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For two given integers k, m, we introduce the k-step sum and m-step gap Fibonacci sequence by presenting a recurrence formula that
generates the nth term as the sum of k successive previous terms starting the sum at the mth previous term. Known sequences, like
Fibonacci, tribonacci, tetranacci, and Padovan sequences, are derived for specific values of k, m. Two limiting properties concerning

the terms of the sequence are presented. The limits are related to the spectral radius of the associated {0, 1}-matrix.

1. Introduction

It is well-known that the Fibonacci sequence, the Lucas
sequence, the Padovan sequence, the Perrin sequence, the
tribonacci sequence, and the tetranacci sequence are very
prominent examples of recursive sequences, which are
defined as follows.

The Fibonacci numbers 1,1,2,3,5,8,13,... are derived
by the recurrence relation f, = f,_; + f,_,, n > 3, with
fi =1, =1,11], [2, A000045].

The Lucas numbers 2,1,3,4,711,18,29, ... are derived by
the recurrence relation ¢, = €,_; + €,_,,n > 3, with ¢, = 2,
and ¢, = 1, [1], [2, A000032].

The Padovan numbers 1,0,0,1,0,1,1,1,2,2,3,4,5,79,
12,... are derived by the recurrence relation a,, = a,_, + a,,_;,
n>4,witha, =1, a, = a; =0, [2, A000931].

The Perrin numbers 3,0,2,3,2,5,5,7,10,12,17,... are
derived by the recurrence relation p, = p, , + p,_3> 1 = 4,
with p, = 3, p, = 0,and p, = 2, [2, A001608].

Both Fibonacci and Lucas numbers as well as both
Padovan and Perrin numbers satisfy the same recurrence
relation with different initial conditions.

Extending the above definitions, the k-step Fibonacci
sequences are derived [3]. For k = 3, the tribonacci numbers
1,1,2,4,713,24,44,... are derived by the recurrence relation

Jo=Joa* fuat fuz nz4with f = f, = 1,and f; = 2,
[3-5], [2, A000073].

For k = 4, the tetranacci numbers 1, 1, 2,4, 8, 15,29, 56, . ...
are derived by the recurrence relation f,, = f,_;+ f,_o+ fu_s+
foeeon 2 5, with f; = f, = L,and f; = 2, f, = 4, [3], [2,
A000078].

In this paper, we introduce k-step sum and m-step gap
Fibonacci sequence, where the nth term of the sequence is
the sum of the k successive previous terms starting at the
mth previous term, using 1’s as initial conditions. Further the
closed formula of the nth term of the sequence is given and
the ratio of two successive terms tends to the spectral radius
of the associated {0, 1}-matrix.

2. Definition of k-Step Sum and m-Step Gap
Fibonacci Sequence
For the integersk = 1,2,...,m = 0, 1,..., we define the k-step

seee

nth term is given by the following recurrence relation:

fn = fn—m—l + fn—m—Z teet fn—m—(k—l) + fn—m—k

k+m (1)
= Z foi» foreveryn>k+m+1,

i=m+1
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with

fr== frum =1 2)
Combining (1) and (2) notice that all the terms f, of the
sequence ( fék’m))nzl,zw are positive integers and f,, is the sum
of k terms starting the sum at the mth previous term from f, ;
thus, (1) can be written equivalently as

fn = fn—m—l + fn—m—z L fn—m—(k—l) + fn—m—k

(3)

k
= an_m_j, for every n > k+m+ L.
j=1

Remark 1. (i) From (2)-(3) it is evident that for k = 1 and

seee

equal to one. Hereafter consider k > 2, since the case k = 1 is
trivial.
(ii) For m = 0, (3) and (2) give the nth term f, of the

.

fn = fn—l + fn—2 +e +fn—(k—1) +fn—k

k (4)
= an_i, for every n > k + 1,

i=1

with initial values
e ©

Remark 2. The sequence ( fék’m))nzl,z)_" gives known
sequences for various values of the steps k, m:
(i)for k = 2, m = 0, (4)-(5) give the well-known
Fibonacci sequence, 1, 1,2,3,5,8,13,.. ;
(ii) for k = 3,m = 0, (4)-(5) give the tribonacci sequence,
1,1,1,3,5,9,17,31,..., [2, A000213];
(iii) for k = 4, m = 0, (4)-(5) give the tetranacci sequence,
1,1,1,1,4,7,13,25,..., [2, A000288];
(iv) for k = 2, m = 1, (2)-(3) give the Padovan sequence,
1,1,1,2,2,3,4,5,7,9,..., [2, A 000931].

In the following, the Dirac delta function (or § function)
is denoted by 4, ; = { (1) "nz and the Heaviside step
function (or the unit step function) u,,_; = { v -

Moreover, the nth number of the sequence ( fflk’m))n:l)z).__
follows immediately from (2) and (3) using the above defi-
nition of the & function and considering that the first k + m
negative indexed terms are equal to zero:

foterm-ry="=f1=1fo=0, (6)

which is formulated in the following proposition.

Proposition 3. For the given integers k > 2, m > 0, for all
n > 1, the nth number, f,, of the sequence (frsk’m))n:m,__. is
given by the following recurrence relation:

k+m k—1k—j

k
fn = an—m—i + Z(Sn—j - Zzén—m—j—i’ (7)
i=1

=1 j=1i=1

with initial values as in (6).
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In the following, we are going to demonstrate a close link
between matrices and Fibonacci numbers in (3) with initial
values in (2).

To this end, consider k > 2, m > 1. One can write
the following linear system, where (3) constitutes its first
equation:

fn = fn—m—l + fn—m—Z toee fn—m—k+1 + fn—m—k

fn—l = fn—l
Joem = From (8)
fn—m—l = fn—m—l

fn—m—(k—l) = fn—m—(k—l)'

Hence, using a (k + m) x 1 vector, the linear system in (8) can
be formed as

Cf ]
fn—l
.131‘-771
fn—m—l
fn—m—(k—Z)
L fn—m—(k—l) _
9
(00 -+ 0 1 .ll'-fl- ©)
10...0 .00 [
010 ...0..00 "
001 O 0 :
=00 0 1 O Jocm )
n-m-1
: .. 0 fnfmf(kfl)
LO O ... ... 0 10fL Ju-mk
whereby it is obvious that the sequence ( f,(,k’m))nzl,z,m can be

represented by a (k + m) x (k + m) matrix, F_,,, which is a
block matrix such that

0 - 0 1 1

1 0 -+ -
F B [Fl F2:| 3 01 0 . 0 (10)
k,m F3 F4 1 0 >

_0 ...... (). 1 0_

where the first row consists of the vector-matrices F;, F,; the
m entries of the 1 xm vector F, are equal to zero and the rest k
entries of the 1 x k vector F, are equal to one; the (k+m—1) x
(k +m — 1) matrix F; is the identity matrix and the k + m — 1
entries of the (k + m — 1) x 1 vector F, are equal to zero.
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Working as in the above, for k > 2, m = 0, and using
(4) with initial values in (5), we can write the following linear
system:

fn = fn—l +fn—2 LI +fn—k+1 +fn—k

fnfl = fnfl
fn—(k—z) = fn—(k—Z)
fn—(kfl) = fn—(k—l) an
=
fn } (1) 1 fn—l
fn—l fn—2
D=0t :
fn—(k—z) . fn—(k—l)
Jnte-1) 0 --- 10 fok

The k x k matrix, Fj , of the coefficients of the above system,
is defined as

1 1 -1
10 0 -0
F 1
F, 2 |=101 0 , 12
0 [Ik—1F4] 12)
0.+ 10

where the k — 1 entries of the 1 x (k — 1) vector F, are equal to
one, I, is the (k — 1) x (k — 1) identity matrix, and the k — 1
entries of the (k — 1) x 1 vector F, are equal to zero.

Remark 4. (i) The well-known sequences, which are pre-
sented in Remark 2, correspond to F, in (12) for suitable
integer value of k > 2 and = 0;

(a) for k = 2, the Fibonacci sequence corresponds to
Fyp = [10]s

(b) for k = 3, the tribonacci sequence corresponds to

[=X=log

[E—

(i) The Padovan sequence corresponds to the matrix
F, = [géé] by (10) with k = 2, m = 1.

(ili) The matrix F, in (12) has been defined and the
determinant of F,, has been investigated in [6] and some
results on matrices related with Fibonacci numbers and Lucas
numbers have been investigated in [7] and the transpose
matrix of the general Q-matrix in [8].

Proposition 5. The (k+m)th degree characteristic polynomial
x(A) of F,,, in (10) is given by

_ 1k+m < i _ yk+m & i-1
x(A) =AY A =AY )
i=0 i=1
(13)

k
_ /\k+m _ Ak—i.
2
Proof. The proof of (13) is based on the induction method.
For k = 2, m = 1, the characteristic polynomial of F,, =
[g (1) é] is x(1) = A> — A — 1, which satisfies (13). Let m be a

fixed integer and assume that the formula in (13) is true for k;
that is,

k
x (V) = det (M, — Fe,) = A= Y20 (14)

i=1

Then, det(Al,,.; — Fy,1,,) of the (k + m + 1) x (k + m + 1)
matrix AL, ., —Fi,, , can be computed by using the Laplace
expansion along the (k+m+1)th column and the assumption
of induction. Thus, we have

x(A) = det (/\Ik+m+l - Fk+1,m)
0 -1 A 0
= (-2 (~1)det| 0 0 -1 -

0 0 -~ 0 -1

+ (~1)>%*™ D) det (M, — Feom)

)

i=1

_ (_1)k+m+3(_1)k+m A </\k+m _

f k f ) B k+1 f )
=\ +m+1 _ZA +1-i 1= +m+l Z)‘ +1—1)

i=1 i=1

hence, (13) holds for k + 1, too. Thus the result follows by the
induction method. O

The set of all eigenvalues of F ,, is denoted by o(Fy,,)
and called the spectrum of Fy ,,,; the nonnegative real number
p(Fy,,) = max{|A| : A € o(F,,)} is called spectral radius of
Fy ,,- Here, p(F} ) is an eigenvalue of Fj ,,, since the entries
of F,, are 0 or 1, [11, Theorem 8.3.1]; further

1<p(E,,) <2, (16)
since
k+m k+m
min Z . < p(F < max Z "
1<i<k+m £ ng] p( k,m) 1<i<k+m 4 (PIJ)
j=1 j=1
(17)
k+m k+m
min Z < p(F < max Z s
1<j<k+m izlq)'] P( k’m) 1<jsk+m = i

1



where ¢;; denotes the ijth entry of Fy,,,, [11, Theorem 8.1.22],
[12, Theorem 7], and [13].
Notice that if A; € o(F,,) is an eigenvalue of F ,,,, then

Xj € 0(Fy,,), because x(A) has real coefficients. Further, since
x(A) in (13) has the constant term equal to —1, it is evident that

det Fk,m _ (_1)k+m (_1) _ (_1)k+m+1. (18)

Hence, Fy,, is a nonsingular and all the eigenvalues are
nonzero.

Remark 6. Notice that, for m = 0,

(i) the kth degree characteristic polynomial x(A) of the
matrix Fy in (12) is formulated by (13), which has
presented in [9, 10];

(i) the authors in [10] have shown bounds for p(F; ,);
the lower bound is more accurate than the associated
bound in (16); in particular,

\/ 2k < pEg) <2, 19)

(iii) the determinant of F,, is computed by (18) and
derived the same result as in [6].

Example 7. Consider k = 2, m = 0, and the well-
known Fibonacci sequence 1,1,2,3,5,8,.. ., as in Remark 2.
According to Remark 4(i), the 2 x 2 matrix

Fyo= [} (1)] 20)

is derived by (12). It is evident that the characteristic poly-
nomial is given by x(A) = A* — A — 1 and its roots are
A = (1-+v5)/2and p(F,5) = A, = (1 + V5)/2, the well-
known number as the golden ratio.

Example 8. Consider k = 2, m = 1. By (2)-(3) the associated

foz+ fup foralln >4, which is well-known as the Padovan
sequence 1,1,1,2,2,3,4,5, ... (see, Remark 2). According to
Remark 4(ii), the associated 3 x 3 matrix is given by

F2,1 =

S = O

11
00]|. (1)
10

The characteristic polynomial is given by (13) as x(1) = A* —
A — 1 and its spectrum o(F, ) = {p(F,;) = 1.32472,A, =

-0.66235 + 0.56227i,A, = A, = —0.66235 — 0.56227i}.

For the integers k > 2 and m > 0, it is worth noting
that, since the entries of the matrix (I, + Fk)m)ker_1 are
positive integers, Fj ,, is an irreducible matrix [11, Lemma
8.4.1]; it follows that the spectral radius p(Fy ,,,) is a positive,

simple (without multiplicity) eigenvalue of Fj ,, [11, Theorem

2
8.4.4]. In addition, the entries of F*+™ ~2km)+2 g6 bitive

ISRN Discrete Mathematics

integers; thus Fy ,, is a primitive matrix [11, Corollary 8.5.9];
that is, p(F,,) is the unique eigenvalue with maximum
modulus [11, Definition 8.5.0]. Hence, in the following, we
denote A}, Ay, .. sA k15 p(Fy,,) all the distinct eigenvalues
of Fy ,,,, for which the following inequality holds:

0< M| <p(F) j=12...k+m-1.  (22)

Furthermore, rewriting (7) as

k
fn - an—m—i

k+m k-1

k-2
= Z 6n—j - Zén—m—l—i - an—m—z—i (23)
i=1

j=1 i=1

2

- Zén—m—(k—Z)—i - 5n—k—m’

i=1
the z-transform on both sides of (23) yields
F(z)

_ (z—l +“_+Z—(k+m—1) +Z—(k+m) _ ZZ—(m+1+i)
i=1

k=2 . 3 .
_ ZZ—(m+2+z) L ZZ—(k+m+z—3)
i=1 i=1
2 .
_Zz—(k+m+z—2) _ z(k+m)>
i=1
— _ _ -1
% (1 —z (m+1) _ (m+2) _ —z (k+m))

_ (z—l bt Z—(k+m—1) _ ZZ—(m+1+i)
i=1

2 .
ZZ—(k+m+z—3)

k-3
_ ZZ—(m+2+i) L
i=1 i=1

_gkemeD) () z(k+m)>

_ _ _ -1
X(I—Z (m+1) _ g (m+2) e g (k+m))

_ (Z—l Ty Z—(k+m—1) _ ZZ—(m+1+i)
i=1

2 .
ZZ—(k+m+z—3)

k-3
_ Zz—(m+2+i) L
i=1 i=1

_gkemeD) () Z—(k+m)>

L kem k-1 k-2 -
x(zkm(z -z -z —--'—z—l))
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i=1

k-3
_ (Zl Tt z—(m+1) _ Zz—(m+2+i)

2

k-4

Z —(m+3+i) Z (k+m+i-3)
— z — e

i=1

i=1

_Z—(k+m—1) _ (k _ 2) z—(k+m)>

-1
x (z_(k”")x (z))

(24)
From (24) it is worth noting that the poles of F(z) are the
eigenvalues of F,,, which are all simple (distinct) and the
complex eigenvalues are conjugate; furthermore, the degrees
of the polynomials of numerator and denominator of F(z)
coincide. Thus, the partial-fraction decomposition of (24) is
given by

k+m-1 C.

< g
1-p(F,n)zt ! ]; 1Az
(25)

F(z)=k-2+

where ¢, p(F,,) are real and the others coefficients c; are
complex or real numbers.

In the following theorem, we are able to present the closed
formula of the terms of the sequence (f*™)
depends on all the eigenvalues of Fy ,,,.

.

Theorem 9. Let Ay, Ay, ..., Ayyyy 1> p(Fy ) be the eigenvalues
of F,,, and the fixed integers k, m, with k > 2, m > 0. The nth

k+m-1

fn = C(P (Fk,m))n + Z Cj(/\j)n’ (26)

=1
where c, Cj» forall j = 1,2,...,k + m — 1, are the determined
coefficients of the partial-fraction decomposition in (25).

Proof. The inverse z-transform on both sides of (25) for all
n=12,...yields

fn = (k - 2) 8n + C(p (Fk,m))nun
k+m-1 (27)

The closed formula of f, in (26) follows from the above
equation and the definitions of § and Heaviside step func-
tions. O

3. Limiting Properties of k-Step Sum and -
Step Gap Fibonacci Sequence

The spectral radius of F ,, in (10) is a characteristic quantity,
which appears in (26) and for some cases of k, m is computed
in Table 1.

TaBLE 1: The spectral radius p(F, ) of F, ,, with respect to k and m.

k=2 k=3 k=4 k=5
m=20 1.6180 1.8393 1.9276 1.9659
m=1 1.3247 1.4656 1.5342 1.5701
m=2 1.2207 1.3247 1.3808 1.4122
m=3 1.1673 1.2499 1.2965 1.3247

From the values in Table 1 observe that the spectral radius
p (F k,m)

(i) increases as k increases and m remains constant;
(ii) decreases as m increases and k remains constant;

(iii) lies in the interval (1, 2) verifying (16).

Note that for k = 3, m = 0, the spectral radius p(F ,,,) is the
tribonacci constant and for k = 4, m = 0, the spectral radius
p(F,,) is the tetranacci constant [2].

The significance of p(F,) is presented in the following
theorem.

Theorem 10. For the fixed integers k, m, with k > 2, m > 0,
the positive numbers f, of the sequence ( f,(lk”"))nzl’z’_“ in (26)
satisfy the following limit properties:

lim == = p(Fy,,), (28)

n

lim {1, = p (Fe) (29)

n— 00

where p(Fy ) is the spectral radius of F_,,, in (10).

Proof. Consider that the polar form of the determined
coeflicients ¢ in (25) is denoted by ¢ = chle’ef, and the
eigenvalues (except the spectral radius) A j= A jl i, for all

j=12,...,k+m-1."The substitution of ¢;, A ; from the polar
forms in (26) yields

fn (P(ka)) + z l |616} |)‘]'elw]

c(p (Fen))" + Z ol e

c(p (Fim))"

k+m—1

+ Z ' HA' cos 9 +nwj)+zsm(9 +nwj))

(30)



Using (30) and the property of the spectral radius p(F; ,,,) > 0
from (22), we can write

hm fn+1

n— 00 f
n

= lim <(P (Fe)™

n—00
< k+m 1

X (cos (Gj +(n+ l)wj)

+i sin (9]- +(n+ l)a)j)) >

n+l

X <(p (Fim))”
( k+m— 1|

x (cos (6; +nw;) +isin (6; + nw;)) > >1> :

(31)

n

P(F m)

Since (cos(OJ- + muj))n:1 5
bounded sequences as well as the inequality (22) implies
IA;/p(Fy,m)l < 1forevery j=1,2,...,k+m—1,itis obvious

that

FG
lim
n=00\ | p(Fem)

X (cos (Hj +(n+ l)wj) +i sin (Gj +(n+ l)wj)) )

and (s1n(0j+nwj))n:1)2w are

n+l

n

1.
= nli—{%o <‘WZM) cos (0]- + nwj) +isin (9]- + nwj))
=0.

(32)

Thus, the validity of (28) follows from (31) and (32).
Furthermore, it is well known that for a sequence (a,,),,»;
of nonzero complex numbers, if lim,,_, . (la,.,l/la,]) = «,
then lim,,_, ., {/|a,| = « [14, Chapter 1], whereby it is evident
that for the sequence ( f,gk’m))ml . of the positive integers
(f, > 0), the equality (29) follows immediately from (28). [J

Remark 11. Notice that for every n = 1,2,... the formulas
of f, in (26) and (30) are equivalent. Additionally, notice the
following.

(i) If kK + m is odd, then the characteristic polynomial
in (13) has one real root, p(Fy,,), and the others are

ISRN Discrete Mathematics

complex conjugate. Thus, the complex eigenvalues A ;
and the coefficients ¢; in (25) appear in r complex
conjugate pairs, Wthh are denoted by A,, A, = A,
Ap Ay = Ay oon A, A, = A _and ¢, ¢, = €}, G
€ = Cg oo gy G = Er,l, respectively. Then, using
the complex conjugate properties, (30) follows

)+ ZZ lci| |Ai]" cos (6; + nw;) (33)

i=1

fn = C(P (Fk,m)

wherer = (k+m—-1)/2.

(ii) If k + m is even, then the characteristic polynomial
in (13) has two real roots and the others are complex
conjugate. The one real root is the unique real positive
root p(F,,); it lies in the interval (1,2) by (16)
and has maximum modulus. The other real root
is negative and lies in the interval [-1,0) (see in
Acknowledgements). Thus, the complex eigenvalues
A; and the coefficients c; in (25) appear in r complex
conjugate pairs and A, ¢; are denoted as in (i). Then,
using the complex conjugate properties, (30) follows

fn = C(P (Fk,m))n + Ck+m—1(Ak+m—1)n

r (34)
+ 22 || |)L,~|n cos (6; + nw,) ,
i1

wherer = (k + m - 2)/2.

Example 12. Consider the Padovan sequence of the
Example 8. Notice that k = 2, m = 1 and k + m is
odd. The eigenvalues of F,; are given in Example 8,
p(F)) = 132472, A, = —0.66235 + 0.56227i =
0.86883(c0s(2.43773) + isin(2.43773)), and A, = A,.
Since [A;| = 0.86883, it is evident that the inequality
(22) is verified. The partial-fraction decomposition
as in (25) yields ¢ = 0.54511, ¢¢ = —0.27255 +
0.07397i = 0.28241(cos(2.87657) +isin(2.87657)), and
¢, = —0.27255 - 0.07397i = ¢,.

Thus, for n > 1 the nth number of the Padovan sequence
is computed by (33) and given by

fu= C(P (Fz,l))n +2 |C1l |A1|n cos (91 + ”“’1)
= 0.54511(1.32472)" (35)
+0.56483(0.86883)" cos (2.87657 + 2.43773n) .

Now, the limited properties of the Padovan sequence are
derived by (28) and (29):

(£, = 1.32472. (36)

n— 0o fn n— 0o

Example 13. Consider the 2-step sum and 2-step gap
Fibonacci sequence. Notice that k + m is even. The eigen-
values of F,, are p(F,,) = 122074, A, = -0.24812 +

1.0339i = 1.06333(cos(1.80631) +isin(1.80631)), A, = A,,
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and A; = —0.72449. The partial-fraction decomposition as
in (25) yields ¢ = 0.59122, ¢, = —0.13687 + 0.00951i =
0.13720(c0s(3.07219) + isin(3.07219)), ¢, = ¢y, and ¢; =
—0.31747. Thus, for n > 1 the nth number of the sequence
is computed by (34) and given by

f, = 0.59122(1.22074)" — 0.31747(-0.72449)"
(37)
+0.27441(1.06336)" cos (3.07219 + 1.80631n) .

Now, the limited properties of the sequence are derived by
(28) and (29):

: fn+1 _1: n _

lim =—— = nlirréo f, = 1.22074. (38)

n— 00
n

4. Conclusions

The k-step sum and m-step gap Fibonacci sequence was
introduced. A recurrence formula was presented generating
the nth term of the sequence as the sum of k successive
previous terms starting the sum at the mth previous term. It
was noticed that known sequences, like Fibonacci, tribonacci,
tetranacci, and Padovan sequences, are derived for specific
values of k,m. A closed formula of the nth term of the
sequence was given. The limiting properties concerning the
ratio of two successive terms as well as the nth root of the
nth term of the sequence were presented. It was shown that
these two limits are equal to each other and are related
to the spectral radius of the associated {0, 1}-matrix. These
limits can be regarded as the k-step sum and m-step gap
Fibonacci sequence constants, like the tribonacci constant
and the tetranacci constant.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

The authors thank Dr. Aristides Kechriniotis for his valuable
comments about the roots of the characteristic polynomial in
(13), verifying that the maximum modulus of the unique real
positive root lies in the interval (1, 2) and that the second real
root lies in the interval [-1, 0) in the case where k+m is even.

References

(1] T. Koshy, Fibonacci and Lucas Numbers with Applications, John
Wiley & Sons, New York, NY, USA, 2001.

[2] “The On-Line Encyclopedia of Integer Sequences,” http://oeis.
org/.

[3] http://rosettacode.org/wiki/Fibonacci_n-step_number_sequen-
ces.

[4] M. Elia, “Derived sequences, the Tribonacci recurrence and
cubic forms,” The Fibonacci Quarterly, vol. 39, no. 2, pp. 107-115,
2001.

[5] B. Tan and Z. Wen, “Some properties of the Tribonacci
sequence,” European Journal of Combinatorics, vol. 28, no. 6, pp.
1703-1719, 2007.

[6] E.Karaduman, “An application of Fibonacci numbers in matri-
ces,” Applied Mathematics and Computation, vol. 147, no. 3, pp.
903-908, 2004.

[7] X. Fu and X. Zhou, “On matrices related with Fibonacci and
Lucas numbers,” Applied Mathematics and Computation, vol.
200, no. 1, pp. 96-100, 2008.

[8] J.Ivie, “A general Q-matrix,” The Fibonacci Quarterly, vol. 10, no.
3, pp- 255-264,1972.

[9] D. Kalman, “Generalized Fibonacci numbers by matrix meth-
ods,” The Fibonacci Quarterly, vol. 20, no. 1, pp. 73-76, 1982.

[10] G.-Y. Lee, S.-G. Lee, and H.-G. Shin, “On the k-generalized
Fibonacci matrix Qy,” Linear Algebra and Its Applications, vol.
251, pp. 73-88, 1997.

[11] R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge
University Press, Cambridge, UK, 2005.

[12] D. Noutsos, “Perron-Frobenius theory and some exten-sions,
Como, Italy, May 2008, http://www.math.uoi.gr/~dnout sos/
Papers_pdf_files/slide_perron.pdf.

[13] D. Noutsos, “On Perron-Frobenius property of matrices having
some negative entries,” Linear Algebra and Its Applications, vol.
412, no. 2-3, pp. 132-153, 2006.

[14] E. Stein and R. Shakarchi, Complex Analysis, Princeton Lectures
in Analysis, Princeton University Press, Princeton, NJ, USA,
2003.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



