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We initiate a study on the geometry of an almost ¢-Lagrange space (APL-space in short). We obtain
the expressions for the symmetric metric tensor, its inverse, semispray coefficients, solution curves
of Euler-Lagrange equations, nonlinear connection, differential equation of autoparallel curves,
coefficients of canonical metrical d-connection, and h- and v-deflection tensors in an APL-space.
Corresponding expressions in a ¢-Lagrange space and an almost Finsler Lagrange space (AFL-
space in short) have also been deduced.

1. Introduction

In the last three decades, various meaningful generalizations of Finsler spaces have been
considered. These generalizations have been found much applicable to mechanics, theoretical
physics, variational calculus, optimal control, complex analysis, biology, ecology, and so
forth. The geometry of Lagrange spaces is one such generalization of the geometry of Finsler
spaces which was introduced and studied by Miron [1, 2]. He [1, 2] introduced the most
natural generalization of Lagrange spaces named as generalized Lagrange space. Since the
introduction of Lagrange spaces and generalized Lagrange spaces, many geometers and
physicists have been engaged in the exploration, development, and application of these con-
cepts [3-13]. Antonelli and Hrimiuc [14, 15] introduced a special type of regular Lagrangian
called p-Lagrangian. Applications of such Lagrangian have been discussed by Antonelli et al.
in the monograph [16]. In the present paper, we generalize the notion of ¢-Lagrangian and
introduce the concept of almost ¢-Lagrange spaces. We hope that the results obtained in the
paper will be interesting for the researchers working on the application of Lagrange spaces
in various fields of science.

Let F* = (M, F(x,y)) be an n-dimensional Finsler space, and let ¢ : R* — R be a
smooth function. The composition L := ¢(F?) defines a differentiable Lagrangian. This was
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regarded by Antonelli and Hrimiuc [14, 15] as ¢-Lagrangian associated to the Finsler space
F". They [14] proved that if the function ¢ has the following properties:

(@) ¢'(t) #0,

(1.1)
(b) ¢'(t) +¢"(t) #0, for every t € Im<F2>,

then L is a regular Lagrangian and thus L" = (M, L(x,y)) is a Lagrange space, called a ¢-
Lagrange space.
In this paper, we consider a more general Lagrangian as follows:

L(x,y) = <p<F2> + Ai(x)y + U(x), (1.2)

where ¢ is the same as discussed earlier, A;(x) is a covector, and U (x) is a smooth function.

In Section 2, we show that if the function ¢ has the properties (1.1), then L(x,y) is a
regular Lagrangian and thus the pair L" = (M, L(x, y)) is a Lagrange space. We call this space
as an almost ¢-Lagrange space (shortly APL-space).

An APL-space reduces to a ¢-Lagrange space if and only if A;(x) =0and U(x) = 0.

If (t) =t, for all t € Im(F?), then the Lagrangian in (1.2) takes the form

L(x,y) = F*+ Ai(x)y' + U(x). (1.3)

This defines a regular Lagrangian, and the pair L" = (M, L(x, y)) is called an almost Finsler
Lagrange space (shortly AFL-space). Such Lagrange space was introduced by Miron and
Anastasiei (vide Chapter IX of [17]).

We take

8ij = %61'5]'1:2, ajj = %a,a]L, ai = aiyl (1.4)

Henceforth, we will indicate all the geometrical objects related to F” by a small circle “o” put
over them.

In a Finsler space, the geodesics, parameterized by arc length (the extremals of the
length integral), coincide with the extremals of action integral or with the autoparallel curves
of the Cartan nonlinear connection [16]:

e 4 ol k
Nj =¥~ CicYoor (1.5)
where
i 1 d
Vi = 58" (0jgme + Ogjn = dngjx);  9j = =,

| (16)
ol ol ol

1 s oi oi .
Civ = 5808k, Yjo=Yp¥"s Yoo =Y¥'¥"
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These geodesics are the integral curves of the spray [16] (i.e., (2) p-homogeneous):

Co; = gij <yk6]-6kF2 - 6]-F2>, (17)

> =

that is, solutions of the differential equations

d>xt ol dx
2 —~)=0. 1.
N G <x(s), ds) 0 (1.8)
We have the following equalities:
ol 1oi
(a) G = EYOO’
(1.9)

(b) Ni=9,G.

In a general Lagrange space L" = (M, L(x,vy)), the geodesics are the extremals of the action
integral and coincide with the integral curves of the semispray [17, 18] (i.e., may not be a

spray):
i_ L i ks
G' = a¥(y8;aL - 9)L). (1.10)

As in a Finsler space, a remarkable nonlinear connection can be considered in a Lagrange
space:

N; =9,G. (1.11)

Such nonlinear connection is a canonical nonlinear connection [17, 18] as it depends only on
the fundamental function L(x, y) of the Lagrange space.

In general, the autoparallel curves of (N;) are different from the geodesics of L" =
(M, L(x, y)) (cf. [17]). ‘

Given a nonlinear connection (N}) on a Lagrange space L" = (M, L(x,y)), there is
a unique h- and v-metrical d-connection (cf. [17, 19]) CT'(N) = (N;,L;.k,C;.k) with torsions
T]?k =0and S;.k = 0, called the canonical metrical d-connection. This connection is linear and
its coefficients are given by

1.
Ljy = 50" (8jan + Skajn - 6naj), (1.12)

1 . .
Ci = 5a" (Oank + deajn — dnaje), (1.13)

where 6; = 9; — N[0, is the Lagrange differentiation operator.
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o o o i Oi o l
If CT(N) = (N]-,ij, C]-k) is the Cartan connection of the Finsler space F" = (M,
F(x,y)), then its coefficients are given by

ol 1 ; o o o

Lik=758 h<6jghk + Ok gjh — 6hgjk>, (1.14)
°f 1 . .

C]'k = Eglh (a]-ghk + akgjh - ahgjk), (1.15)

where 6; = 0; — Jifi 0,.
The h- and v-deflection tensor fields D;'. and d;., respectively, of a Lagrange space L"
are defined by (cf. [19])

D}‘_ = yf} = ySLg]. - N;'., (1.16)

d; = yilj = 6; +y°C

sj/

(1.17)

where | and |, respectively, denote the h- and v-covariant derivatives with respect to CT..

ol ol
If D i is the h-deflection tensor field and d i is the v-deflection tensor field of the Finsler
space F”, then

ol . ol ol
= ]/%]_ =y’L;-N;=0, (1.18)

ol

il = g 1.19
d;=y'|; =6, (1.19)

o o

where : and |, respectively, denote the h- and v-covariant derivatives with respect to CT.
For basic terminology and notations related to a Finsler space and a Lagrange space,

we refer to the books [17, 20].

2. Almost p-Lagrange Spaces

As discussed earlier, we consider the Lagrangian given by (1.2) in which the function ¢
satisfies (1.1). We prove that it is a regular Lagrangian and the pair L" = (M, L(x,vy)) is a
Lagrange space which we term as an almost ¢-Lagrange space (APL-space in short).

Theorem 2.1. If the function ¢ satisfies the conditions (1.1), then L(x,y), given by (1.2), is a reqular
Lagrangian and L = (M, L(x,y)) is a Lagrange space.

Proof. Differentiating (1.2) partially with respect to y', we get

oL = (p’<F2>6iF2 + Ai(x). 2.1)
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Again differentiating (2.1) partially with respect to y/, we obtain
a]alL = (p” <F2>6,F26]F2 + (p/ <F2>alaJF2, (22)

which, in view of (1.4), provides

aij = 2F%¢" (F2)8,F8;F + ¢/ (F?) gy 2.3)
Now
Fo,F = %ain = %&(gjkyjyk) = gy’ =y, (2.4)

In view of (2.4), (2.3) takes the form

’ 2 " o O
aij=¢ - (gii + %%%’)' (2.5)

Under the hypothesis, the matrix (a;;) is invertible and its inverse is (see Lemma 6.2.2.1, page
891 in [20])

o1 . 2(p" o
[ — jy_ T 44
a (Pl <g (PI + 21:‘2(Puy ]/ ) (26)

This proves the theorem. O

Remarks 1. (i) If Aij(x) = 0 and U(x) = 0 in (1.2), then expression (2.5) remains unchanged.
Hence, the symmetric metric tensor of a ¢-Lagrange space is the same as that of an APL-space.

(ii) If ¢(F?) = F?, then ¢' = 1 and ¢" = 0. Hence, the symmetric metric tensor of an
AFL-space coincides with that of the associated Finsler space.

3. Semispray, Integral Curves of Euler-Lagrange Equations

In this section, we obtain the coefficients of the canonical semispray of the APL-space L" =
(M, L(x,y)) and deduce corresponding expressions for a ¢-Lagrange space and an AFL-
space. Next, we obtain the differential equations whose solution curves are the integral
curves of Euler-Lagrange equations in an APL-space. We deduce corresponding differential
equations for a ¢p-Lagrange space and an AFL-space.

If we differentiate (1.2) partially with respect to x¥, we have

OkL = ¢ (F2)0F? + Y9 Ai(x) + kU (%), (3.1)
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Differentiating (3.1) partially with respect to v/, we obtain
dj0kL = 20" (F2) FO;FORF? + ¢ (F2) 8,06 F? + 0 Ay (), (3.2)
which, in view of (2.4), takes the form
B0k = 2¢"<F2) Y0k F? + (p’<F2>8,-akF2 + 0k A (x). (3.3)
Using (3.1) and (3.3) in (1.10), we have
G = }Laij {29"(P)yy*ouF? + o' (F?) (v*8;0F? - 8;F?) - 29" Fi - 3u ), (34)
where
Fje(x) = 53k ~ 0Ay) (3.5)

is electromagnetic tensor field of the potentials A;(x).
Applying (2.6) in (3.4) and using ]C}iyi = F?, gif]c}]. = vy, and yfajakFZ = 20F? (by
Euler’s theorem on homogeneous functions), we obtain

i1y 2¢"F? ka2 L) il ks 2 2 20"F* ko
o= §?<1 Ty )YV 8 (v"0y0uF* = 0;F*) - g+ 2rg YV OT
1 .
- a7 (2Fat + o).
(3.6)
Using (1.7) in (3.6) and simplifying, we get
A
G=G - Zaf(zF,-kyk + a]-u>. (3.7)
Thus, we have the following.
Theorem 3.1. The canonical semispray of an APL-space has the local coefficients given by
LA
G'=G - ;a’ (2Fuy* + ;1) (3.8)

where G are the local coefficients of the spray of F".
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For a ¢p-Lagrange space, A;(x) = 0 and U(x) = 0. Hence, from (3.5), we have Fj; = 0.
Therefore, (3.7) reduces to

G=aG. (3.9)

Thus, we may state the following.

Corollary 3.2 (see [14]). The canonical semispray of a -Lagrange space becomes a spray and coin-
cides with that of the associated Finsler space.

For an AFL-space, a'’/ = ¢'/ (see Remark (ii)). Hence, (3.7) takes the form
L
G'=G - 18 (2Fuy* + o). (3.10)

Thus, we have the following.

Corollary 3.3 (see [17,20]). The canonical semispray of an AFL-space has the local coefficients given
by (3.10).

In a Lagrange space, the integral curves of the Euler-Lagrange equations:
d,.
EI(L) = alL - E(alL) =0 (311)
are the solution curves of the equations [20]

a2xt

ﬁ + ZG’(x, y) =0. (312)

Using (3.7) in (3.12), we obtain

A>xt el 1, o

it — Z(2Fi iy,

26 =3 (2Fiy* + aa;u), (3.13)
where Fj = a’lFjy.

Using (1.9) (a) in (3.13), we have
dzxi ol 1 ik ii
ﬁ + YOO = §<2Fky + a’@ﬂl) (314)

Thus, we have the following.

Theorem 3.4. In an APL-space L" = (M, L(x,y)), the integral curves of the Euler-Lagrange
equations E;(L) = 0 are the solution curves of (3.14).
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For a ¢-Lagrange space, equations (3.14) take the following simple form:

dzxi ol
W + YOO =0. (315)

This enables us to state the following.

Corollary 3.5 (see [14]). In a @-Lagrange space, the integral curves of the Euler-Lagrange equations
are the solution curves of (3.15).

For an AFL-space, a'/ = g'/. Therefore, equations (3.14) become

dzxi of i 1 ii
—7 tTw=Fy" + 587U, (3.16)

where F} = gFj.
Thus, we have the following.

Corollary 3.6 (see [17, 20]). In an AFL-space, the integral curves of the Euler-Lagrange equations
Ei(L) = 0 are the solution curves of (3.16).

4. Nonlinear Connection, Autoparallel Curves

In this section, we find the coefficients of the nonlinear connection of an APL-space and obtain
the differential equations of the autoparallel curves of the nonlinear connection. Correspond-
ing results have been deduced for a ¢-Lagrange space and an AFL-space.

Partial differentiation of (2.5) with respect to y* yields

dnaij =: 2Cu = 29/ Cc + 29" (i + ikl + GV ) + 40"V, Vs (4.1)
Using (3.7) in (1.11) and taking (1.9) (b), (2.6), (4.1), (Oj,,q]-yf =0,y'y, = F2,and gy .=y into
account, we obtain
. ol 1 . 101’ 1()0” o (PII ) )
PN ——Fi4 | ——C o+t oiry g ¥ (sl
N] N] 2F] + [Z(PIC‘?]g + 2(P12g y] + Z(P/((PI +2F2(P") <6]y +6]]/ >

12 m "3 2 12

- 20" F- -4 ‘o

+()0 @ 4 (pz()o yly]yr <2Frk]/k+aru>-
20 (¢ +2F?¢")

(4.2)

If we take

i U "6y iyr 12 I I/
gr_ Lo g 19 e ¥ (&7y' +5v7) L9929 F - gy o w3)
] q]g 2 (szg y] Z(P’((P, + ZFZ(P") 2(/)'2 ((p’ N ZFz(p”)z y y]y , .

2¢'
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the last expression becomes

.ol 1 . ) ‘
N}=N]-—§F;.+S}r<21-’,ky +o.), (4.4)
that is,
i_ /i .
Nj=N;-Vj,
where
A .
TRERE e a9

Thus, we have the following.

Theorem 4.1. The canonical nonlinear connection of an APL-space L™ has the local coefficients given
by (4.5).

For a p-Lagrange space, we have F,i =0, F; =0and U = 0 and hence V]’ = 0. Therefore,
(4.5) reduces to

Ni=N.. (4.7)

Thus, we have the following.

Corollary 4.2 (see [14]). The canonical nonlinear connection of a @-Lagrange space coincides with
the nonlinear connection of the associated Finsler space.

For an AFL-space, (4.3) reduces to

1ot
S;.’ = ECq]-g‘V (4.8)
and hence (4.6) gives
i_liéiqkléi 7y 1 = B 4
Vi = 5Fi = CoiFy” — 5C48" 0, U = B (4.9)
Therefore, (4.5) takes the form
. o i .
Ni=N;-B. (4.10)

Thus, we have the following.
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Corollary 4.3 (see [17, 20]). The canonical nonlinear connection of an AFL-space L™ has the local
coefficients given by (4.10).

Transvecting (4.5) by y* and using N;y/ = %0, we obtain
Ny =y - Vi, (4.11)

where Vj = Viy/.
The autoparallel curves of the canonical nonlinear connection N = (N;) of a Lagrange
space are given by the following system of differential equations (vide [20]):
d*x!

-7+ Ni(x,y)y’ =0. (4.12)

Equations (4.12), in view of (4.11), take the form

dzxi ol .
ﬁ + YOO = Vol (413)

Thus, we have the following.

Theorem 4.4. The autoparallel curves of the canonical nonlinear connection N = (N;) of an APL-
space L™ = (M, L(x,y)) are given by the system of differential equations (4.13).

For a ¢p-Lagrange space, V]’ = 0 and hence V; = 0. Therefore, (4.13) reduces to

d>xt i
ﬁ + YOO =0. (414)

Thus, we have the following.

Corollary 4.5 (see [14]). The autoparallel curves of the canonical nonlinear connection of a (-
Lagrange space L = (M, L(x, y)) are given by the system of differential equations (4.14).

For an AFL-space,

. . 1. ol K 1oi
Vj’ = B;. = EF;'_quFky - Ecq].gqfa,u (4.15)

ol

and hence, by virtue of C;y/ = 0, we have Vj = (1/2)Fjy/. Therefore, equations (4.12) take
the form

dzxi ol |
_dtZ —+ YOO = EF;y] (416)

Thus, we deduce the following.
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Corollary 4.6 (see [17, 20]). The autoparallel curves of the nonlinear connection N = (N;:) of an
AFL-space L™ = (M, L(x, y)) are given by the system of differential equations (4.16).

If we compare (3.14), (3.15), and (3.16), respectively, with (4.13), (4.14), and (4.16), we
observe that, in an APL-space as well as in an AFL-space, solution curves of Euler-Lagrange
equations do not coincide with the autoparallel curves of the canonical nonlinear connection
whereas in a @-Lagrange space they do. Therefore, in a ¢-Lagrange space, geodesics are
autoparallel curves whereas in an APL-space and in an AFL-space they are not so.

5. Canonical Metrical d-Connection

Let CT(N) = (Ni, Lt

}k,C;k) be the canonical metrical d-connection of the APL-space L" =

o o ol ol ol
(M, L(x,y)),and let CT(N) = (N ji»Lik, C ]-k) be the Cartan connection of the associated Finsler
space " = (M, F(x,y)). In this section, we obtain the expressions for the coefficients of
CI'(N) and we investigate some properties of CI'(IN). We deduce corresponding results for a
p-Lagrange space and an AFL-space.
Using (4.1) in (1.13) and taking (1.15) into account, we find

) ol (Pu o o (P” . 2(‘/’,"()0’ _ Z(P/Q) o o
C,=C,p+—(6 oLy, iy RYRTA 5.1
jk jk + ‘PI < ]yk + ky]> + (Pl + ZPZ(Pug]ky + (Pl((P/ + 2F2(P") y]yk ( )

For any C*®-class function ¢ : R* — R, taking f(x,y) = ¢(F?(x,y)), we have
6rf = f’FTZk (52)
which, in view of F? = 0 (see proposition 9.4, page 1037 of [20]), gives
Ik

6 f = 0. (5.3)

ol

Since 0 = Vi = 6k§i - L,-k](}r (see proposition 9.4, page 1037 of [20]), we have

r
o o

61d; = L)y (5.4)

If we operate (%k on (2.5) and utilize (5.3) and (5.4), it follows that

o

o o ° ol ol
Okaij = ¢'6kgij + 29"y, (Liky;‘ + ij%)- (5.5)
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o ol
In view of §; = 0; — Nl.’ar, (4.5), and 6; = 0; — N, 0,, we get
6kai]' = 6kal-]- + Vk’Brai]-, (56)
which, on account of (4.1) and (5.5), becomes
o ° ol o ol
6ka1-]~ = (Pl5kgi]' + 2(P”yr (Likyj + ijyi> + ZV,:CI']',. (57)
Using (5.7) in (1.12) and taking (1.14) and a’C ikl = C;.k into account, we obtain
. ol . . .
L;.k =L+ Ver;.r + V;C}(r +V,aPCryj. (5.8)

Equations (5.1) and (5.8) enable us to state the following.

Theorem 5.1. The coefficients of the canonical metrical d-connection CI'(N) of an APL-space L™ are
given by (5.1) and (5.8).

For a ¢-Lagrange space, Vji = 0. Hence, (5.1) remains unchanged whereas (5.8) reduces
to

Lj.k =L (5.9)

Thus, we have the following.

Corollary 5.2 (see [14]). The coefficients of the canonical metrical d-connection CI'(N) of a -
Lagrange space L™ are given by (5.1) and (5.9).

For an AFL-space, ¢(F?) = F?, ¢/(F?) = 1, ¢"(F?) = 0, and a’/ = g'. Therefore, we

have Cijk = Cijk and er = B;.
In view of these facts, (5.1) reduces to

oi
C;'.k =Cjy, (5.10)
whereas (5.8) gives the following:
. ol ol ol . o
L;.k =Ly +B.Cj, + B;Ckr +B,g"Crij, (5.11)

where By is given by (4.9). Thus, we have the following.

Corollary 5.3 (see [17, 20]). The coefficients of the canonical metrical d-connection CI'(N) of an
AFL-space L" are given by (5.10) and (5.11).
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Now, we investigate some properties of the canonical metrical d-connection CI'(IN)
of an APL-space and deduce the corresponding properties for a ¢-Lagrange space and an

AFL-space.

Theorem 5.4. The canonical metrical d-connection CI'(N) of an APL-space has the following

properties:

(1) Dy = yj = Vi + VI Cy" + VI Cly" + VEa Cpiry,

Yik = Vks (asi + Csz]y]> - VikaspyP - Vpscski]/p/

where y; =: ajjy/,

) ) !+ //1:2 ) o . )
@) di=yil=2 _(qu) O +Byyy's ik = aix + Ciy/,

where B = 2{(/’,()0" + FZ((P///(P/ _ (Pr/2)}/()0/((l)/ + 21:2(/)//)/

2¢' 2¢'

3 Lp=Xe+——F vy,  Lg=-—"t
( ) Ik k+ (‘PI+2F2‘PH) kY |k <(PI+2F2(PI/)

Yk + Ak,

where Xy = y 0k A, — N,’ZAP + o,

Proof. (1) Using (5.8) and (4.5) in (1.16), we have
. Oi . . . o l .
D=y <er +V{C, + VIC, + Vspa’SCpk,> -N+V,,
which, in view of (1.18), reduces to
Dy = Vi+y (VICi, + VICL, + Va"Cp).
Next, if we use (2.5) iny; = a,-jyf , then it follows that

yi = (¢ +2F%") ¥,

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

Now, applying successively 6; = 0; — N;a,, (4.5), and (%i =0; - Iifi 0, in Yik = Okyi — y,L}, and

keeping (5.8) and (5.18) in view, we have

Yik = 3k{ (¢ +2P%") 3} - (¢ +2P")3, L+ Vidwyi— v (ViCl, + Vi Cp, + ViaCaq).

(5.19)
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Differentiating y; = a;;y’ partially with respect to y”, we have

0,y = ai +2Cijy . (5.20)
Also,
yiCly = any"Cly = y"Chj. (5.21)
In view of (5.3), we have
5 (¢ +2F%") = 0. (5.22)

Using (5.20), (5.21), and (5.22) in (5.19), we obtain
yik = (¢ +2F%¢") (6,(;,. - ;rLik> + Vi (asi+ Coy') = (ViCrop + Vi )", (5:23)

which, in view of (5.4), gives the desired result.
(2) Using (5.1) in (1.17), we get

(P/ + (Pu FZ

di = =6 +By,y, (5.24)

where B = 2{‘/’,(1’" + Fz((P"'(P' _ (PHZ)}/(P,((P, + 21:2(/)//)'
In view of (5.20) and (5.21), it follows, from y;|, = 5kyi - y,C}, that

Yilk = aix + 2Cixjy’ — Cijy//, (5.25)

that is, yilk = aix + Cikjy/ as Cijk is totally symmetric.
(3) Utilizing successively 6; = 0; — Nirér, (4.5),and 6; = 0; — Zifi o, in Lix = 6xL, we get

Ly = 6xL+ V/8,L. (5.26)
Using (1.2) and (2.1) in (5.26), we have
Lic = 8k(p+ Ay +U) + Vi (2917, + A,), (5.27)
which, in view of (5.3), gives

Lic = B¢ (Ary” +U) + V[ (29, + A,). (5.28)
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Using gk =0 — ]kaar and (5.18) in (5.28) and keeping (4.5) in view, we find

/!

2
_ 4, P r
L|k =Y akAr - NkAP + aku + kayr. (529)

If we take Xi = y"0rA, — N Z Ap + 0xU, then the last expression takes the form

L = X + W%%V[yr. (5.30)

Next, using (2.1) in L[k = OkL, we get
Llx = 2¢'y, + A, (5.31)
which, in view of (5.18), gives the required result. O

Corollary 5.5 (see [14]). The canonical metrical d-connection CI'(IN) of a ¢-Lagrange space has the
following properties:

(1) D=y =0,  yx=0, (5.32)
. . '+ ¢"F% . o .
) d =y'lk = %52 + By, Yilk = aix + Cixjy/, (5.33)

where B = 2{(1),()0” + PZ((PII/(I)/ _ ‘Pnz)}/(/”(‘l)l + 2F2(P”)f

/

2¢

3) Lk =0, Ly = ——— k.
(3) Lik li ((p,+2F2(p,,)yk

(5.34)

Proof. Applying A;(x) =0, U(x) =0, and V]’ = 0in Theorem 5.4, we have the corollary. O

Corollary 5.6. The canonical metrical d-connection CI'(N) of an AFL-space has the following
properties:

. . Oi oS
(1) D, =B, +B/Cy,y’,  Vik = i (B; - B;,ypc,k>, (5.35)

where y; = gijy/,

(2) dy = 5;;/ Yilk = Sk, (5.36)

(3) L = y"0xAr — NLA, + 0kU + 2By, Lk = 2y + Ax. (5.37)
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o o

Proof. Using @9(F?) = F?, ¢/(F?) =1, ¢"(F?*) =0 =¢"(F?), a’ = gV, Cijx = Cijx, Cijxy/ =0,

ol
C ]-kyk =0,and V] = B in Theorem 5.4, we have the corollary. O
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