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The aim of the present paper is to study geodesic contact screen Cauchy Riemannian (SCR-)
lightlike submanifolds, geodesic screen transversal lightlike, and geodesic transversal lightlike
submanifolds of indefinite Kenmotsu manifolds.

1. Introduction

The study of the geometry of submanifolds of a Riemannian or semi-Riemannian manifold is
one of the interesting topics of differential geometry. Despite of some similarities between
semi-Riemannian manifolds and Riemannian manifolds, the lightlike submanifolds are
different since their normal vector bundle intersect with the tangent bundle making it more
interesting and difficult to study. These submanifolds were introduced and studied by Duggal
and Bejancu [1]. On the other hand, geodesic CR-lightlike submanifolds in Kdhler manifolds
were studied by Sahin and Gunes [2], and geodesic lightlike submanifolds of indefinite
Sasakian manifolds were investigated by Dong and Liu [3]. In 2006, Sahin [4] initiated
the study of transversal lightlike submanifolds of an indefinite Kdhler manifold which are
different from CR-lightlike [1] and screen CR-lightlike submanifolds [5]. Recently, Sahin
[6] introduced the notion of screen transversal lightlike submanifolds of indefinite Kihler
manifolds and obtained some useful results. In this paper, we study geometric conditions
under which some lightlike submanifolds of an indefinite Kenmotsu manifold are totally
geodesic.

2. Preliminaries

We follow [1] for the notation and fundamental equations for lightlike submanifolds used
in this paper. A submanifold M™ immersed in a semi-Riemannian manifold (M"”",g) is
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called a lightlike submanifold if it admits a degenerate metric g induced from g whose radical
distribution Rad TM = TM N TM-*" is of rank r, where 1 < r < m and

TM! = u{u eT,M:3(U, V) =0, VV € Txﬁ}. (2.1)

Let S(T' M) be a screen distribution which is a semi-Riemannian complementary distribution
of RadTM in TM, that s,

TM =Rad TM L S(TM). (2.2)

Consider a screen transversal vector bundle S(TM%'), which is a semi-Riemannian com-

plementary vector bundle of RadTM in TM*. Since for any local basis {¢;} of RadTM,

there exists a local null frame {N;} of sections with values in the orthogonal complement

of S(TM*) in [S(TM)]* such that g(éi, Nj) = 6;j and g(N;, N;j) = 0, it follows that there

exists a lightlike transversal vector bundle ltr (T M) locally spanned by {N;} [1, page 144].

Let tr(T M) be the complementary (but not orthogonal) vector bundle to TM in T M|;.
Then,

tr(TM) = ltr(TM) L 5<TML),
(2.3)
TM = S(TM) L [Rad TM & ltr(TM)] L s(:rMi).

Let V be the Levi-Civita connection on M. Then, in view of the decomposition (2.3), the
Gauss and Weingarten formulas are given by

VxY =VxY +h(X,Y) VX, Y eT(TM), (2.4)

VxU = -AyX + ViU, VX eT(TM), U € T(tr(TM)), (2.5)

where {VxY, AyX} and {h(X,Y), Vi U} belong to T'(T M) and I'(tr(T M)), respectively, V and
V! are linear connection on M and on the vector bundle tr(T M), respectively. Moreover, we
have

VxY = VxY + H(X,Y) + h*(X,Y), (2.6)
VxN = -AnX + V4N + D*(X, N), (2.7)

VxW = -AwX + VW + D'(X, W) (2.8)
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forall, X,Y € T(TM),N € T'(Itr(TM)), and W € T(S(TM%)). If we denote the projection of
TM on S(TM) by P, then by using (2.6)—(2.8) and the fact that V is a metric connection, we
obtain

TR (X, Y), W) + §<Y, D'(X, W)> = 2(AwX,Y), (2.9)

8(D*(X,N),W) = g(N, AwX). (2.10)

From the decomposition of the tangent bundle of a lightlike submanifold, we have

VxPY = ViPY + h*(X, PY), (2.11)
Vx¢=-AX+ V32 (2.12)

forany X,Y € I'(TM), and ¢ € I'(Rad TM). By using above equation we obtain

(M X, PY),¢) = g(AX, PY),

g(h*(X,PY),N) = g(ANX, PY),

(2.13)

2(r(x,9,8) =0,A8=0. (2.14)

An odd dimensional semi-Riemannian manifold (M,E) is said to be an indefinite
contact metric manifold [7] if there exists a (1,1) tensor field ¢, a vector field V, called the
characteristic vector field, and its 1-form 7 satisfying

g(¢X, PY) =3(X,Y) —en(X)n(Y), 3(V,V)=e, (2.15)
PX =-X+7(X)V, X, V)=en(X), ¥XYeT(TM), (2.16)

where € = +£1. It is not difficult to show that $V =0, no¢ =0, (V) =e.
An indefinite almost contact metric manifold M is said to be an indefinite Kenmotsu
manifold [8] if
VxV =X +n(X)V, (2.17)

(Vx§)Y = -3(X, V)V +e(Y)$X (2.18)

for any X,Y € T(T M).
Without loss of generality, we take e = 1. For any vector field X tangent to M, we put

$X = TX +wX, (2.19)

where TX and wX are the tangential and transversal parts of ¢X, respectively.
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For any U € I'(tr(TM)), we have

¢U = BU + CU, (2.20)

where BU and CU are the tangential and transversal parts of ¢U, respectively.
From now on, we denote (M, g, S(TM), S(TM*)) by M in this paper.

3. Geodesic Contact SCR-Lightlike Submanifolds

In this section, we study the geometric conditions under which the distributions involved
in the definition of a contact SCR-lightlike submanifold M and the submanifold itself are
totally geodesic. We recall the following definition of contact SCR-lightlike submanifold of
an indefinite Kenmotsu manifold given by Duggal and Sahin [5].

Definition 3.1. A lightlike submanifold M, tangent to structure vector field V, immersed in an
indefinite Kenmotsu manifold (M, g) is said to be contact SCR-lightlike submanifold of M if
the following conditions are satisfied.

(a) There exists real nonnull distribution D and D* such that

S(TM)=D LD* 1 [V}, ¢(Dl) c s(TMl>, (3.1)

D n D* =0, where D* is the orthogonal complementary to D L {V'} in S(TM).
(b) $D = D, pRad TM = Rad TM, plir(TM) = lir(TM).

The tangent bundle of a contact SCR-lightlike submanifold is decomposed as

TM=D1D'1{V}, D=DLRadTM. (3.2)

We will use the symbol y to denote the orthogonal complement of ¢D* in S(TM™).

Definition 3.2. A contact SCR-lightlike submanifold M of an indefinite Kenmostsu manifold
M is said to be

(i) D*-totally geodesic contact SCR-lightlike submanifold if h(X,Y) = 0 forany X, Y €
I(D4),

(ii) mixed totally geodesic contact SCR-lightlike submanifold if h(X,Y) = 0 for any
X el((D) L{V})and Y e [(D4).

Let M be a contact SCR-lightlike submanifold of indefinite Kenmotsu manifold M
and let P and Q be the projection morphisms on D and D*, respectively. Then for any vector
field X tangent to M, we can write

X = PX + QX + n(X)V. (3.3)
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Applying ¢ to (3.3) and using (2.19), we obtain

$pX = TPX + wQX. (3.4)

If we denote TPX by TX and wQX by wX, then (3.4) can be rewritten as

X =TX + wX, (3.5)

where TX € I'(D) and wX € T'(¢(DY)) ¢ S(TMY).
For any W € I'(S(TM%)), we have

W = BW + CW, (3.6)

where BW € T(D*) and CW € T'(u) C S(TM*4).

In view of the above arguments, we are in a position to prove the following
characterization theorem for the existence of a D!-totally geodesic contact SCR-lightlike
submanifold immersed in indefinite Kenmotsu manifolds.

Theorem 3.3. Let M be a contact SCR-lightlike submanifold of an indefinite Kenmotsu manifolds
M. Then M is D*-totally geodesic if and only if

(1) h*(X, P¢) € p.
(ii) AwyX & D*and Vi,wY & p for any X,Y € T(D*).

Proof. Suppose that the contact SCR-lightlike submanifold M is totally geodesic. Then we
see that g(h'(X,Y),¢) =0and g(h*(X,Y),W) =0 for all, X,Y € [(D4).
Also, from (2.6) and (2.15), we obtain

3(Hx,),¢) =3(VxgY - (Vx¢)Y.9¢), (37)
from which we derive
2(Hx 1)) =3(D'(X,wY),$¢), (3.8)
where we have used (2.8), (2.18), and (3.5). Using (2.9) in the above equation, we get
2(H(X,),8) = -3 (X, $8), wY). (3.9)
On the other hand, making use of (2.6), (2.8), (2.15), (2.18), (3.5), and (3.6), we arrive at

Z(h°(X,Y), W) = —g(Awy X, BW) + Z(V5wY,CW). (3.10)
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Hence, (i) and (ii) follows from (3.9) and (3.10) together with the fact that g(h(X,Y),¢) = 0
and g(h*(X,Y), W) =0.

Converse part directly follow from (3.9) and (3.10). O

The necessary and sufficient conditions for contact SCR-lightlike submanifolds to be
mixed totally geodesic is given by the following theorem.

Theorem 3.4. Let M be a contact SCR-lightlike submanifold of an indefinite Kenmotsu manifold M.
Then M is mixed totally geodesic if and only if

(1) k(X P¢) € p,
(il) AwyX ¢ D* and VwY ¢ pforany X €T(D L {V}) and Y € T(D*).

Proof. Assume that M is mixed totally geodesic. Then g(h!(X,Y),¢) = 0, g(h'(X,Y),W) =0,
forany X e T(D L {V}) and Y € T(D").
Moreover, using (2.6), (2.8), (2.15), (2.18), and (3.5) a direct calculation shows that

g(H(x,1),8) =3(D'(X,wY), $2). (3.11)
From (2.9) and (3.11), we have
2(HX,7),8) = -3 (1 (X, $2),wY). (3.12)
On the other hand, using (2.6), (2.8), (2.15), (2.18), (3.5), and (3.6), we derive
(M (X,Y),W) = —-g(AwyX, BW) + g(ViwY,CW). (3.13)

Thus, (i) and (ii) follow from (3.12) and (3.13) along with g(h/(X,Y),¢) =0, g(h'(X,Y), W) =
0. O

Converse part directly follows from (3.12) and (3.13).

4. Screen Transversal Lightlike Submanifolds

We begin this section by recalling the following definitions from [6].

Definition 4.1. An r-lightlike submanifold M of an indefinite Kenmotsu manifold M is said

to be screen transversal (ST) lightlike submanifold of M if there exists a screen transversal
bundle S(T M%) such that

$(Rad TM) C S(TML). (4.1)

Definition 4.2. An ST-lightlike submanifold of an indefinite Kenmotsu manifold M is said to
be
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(i) radical ST-lightlike submanifold if S(T M) is invariant with respect to ¢.
(ii) ST-anti-invariant lightlike submanifold if S(T M) is screen transversal with respect

to ¢, that is,

USTM) € S(TM"). (42)

For a radical screen transversal lightlike submanifolds M immersed in indefinite
Kenmotsu manifold M, we will denote the projection morphisms of S(TM) and Rad TM
by P and Q, respectively. Then for X € I'(T M), we can write

X = PX + QX. (4.3)

We apply ¢ to (4.3) and then using (2.19), we obtain

$X = TPX + wQX. (4.4)

Denoting TPX by TX and wQX by wX, (4.4) can be we rewritten as

$X =TX + wX, (4.5)

where TX € T(S(TM)) and wX € I'($(Rad TM)) c S(TM*).
For W € T(S(TM%)), we write

W = BW + W + C, W, (4.6)

where BW € I'(RadTM), Ci1W € I'(Itr(TM)), and Co;W € I'(u) (u is the orthogonal com-
plement of ¢(Rad TM) @ ¢(Itr(TM)) in S(TM™)).

The geometric conditions under which the distribution Rad T M is totally geodesic is
given by the following theorem.

Theorem 4.3. Let M be a radical screen transversal lightlike submanifold of an indefinite Kenmotsu
manifold M. Then Rad TMis totally geodesic if and only if h* (&, BW) + D3 (&1, CyW) + Vi CoW has
no component in ¢(ltr(TM)) L .

Proof. If the distribution Rad T M is totally geodesic, then

3(H@8).6) =0, Fh(&,&),W) =0 (4.7)
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for any ¢, &,¢ € T(RadTM), W € T(S(TM*)) and h' = 0 on Rad TM [9]. On the other
hand, using (2.6), (2.15), (2.18), and (4.6), we arrive at

3 (&1,8), W) = -3 (98, h* (&1, BW) + D* (&1, C1W) + V3 CW ). (4.8)

Thus, our assertion follows from (4.8) and (4.7).
Converse part directly follows from (4.8) and (4.7). O
For the screen distribution S(T'M) to be totally geodesic in M, we have the following.

Theorem 4.4. Let M be a radical screen transversal lightlike submanifold of an indefinite Kenmotsu
manifold M. Then, S(T M) is totally geodesic if and only if A:X, Ay X + AcwX + Ac,wX €
S(TM) for all X € T(S(TM)), & € T(RadTM) and W € T(S(TM?)).

Proof. Suppose that the distribution S(T'M) is totally geodesic. Then

g(FxX1,8) =0, FH(XY),W)=0 (4.9)

for any X,Y € T(S(TM)), ¢ € T(RadTM), and W € T'(S(TM*)). Using (2.6), (2.8), (2.15),
(2.18), and (4.5), a direct calculation shows that

(WX Y),¢) = 3(TY, AwX). (4.10)

On the other hand, from (2.6), (2.7), (2.12), (2.15), (2.18), (4.5), and (4.6), we obtain

TR (X,Y), W) = Z(TY, A% X + Acw X + Ac,wX). (4.11)

Thus, our assertion follows from (4.9),(4.10), and (4.11).
Converse part directly follows from (4.10) and (4.11). O

In respect of a radical screen transversal lightlike submanifold to be mixed totally
geodesic and totally geodesic, we have the following two theorems.

Theorem 4.5. Let M be a radical screen transversal lightlike submanifold of M. Then M is mixed
totally geodesic if and only if AweX ¢ (RadTM), Vwé ¢ pand D'(X,wg) = 0 forall, X €
I['(S(TM)), ¢ eI'(RadTM).

Proof. Assume that the submanifold M is mixed geodesic. Then
3(H(X,),8) =0, Fh(X8,W)=0 (4.12)
forany X € [(S(TM)), ¢ e T(RadTM), and W € T(S(TM%)). Also, from (2.14) we have

3(r(x.9).¢) =0. (4.13)
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On the other hand, by the use of (2.6), (2.8), (2.15), (2.18), and (4.6), we obtain
31 (X,8), W) = ~Z(AuX, C1W) + 3 (Viwe, CW) + Z(D'(X, wg), BW). (4.14)
Thus, our assertion follows from (4.12) and (4.14).

Converse part directly follows from (4.14) and the fact that g(h'(X, ¢),¢) = 0. O

Theorem 4.6. Let M be a radical screen transversal lightlike submanifold of M. Then M is totally
geodesic if and only if

(i) AgeX & T(S(TM)) and Vip¢ & d(ltr(TM)) L p,

(i) (X, TY) + DX, wY) ¢ (Itr (TM)),h*(X,TY) = ApyX ¢ ltr TM and h*(X, TY) +
ViwY & u

forany X,Y e I(TM) and ¢ € T(Rad TM).

Proof. If the submanifold M is totally geodesic, then

3(FxX1,8) =0, FH(XY),W)=0 (4.15)

forany X,Y e I(TM), ¢ e T(RadTM),and W € T'(S(TM*)). Also, making use of (2.6), (2.8),
(2.15), (2.17), (2.18), and (4.5), a direct calculation shows that

3(H(X,Y),¢) = 3(TY, ApX) - g(Vide, ). (4.16)
On the other hand, from (2.6), (2.8), (2.11), (2.15), (2.18), (4.5), and (4.6), we obtain

TR (X, Y), W) = §<h’ (X,TY) + D'(X, wY),BW)
(4.17)
+ (" (X, TY) = Ay X, CYW) + 5(h*(X, TY) + V5wY, C,W).

Thus, (i) and (ii) follow from (4.16), (4.17), and (4.15).

Converse part directly follows from (4.16) and (4.17).

For a ST-anti-invariant lightlike submanifold M immersed in M, if we denote the
projection morphism of S(I'M) and RadTM by P and Q, respectively, then for any vector
field tangent to M we can write

X = PX + QX. (4.18)

By applying ¢ to (4.18) and then using (2.19), we obtain

$X = wPX + wQX. (4.19)
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Denoting wPX by w, and wQX by w;. Then (4.19) can be rewritten as

$X = w X + w,X, (4.20)

where w X € T'(ltr(TM)) and w, X € T'(S(TM?)).
For W € T(S(TM%)), writing

¢W = 31W+Bzw+C1W+C2VV, (421)

where BiW € I'(RadTM), B;W € I'(S5(TM)), CiW € I'(ltr(TM)), and CoW € I'(u) (u is the
orthogonal complement of {¢(Rad TM) & ¢p(1tr(TM)) }ortho P (S(T M) in S(TM*)). O

In view of the above discussions, the conditions under which the distribution
Rad TM of a ST-anti-invariant lightlike submanifold immersed in indefinite Kenmotsu
manifolds to be totally geodesic is given by the following result.

Theorem 4.7. Let M be a ST-anti-invariant lightlike submanifold of an indefinite Kenmotsu manifold
M. Then the distribution Rad TM is totally geodesic if and only if Awyé = 0, V3 wé & pand

D'(81,¢&) =0, for any &1, ¢, € T(Rad TM).

Proof. Suppose that the distribution Rad T M is totally geodesic. Then we see that
g(H@0),8) =0, F0,&),W)=0 (422)

for any ¢1,¢ € I'(RadTM) and W € T(S(TM%). Recall that h' = 0 on Rad TM [9]. On the
other hand, by the use of (2.6), (2.8), (2.15), (4.20), and (4.21), we obtain

8(h*(é1,&2), W)
(4.23)
= “3(Awrét, BoW + CIW) + 3(Viwta, CW ) + 3(D' (81, §82), BIW ).
Thus, our assertion follows from (4.22) and (4.23).
Converse part directly follows from (4.22) and (4.23). O

For the screen distribution S(TM) of a ST-anti-invariant lightlike submanifold to be
totally geodesic, we have the following.

Theorem 4.8. Let M be a ST-anti-invariant lightlike submanifold of an indefinite Kenmotsu manifold
M. Then the distribution S(T M) is totally geodesic if and only if ViwY ¢ ¢(Itr(TM)) L
U, AwyX = 0and D'(X,wY) =0, forany X, Y € T(S(TM)).

Proof. 1If S(T M) is totally geodesic, then

§<h’(x, Y),g) =0, FR(XY),W)=0, (4.24)

forany X,Y € T(S(TM)),¢ € [(Rad TM) and W € T(S(TM4)).
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On the other hand, using (2.6), (2.15), (2.18), and (4.20), we obtain
(WX, 7)) = 3(VywY,we). (4.25)

Also,

g (X, Y), W)
(4.26)
= Z(~Awr X, BaW + CiW) + g(ViwY, W) + Z(D'(X, wY), BIW),

where we have used (2.6), (2.8), (2.15), (2.18), (4.20), and (4.21). Thus, our assertion follows
from (4.25), (4.26), and (4.24).
Converse part directly follows from (4.25) and (4.26). O

The necessary and sufficient conditions for a ST-anti-invariant lightlike submanifold
to be mixed totally geodesic, we have the following.

Theorem 4.9. Let M be a ST-anti-invariant lightlike submanifold of an indefinite Kenmotsu manifold
M. Then M is mixed totally geodesic if and only if A X = 0, D'(X,w¢) = 0 and Viwé & p. for
any X € I['(S(TM)) and ¢ € T(Rad TM).

Proof. Assume that the submanifold M is mixed gedesic. Then
3(Fx9.8) =0 (K W)=0 (4.27)
for any X € I'(S(TM)), ¢ e T(RadTM), and W € T(S(TM™)). By virtue of (2.14), we have
g(H(x.8),¢) =0. (4.28)

On the other hand, using (2.6), (2.8), (2.15), (2.18), (4.20), and (4.21), we get

g(h*(X,8), W)
(4.29)
= Z(-AwX, BW + CW) + g(Viw, CW) + 3(D'(X, wg), BIW).
Thus, our assertion follows from (4.27) and (4.29).
Converse part directly follows from (4.29). O

Now, we prove the following.

Theorem 4.10. Let M be a ST-anti-invariant lightlike submanifold of an indefinite Kenmotsu
manifold M. Then M is totally geodesic if and only if Vi,wY & p, AwyX = 0 and D'(X,wY) =0,
forany X,Y e I(TM).
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Proof. The submanifold M is totally geodesic if and only if

g(HXY)8) =0, ZWEY),W)=0 (430)

forany X,Y € [(TM),¢ € T(Rad TM) and W € T(S(TM*)). By the use of (2.6), (2.8), (2.15),
(2.18), and (4.20), we obtain

§<h’(X, Y),g) = 3(V5wY,wi). (4.31)

On the other hand, from (2.6), (2.8), (2.15), (4.20), and (4.21), we have

g (X, Y), W)
(4.32)
= Z(Awr X, W + C1W) + Z(ViwY, &W) + 3(D'(X, wY), BIW).
Thus, our assertion follows from (4.31), (4.32), and (4.30).
Converse part directly follows from (4.31) and (4.32). O

5. Transversal Lightlike Submanifolds

The purpose of this section is to study transversal and radical transversal lightlike sub-
manifolds in an indefinite Kenmotsu manifold. We recall here the definitions of these
submanifolds given by Yildirim and Sahin [10].

Definition 5.1. A lightlike submanifold M tangent to structure vector field V immersed in an
indefinite Kenmotsu manifold M is said to be

(i) radical transversal lightlike submanifold of M if

P(RadTM) = Itr(TM),  $(S(TM)) = S(TM), (5.1)

(ii) transversal lightlike submanifold of M if

HRadTM) =1er(TM),  $(S(TM)) € S(TM*). (5.2)

For a radical transversal lightlike submanifold M of an indefinite Kenmotsu manifold
M, if P and Q are the projection morphism on S(T M) and Rad T M, respectively, then any
vector field X tangent to M can be written as

X = PX + QX. (5.3)

We apply ¢ to (5.3) and then using (2.19), we get

$X = TPX + wQX. (5.4)
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If we denote TPX by TX and wQX by wX, then (5.4) can be rewritten as

$X = TX + wX, (5.5)

where TX € I'(S(TM)) and wX € I'(ltr(T M)).
Moreover, if W € T(S(TM1)), then

W =CW, (5.6)

from which we observe that §W € T(S(TM*)).
Using the above notations, one can prove the following.

Theorem 5.2. Let M be a radical transversal lightlike submanifold of an indefinite Kenmotsu man-
ifold M. Then the distribution Rad T M is totally geodesic if and only if Acwé, ¢ T(Rad T M) for
any & € T(Rad TM) and W € T(S(TM™Y)).

Proof. Since h! = 0 on Rad TM [9], we observe that the distribution Rad T M is totally geodesic
if and only if
(M@ &),8) =0, F(h (&), W) =0 (57)

for any ¢; € T(RadTM) and W € T(S(TM%)). On the other hand, using (2.6), (2.8), (2.15),
(2.18), (5.5), and (5.6), we arrive at

g(h°(&1,62), W) = g(wép, Acwér)- (5.8)

Thus, our assertion follows from (5.7) and (5.8).
Converse part directly follows from (5.8). O

A screen distribution S(T M) of a radical transversal lightlike submanifold in indefinite
Kenmotsu manifolds to be totally geodesic, we have the following.

Theorem 5.3. Let M be a radical transversal lightlike submanifold of an indefinite Kenmotsu
manifold M. Then the distribution S(TM) is totally geodesic if and only if h*(X,TY) = 0 and
AcwX & T(S(TM)) for any X,Y € T(S(TM)) and W € T(S(TM*)).

Proof. We note that the distribution S(T M) is totally geodesic if and only if

3(FxX1,8) =0, FH(XY),W)=0 (59)

forany X, Y € ['(S(TM)), ¢ € [(RadTM), and W € T(S(TM*')). Making use of (2.6), (2.11),
(2.15), (2.18), and (5.5), we get

g(hl(x, Y),g) = 3(h* (X, TY), wé). (5.10)
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On the other hand, from (2.6), (2.8), (2.15), (2.18), (5.5), and (5.6), we have

Thus, our assertion follows from (5.10), (5.11), and (5.9).
Converse part directly follows from (5.10) and (5.11). O

The conditions under which a radical transversal lightlike submanifold immersed
in indefinite Kenmotsu manifolds to be mixed totally geodesic is given by the following
theorem.

Theorem 5.4. Let M be a radical transversal lightlike submanifold of an indefinite Kenmotsu
manifold M. Then M is mixed totally geodesic if and only if AcwX ¢ T(RadTM) for any
X eT(S(TM)) and W € T (S(TM™)).

Proof. The submanifold M is mixed totally geodesic if and only if
g(HXY),8) =0,  Zh(X,¢,W)=0 (5.12)
forany X € ['(S(TM)), ¢ e T(RadTM), and W € T(S(TM*)). From (2.14), we have
—_ 1 _
g(h (X,g),w) = 0. (5.13)

On the other hand, using (2.6), (2.8), (2.15), (2.18), (5.5), and (5.6), we obtain

(PP (X,Y), W) =g(wé¢, AcwX). (5.14)

Thus, our assertion follows from (5.12) and (5.14).
Converse part directly follows from (5.14). O

Theorem 5.5. Let M be a radical transversal lightlike submanifold of an indefinite Kenmotsu man-
ifold M. Then the submanifold M is totally geodesic if and only if

(i) (X, TY) - Ay X ¢ T(Rad M).
(ii) AewX =0
forany X,Y € I'(TM).

Proof. We observe that the submanifold M is totally geodesic if and only if

g(HXY)8) =0, FH(XY),W)=0 (5.15)

forany X,Y e T(TM), ¢ e T(RadTM), and W € T(S(TM*)).
By the use of (2.6), (2.8), (2.11), (2.15), (2.18), (5.5), and (5.6), we arrive at

3(H(X,),8) = 30" (X, TY), @) - §(Aur X, ). (5.16)
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On the other hand, from (2.6), (2.8), (2.15), (2.18), (5.5), and (5.6), we have
Z(h(X,Y), W) = g(TY, AcwX) + (@Y, AcwX). (5.17)

Thus, our assertion follows from (5.15), (5.16), and (5.17).
Converse part directly follows from (5.16), and (5.17). O

If we denote the projections on the distributions S(T'M) and Rad TM involved with
the definition of a transversal lightlike submanifold M immersed in indefinite Kenmotsu
manifold M by P and Q, respectively, then any vector field X tangent to M can be written as

X = PX + QX. (5.18)

Applying ¢ to (5.18) and then using (2.19), we get

¢X = wPX + wQX. (5.19)

If we denote wQX by w; and wPX by wy, then (5.19) can be written as

¢X = (UZX + (AJ1X, (520)

where w; € I'(Itr(TM)) and w» X € T'(S(TM%)).
For W € T(S(TM%)), we have

$W = BW +CW, (5.21)

where BW € I'(S(T'M)) and CW € I'(4) (u is the orthogonal complement of ¢$(S(IT'M)) in
S(TM?Y)).

Theorem 5.6. Let M be a transversal lightlike submanifold of an indefinite Kenmotsu manifold M.
Then the distribution Rad T M is totally geodesic if and only if Agé1 € S(TM) and D*(é1, ¢¢) €
(u) for any é1,& € I'(Rad TM).

Proof. The distribution Rad T M is totally geodesic if and only if
3(HE&),8) =0, 3 (E,&),8H=0 (5.22)
for any ¢;,¢>,¢ € ['(Rad TM). In view of k! =0 on Rad TM [9], we have

2(H (@, 8),8) =0. (5.23)



16 ISRN Geometry

On the other hand, making use of (2.6), (2.7), (2.15), (2.18), (5.20), and (5.21), we get
8(h°(1,62), W) = =g (Awé1, BW) + 3(D* (é1, ¢&2), CW). (5.24)

Thus, our assertion follows from (5.22), (5.23), and (5.24).
Converse part directly follows from (5.23) and (5.24). O

Theorem 5.7. Let M be a transversal lightlike submanifold of an indefinite Kenmotsu manifold M.
Then S(T M) is totally geodesic if and only if

D*(X,wié), ViwY € p,  AwyX ¢ T(S(TM)) (5.25)

forany X, Y € T'(S(TM)).
Proof. We note that the distribution S(T M) is totally geodesic if and only if g(h'(X,Y),¢) = 0

and g(h*(X,Y),W) =0 forany X,Y € T(S(TM)), ¢ e [(RadTM), and W € T(S(TM?)).
Combining (2.6), (2.7), (2.15), (2.18), (5.20), and (5.21), we obtain

g(H(X,Y),8) = -g(@Y, D*(X, wn)). (5.26)

On the other hand, from (2.6), (2.8), (2.15), (2.18), (5.20), and (5.21), we have

g (X, Y), W) = -g(-Aw,y X, BW) + (V5w Y,CW). (5.27)
Thus, our assertion follows from (5.25), (5.26), and (5.27).

Converse part directly follows from (5.26) and (5.27). O
Theorem 5.8. Let M be a transversal lightlike submanifold of an indefinite Kenmotsu manifold M.
Then M is mixed totally geodesic if and only if A, : X & T'(S(TM)) and D*(X, w1&) & (u) for any
X eI(S(TM)) and § e T(Rad TM).

Proof. We observe that the submanifold M is mixed totally geodesic if and only if
3(H(,9.8) =0, (X8 W)=0 (5.28)

forall X € ['(S(TM)), ¢ € T(Rad TM) and W € T'(S(TM%)).
From (2.14), we infer that

2(n(x,0,¢) =0. (5.29)
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On the other hand, by the use of (2.6), (2.7), (2.15), (2.18), (5.20), and (5.21), we arrive at

g(h°(X,8), W) = ~g(AweX, BW) + 3(D* (X, wi¢), CW). (5.30)

Thus, our assertion follows from (5.28), (5.29), and (5.30).
Converse part directly follows from (5.29) and (5.30). O

Theorem 5.9. Let M be a transversal lightlike submanifold of an indefinite Kenmotsu manifold M.
Then M is totally geodesic if and only ApyX = 0 and D*(X,w1Y) + Viw2Y & T'(u) for all
X, Y eI'(TM).

Proof. The submanifold M is totally geodesic if and only if
§<h’(X, Y),g) =0, gH(XY),W)=0 (5.31)

forany X,Y e T(TM), ¢ € T(RadTM) and W € T(S(TM1)).
By virtue of (2.6), (2.7), (2.8), (2.15), (2.18), (5.20) and (5.21), we have

(WX, Y),8) = 3(-AwrX, §8). (532)
On the other hand, by the use of (2.6), (2.7), (2.8), (2.15), (2.18), (5.20), and (5.21), we get
3 (X,Y),¢) = g(~AwrX, BW) + 3(D* (X, w1 Y) + Viw,Y,CW). (5.33)

Thus, our assertion follows from (5.31), (5.32), and (5.33).
Converse part directly follows from (5.32), and (5.33). O
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