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Abstract. 
The behaviour of an amperometric biosensor based on parallel substrates conversion for steady-state condition has been discussed. This analysis contains a nonlinear term related to enzyme kinetics. Simple and closed form of analytical expressions of concentrations and of biosensor current is derived. This model was originally reported by Vytautas Aseris and his team (2012). Concentrations of substrate and product are expressed in terms of single dimensionless parameter. A new approach to Homotopy perturbation method (HPM) is employed to solve the system of nonlinear reaction diffusion equations. Furthermore, in this work, the numerical solution of the problem is also reported using Matlab program. The analytical results are compared with the numerical results. The analytical result provided is reliable and efficient to understand the behavior of the system.


1. Introduction
A biosensor is an analytical device, used for the detection of an analyte, which combines a biological component with a physiochemical detector [1]. Analyzed substrate is biochemically converted to a product when the biosensor operation is being undertaken. In most of the cases, biosensor response is directly proportional to the concentration of the reaction product [2]. The amperometric biosensors have proved to be reliable in various systems with applications in the field of medicine, food technology, and the environmental industry [3, 4]. The understanding of the kinetic peculiarities of biosensors is of crucial importance for their design. The mathematical modeling is rather widely used to improve the efficiency of the biosensors design and to optimize their configuration [5–8]. Since 1970s, various mathematical models of biosensors have been developed and used successfully to study and optimize analytical characteristics of biosensors [9–14]. Mathematical modeling of two-enzyme biosensors has been started in 1980s with the modeling of an amperometric monolayer enzyme electrode with two coimmobilized enzymes [15, 16]. Later, nonlinear mathematical models have been developed for amperometric two-enzyme biosensors with different enzymes [17, 18].
The numerical method of solving partial differential equations is to make calculation at all intervals of substrates concentration and at different diffusion and enzymatic reaction rates. The nonstationary diffusion equations [19], containing a nonlinear term related to the enzymatic reaction, are carried out using the implicit difference scheme [20]. In recent years, analytical solutions are reported for various types of biosensors [21–27].
To the best of our knowledge, there is no simple analytical expression for steady-state concentrations and current of amperometric-based biosensor utilizing parallel substrates conversion for all values of parameters. In this paper, we present the simple and closed form of the analytical expressions for the concentrations of substrate and of product using new Homotopy perturbation method (HPM) [28]. The current density was determined corresponding to all possible values of the parameters.
2. Mathematical Formulation of the Problem and Analysis
The reaction scheme employing two parallel substrates (
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First phase of the biosensor action contains hydrogen peroxide (
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) only. The biosensor response reaches the steady-state at the end of the first phase. The second phase of the biosensor action begins at the second substrate (
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) poured into the solution. The relative changes between the responses in both phases are measured as the final response of the biosensor. The schematic diagram of the system is provided in Figure 1. The above reaction in the enzymatic layer with the one-dimensional-in-space diffusion, described by Fick’s law, leads to the following nonlinear transient reaction-diffusion equations [29]:
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, with steady-state boundary conditions employed in the simulated multilayered biosensor is provided in Figure 2. The mass transport by diffusion of the substrates and products takes place outside the enzyme layer. The diffusion layer is treated as the Nernst diffusion layer. The boundary conditions for the above system of nonlinear equation are as follows:
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. The governing nonlinear reaction diffusion equations (2) are expressed in the following steady-state nondimensional form:
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Figure 1: Schematic representation of biosensor utilising parallel substrate conversion with enzymatic layer (of thickness 
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Figure 2: Graphical representation of steady-state boundary conditions of the products 
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3. A New Approach to Homotopy Perturbation Method and Its Advantages
The Homotopy perturbation method is first introduced to solve nonlinear wave equations. The advantage of the method is that it does not need a small parameter in the system, leading to wide application in nonlinear wave equations [30]. Recently, many authors have used HPM to various problems and reported the efficiency of the HPM for handling nonlinear engineering problems [31–34]. This method is a combination of Homotopy in topology and classic perturbation techniques. He used the HPM to solve the Light hill equation [35]; this wide variety of applications shows the power of the HPM to solve functional equations. The HPM has uniqueness in its applicability, accuracy, and efficiency. Recently, a new approach to HPM is introduced to solve the nonlinear problem, in which one will get better simple approximate solution in the zeroth iteration [28].
4. Analytical Expression for the Concentration of Substrate and Product Using New Homotopy Perturbation Method
In this paper, a new approach to Homotopy perturbation method is used (Appendix A) to solve the nonlinear differential equations (5)–(8). Using this method, the analytical expression of the two substrate concentrations (
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					Equations (11)–(14) satisfy the boundary conditions (9). These equations represent the simple and closed form of analytical expressions of concentrations of substrate and product for all possible values of the parameters. Using (6) and (8) with boundary conditions (9), the following relation is also obtained:
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					The analytical expression of the current using (10) is as follows:
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				c
				o
				s
				h
				(
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				)
			

		
	

					When 
	
		
			
				𝐴
				→
				0
			

		
	
, the above expression can be simplified as 
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.
4.1. Limiting Case
The mathematical as well as the corresponding computational models of the biosensor were evaluated. Assume that zero concentration of the second substrate (
	
		
			

				𝑆
			

			
				2
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) leads to reducing the governing equations (5)–(8) to the following equations:
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							The steady-state solution of the above equations for the boundary condition (9) is given by
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							The dimensionless steady-state current using (10) is given by
								
	
 		
 			
				(
				2
				0
				)
			
 		
	

	
		
			
				𝜓
				=
				𝑖
				𝑑
			

			
				
			
			

				𝑛
			

			

				𝑒
			

			
				𝐹
				𝐴
				𝐷
			

			

				𝑃
			

			
				1
				,
				𝑒
			

			

				𝑆
			

			
				1
				0
			

			
				=
				𝛾
			

			
				𝑃
				1
			

			
				
				
				√
				c
				o
				s
				h
			

			
				
			
			

				𝛾
			

			
				𝑆
				1
			

			
				
				
				−
				1
			

			
				
			
			
				2
				𝐴
			

			

				2
			

			
				
				√
				c
				o
				s
				h
			

			
				
			
			

				𝛾
			

			
				𝑆
				1
			

			
				
				.
			

		
	

							Equation (20) is identical to (17), when 
	
		
			

				𝑆
			

			
				2
				0
			

			
				=
				0
			

		
	
 (i.e., 
	
		
			
				𝛼
				=
				∞
			

		
	
) in (17).
5. Comparison of Analytical Expressions with Experimental Work and Numerical Simulation
To show the efficiency, the steady-state result (11)–(14) of the reaction diffusion equations is compared with the numerical solution of (5)–(8). The numerical solutions are found using pdepe (finite element method) in Matlab [36]. This Matlab program [37] is also given in Appendix B. The comparison is shown in Figures 3–6 and it gives satisfactory agreement.















	






































































































	









































































































































































































	








	






	
		
	
		












	
		
	
		


	
		
	
		


	
		
	
		


	
		
	
		


	
		
	
		


	
		
	
		


	
		
	
		


	
		
	
		


	
		
	
		


	
		
	


	
		
		
		
	


	
		
	


	
		
	
	
		
		
	
	
		
	
	
		
	
	
		
		
	
	
		
	
	
		
	
	
		
		
	


	
		
			
		
		
			
			
		
	


	
		
			
		
	


	
		
			
			
		
	


	
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
	


	
		
	
	
		
	
	
		
		
		
	


	
		
	
	
		
	
	
		
		
		
	


	
		
	
	
		
	
	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	
	
		
	
	
		
		
	


	
		
	
	
		
	
	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	
	
		
	
	
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
	
	
		
		
	


	
		
			
		
		
			
			
		
	

Figure 3: Normalized substrates and products concentration versus dimensionless space 
	
		
			

				𝑦
			

		
	
 were computed using (11)–(14) for various values of reaction/diffusion parameters and for some fixed values of the other existing parameters. The key to the plot: (—) (11)–(14) and (∙ ∙∙) and (+++) numerical simulation of (5)–(8).
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