
+y[p (% fy) + p(y, fx)]

forall x, y € X, where «, 3,y are nonnegative reals, such that
a+ B+2y < L If f is asymptotically regular at some x, € X,
then f has a unique fixed point u in X with p(u,u) = 0.

Taking « = y = 0 in above the corollary, we obtain the
following result.

Corollary 10. Let (X, p) be a complete partial metric space
and let f be a self map on X, satisfying the following condition:

p(fx fy) < Blp(x fx) + p(», fy)] (22)

forallx,y € X, where0 < 3 < 1. If f is asymptotically regular
at some x, € X, then f has a unique fixed point u in X with

plu,u) = 0.

The following example shows that the assumption of
asymptotic regularity in above theorems cannot be dropped.

Example 11. Let X = [0, 1], then (X, p), where p(x,y) =

max{x, y}isa complete partial metric space. Define a self map
f on X, as follows:

;—C if x € <%, ] 3)
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Take § = 7/10 then f satisfies the contractive condition of
Corollary 10, but f is not asymptotically regular at any point
of X, and has no fixed point in X.

Results similar to the above corollaries are available in
usual metric spaces (see, e.g., [8]). In the following we
illustrate the existence of self map which satisfies contractive
condition of Corollary 10, in partial metric space but not in
usual metric space.

Example 12. Let X = [0,1], then (X, p), where p(x,y) =
max{x, y}isa complete partial metric space. Define a self map
f on X, as follows:
if x € [0, l) ;
2

X =
f if x € [1,1].
2

(24)

Bl SRR

Note that f satisfies all the conditions of Corollary 10, with
B =9/10, and has a unique fixed point u = 0. But f does not
satisfy the contractive condition d(fx, fy) < Bld(x, fx) +
d(y, fy)] for all x, y € X, in usual metric space (X, d) with
d(x,y) = |x — y| (which is also the induced metric); for
example, if we take x = 1/2, y = 0, then there is no 3 such that
0 < B < landd(fx, fy) < Bld(x, fx) +d(y, fy)]. Therefore,

results of usual metric spaces cannot be applied.
Now, we will prove some common fixed point theorems.

Theorem 13. Let (X, p) be a complete partial metric space and
{f..} be a sequence of self maps on X satisfying the following.

There exist a,, a,, as, dy, as € [0,1) witha, +a, + a; +a, +
as < 1such that forall x, y € X

p(fix fi7) < ap (. 9) +ayp (x, fix) + asp (3. £;7)

+ayp (. fix) +asp (x f;7).
(25)
Then, all the mappings of sequence { f,,} have a unique common

fixed point u in X with p(u,u) = 0.

Proof. Let x, € X and x,,,; = f,,1x, for everyn > 0. We
show that {x,} is a Cauchy sequence.

If there exists k > 0, such that x;, = x,,, then from (25)
we obtain

P (%ks2> Xper1)
= p (freoXier> frrr i)
< a;p (%1 %) + @ P (Xpers frroXiar)
+ a3 p (%> freor %) + AaP (X frr2Xier)
+ a5 p (X 1> frr1 %)
= a1 p (Xpar X) + AP (Xpar Xer2) + a3 P (X K1)

+ay p (Xp> Xpey) + s P (Xpey 15 Xgy1)
= a1 P (X1 K1) + P (Xpars Xpern) + 33 (Xper 15 X))

+ay P (X1 Xpyn) + AP (Xpy1s Xppr) -
(26)
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As p(xk+1’ xk+1) < p(xk+2’ xk+1) we have

P (%y2s Xp41) < (@) +ay + a5 +a, +as) p (xk+2,xk+1)(, :
27

asa; +a, +a; +a, +as < 1, it follows that p(xy,s, Xpyq) =
0, that is, x4, = Xjq-

Similarly, it can be seen that x; = x;,, for every r > 0.
Thus, {x,} is a Cauchy sequence.

Assume that x, #x,,,, for every n > 0. Denote p, =
P(x,41> X,,), then from (25) it follows that

Pu = P (farrX fu¥n-1)
< ayp (% %1) + 2P (X a1 X) + @3 (X5 fuXor)
+a,p (Xp-1> fur1 %) + 5P (%0 fuXo1)
= a1 p (% X1) + 8P (X %) + a3 P (X1, X,,)
+ayp (%1, Xp1) + a5 p (%, %,,)
S @ Pyt + Py + 3Py Py APy~ AP (X X)

+ asP (xn’ xn) ( )
28

and so

a4) P (xw xn) .
(29)

(1-ay-a,) p, < (a, +as +a,) p,y +(as -

Using, symmetry of p, we obtain

(1 — a3 _a5)pn < (611 +a, +a5)pn—1 + (614 _QS)p(xn’x(n)')
30

It follows from (29) and (30) that

(2-ay-a;—a,—as) p, < (2a; +a, + ay + a, + as) p,

2a, +a, +as +a,+as

s -1
" 2-ay-a;—a,-as "

pn < Apn—l’
(31

where A = (24, +a, +a; +a, +ag)/2—-a,—a;—a, —as) < 1,
which implies p, < Ap,_; < A*p,, < --- < A"p,, where
Po = plxy, Xo).

For m > n, we obtain

P (% %)
=p (xn’ xn+1) +p (xn+1’ xn+2) +--+p (xmfl’xm)
- [P (xn+1’ xn+1) +p (xn+2’xn+2)

teeet p(xm—l’xm—l)]

5
SPut Pusr Tt P
< A'po + A py+ -+ A" p,
=Apy (L+ A+ A%+ A"
=1k
(32)

As A < 1, it follows that A" — 0asn — o0, which implies

lim p(x,,x,,) =0. (33)

n,m — 0O

Hence {x,} is a Cauchy sequence in (X, p), and by Lemma 4,
it is a Cauchy sequence in (X,d). Using completeness of
(X, p) and Lemma 4, it follows that (X, d) is complete and
{x,} converges in (X, d). Thus lim,, _, . d(x,,,u) = 0 for some
ueX.

Again from Lemma 4, and (33) we have

pu,u) = nhj%op (xn’u) = nrltigoop (xn’ xm) = 0. (34)

To prove that f;u = u for any arbitrary fixed i € N, let us
consider the following inequalities:

p(fiwu)
< p(fiths fuxnr) + P (fuXn1o ) = P (fuu1s fuXnr)
< p(fiths fuxnr) + P (x,01)
<ayp(u,x,) +ayp (s, fiu) + asp (x, 15 X 1)
+ayp (X 1> fitt) + asp (us fy 1) + p (%, 10)
=a,p (X, 1) + ayp (u, fiur) + asp (x4, X,)
+ayp (X, 1> fitt) + asp (1 x,) + p (x, 1)
<(a; + a5 +ay) p(x,_,u)+(as +as +1) p(x,,u)

+(ay +ay) p(u, fiu) = (as +a,) p(u,u),

a,+as+a, as+as +1

p(x,u).

(35)

p (xn—l’ u) +

1-a,—-ay 1-a,-

p(u, fu) <

Using (34), it follows that p(fu,u) = 0; thatis, fu = u.
Thus, u is a common fixed point of all the maps of sequence

Ul
’ Let v be another common fixed point of all the maps of
sequence {f,} and p(u,v) > 0.
For any n € N, from (25), we obtain

pwv) = p(fuus, f,v)
< ap(uv)+ap(u fu) +asp (v, f,)
+ayp (v, fou) +asp (u, f,v) (36)
=a,pWv)+a,pWw,u)+a3p(v,v)

+aup(v,u) +asp(u,v).



Using (p2), we have
pwv)<(ay+ay,+as+a,+as)pwv)<pwv). (37)
This contradiction proves uniqueness. O

Taking f,, = f foreveryn € Nin above theorem we obtain
following Hardy-Rogers-type result and an improvement to
Theorem 2, of Altun et al. [5].

Corollary 14. Let (X, p) be a complete partial metric space.
Let f be a self map on X, satisfying the following.

There exist a,, a,, a5, ay, a5 € [0,1) witha, + a, + a; +a, +
as < 1 such that forall x, y € X

p(fxfy) <ap(xy) +ap(x fx)

+asp(y, fy) +ap (y, fx) +asp(x, fy).
(38)

Then, the f has a unique fixed point u in X with p(u,u) = 0.

Theorem 15. Let (X, p) be a complete partial metric space. Let
{f..} be a sequence of self maps on X satisfying the following.

There exists a;, a,, a3, a4y, as € [0, 1) witha, +a, +a; +a, +
as < 1 and positive integer m; for each i € N, such that, for all
x,yeX

p (_fimix, f;,njy) <ap (x, y) +a,p (x, fimix)
+asp (.£;") (39)

+agp (y, f"x) +asp (x. f;"y).

Then all the maps of sequence { f,,} have a unique common fixed
point uin X with p(u,u) = 0.

Proof. Note that the sequence {f,"} satisfies all the condi-
tions of Theorem 13, therefore, all the maps of sequence { f,""}
have a unique common fixed point « in X with p(u,u) = 0,
that is, f;""u = u for every i € N. Taking x = fiu,y = uin
(39) with the fact that f;" fu = f; f"u = fu for everyi € N,
we obtain f;u = u. Thus, u is a common fixed point of all the
maps of sequence {f,}. Its uniqueness follows from the fact
that fu = u implies f;"u = u for every i € N. O
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