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The necessary conditions and the sufficient condition for the existence of positive operator solutions to the operator equation
X°* + A*X'A = Q are established. An iterative method for obtaining the positive operator solutions is proposed.

1. Introduction

Let B(X) be the set of all bounded linear operators on the
Hilbert space 7. In this paper, we consider the nonlinear
operator equation

X+ A*XTA=Q, 1)

where A, Q € B(#),Q > 0, and X is an unknown operator
in B(# ). Both s and t are positive integers.

This type of equation often arises from many areas such
as dynamic programming [1], control theory [2, 3], stochastic
filtering and statistics, and so forth [4, 5]. In the recent
years, for matrices, (1) has been considered by many authors
(see [6-13]), and different iterative methods for computing
the positive definite solutions to (1) are proposed in finite-
dimensional space. The case s = ¢ = 1 has been extensively
studied by several authors. In this paper, we extend the study
of the operator equation (1) from a finite-dimensional space
to an infinite-dimensional Hilbert space. We derive some
necessary conditions for the existence of positive solutions to
the operator equation (1). Moreover, conditions under which
the operator equation (1) has positive operator solutions are
obtained. Based on Banach’s fixed-point principle, we obtain
the positive operator solution to the operator equation (1).
First, we introduce some notations and terminologies, which
are useful later. For A € B(¥), if (Ax,x) > 0forall x € &,
then A is said to be a positive operator and is denoted by A >
0.If Aisa positive operator and invertible, then denote A > 0.

For A and B in B(#'), A > B means that A — B is a positive
operator. For A € B(¥), A", w(A), 0(A), and r(A) denote
the adjoint, the radius of numerical range, the spectrum, and
the spectral radius of A, respectively.

For positive operators in B(Z’), the following facts are
well known.

(DIfP>Q>0,thenP ' <Q7".

(2) Denote A, (P) = max{A : A € o(P),P > 0},
Amin(P) = minfA A € o(P),P > 0}. Then
ApinP)I <P <A, (P

(3) If the sequence {X,,} %] of positive operator is mono-
tonically increasing and has upper bound, that is,
X € Xi4q < Cy, or is monotonically decreasing and
has lower bound, that is, C, < X, < X, then this
sequence is convergent to a positive limit operator,
where C,,C, € B(¥) are given operators.

max

2. Main Results and Proofs

In order to prove our main result, we begin with some lemmas
as follows.

Lemmal. Let A,B € B(H).IfA > B >0, then |All > ||BI|.

Lemma 2. Let A and B be self-adjoint operators in B(¥ ). If
A < B, then, forevery T € B(H), one has T* AT < T"BT.

In this section, we give our main results and proofs.



Theorem 3. Ifthe operator equation (1) has a positive operator

solution X, then (1) VAQTA* < X < ~§/Q and (2) r(A) <
bt/ (s + 1) (bs/(s + £))%, where b = ||Q].

Proof. (1) If the operator equation (1) has a positive operator
solution X, then 0 < A* X" A < Q. Hence, we obtain X* < Q;
that is, X < v/Q. From A* XA < Q, it follows that
QA XX AQ T2 < |
X—t/ZAQ—1/2Q—1/2A*X—t/2 <1 (2)
AQ'A* < X'

Thatis, X > VAQ 1A*.

(2) From (1), we have
X XPATXTTAXT? = XTPQXT < A, (Q X (3)
Then
r(A) =r? (X" AX?)
< | xax 2| (4)
< e (Q X = X
According to the spectral decomposition of X, we have

Anax (Q) X' = X" = J (Mnax QA =AY dEA. (5)
a(X)

Denote A,,,.(Q) = ||Q|| = b. Then

"/\max (Q) Xt - Xt+s| < max 'bkt _ At+s|

1€(0,90]
(6)
() (%)
T \s+t s+t)’
Therefore, #(A) < (bt/(s + )" (bs/(s + )% O

Theorem 4. If A is invertible and A* X 'A < Q—(AQ ' A* )/t
for all X € [JAQ'A*,~/Q], then (1) has a positive operator

solution.

Proof. Let d(X) = (Q - A*XftA)l/s; then @ is continuous
for X € [VAQ'A*,vQ]; ®(X) < ~/Q; and ®(X) >
[Q-(@Q-(4Q'a"M" = (aQ'a")". So ® maps
[VAQ 1 A*,~/Q] into itself. Furthermore, ® is continuous on
[VAQ'A*,~/Q] because X > 0; hence, ® has a fixed point
in [VAQ™'A*,+/Q]J; that is, there exists X > 0 such that
(Q - A*X'A)Y* = X; this implies that (1) has a positive
operator solution. O

Theorem 5. Ifthe operator equation (1) has a positive operator
solution X, then A, ,(T*T) < (t/(t + ) 5(s/(t +5)) and X <
JaQwhen A, (T*T)#1, where T = Q"> AQ? and & is a
solution to the equation (x’/s(l—oc) = Apin (T T) in [t/(t+s), 1].
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Proof. We consider the sequence
o = 1,064,
=1

Ao ((Q—t/ZsAQ—l/Z)*Q—t/ZsAQ—I/Z) (7)

t/s >
X

k=0,1,2,....

Let X be a positive solution to (1). Then X* = Q -
A*X'A < Q = qyQ; thatis, X < +/a;Q. Assuming that

X < oy Q, then

.o A* —t/SA
X =Q-A"X ’ASQ—QT
o
Q—I/ZA*Q—t/ZSQ—t/ZSAQ—I/Z 12 12
=Q"|1- Q"7 <Q
oc;/s
Ao ((Q—t/Zs AQ—I/Z) Q—t/Zs AQ"”Z)
X |1- s
&
2
x Q" = ., Q
(8)

Hence, X < va,Q foralln = 0,1,2,.... It is straightforward
to check that the sequence {«,,} is monotonically decreasing;
also, {«,,} is bounded below; hence, {«,} is convergent. Denote

T = Q"*AQ"* and let lim, , &, =
1 - A, (T*T)/&"; that is, & is a solution to the equation
a*(1-a) = A (T*T). Let flx) = x5(1 = x). Then

«; then @ =

min

t £\ s
maro=f(5)=(n) () @
Thus, it follows that A, . (T*T) < (t/(t + ) 5(s/(t + ).

Since
A (T°T) < (L)m ( s ) . (10)

t+s t+s

Then the equation a'(1 — «) = A, (T*T) may have two
solutions; one of these solutions is in the interval [¢/(t +s), 1].

In order to prove that the limit & of the sequence {«,} is
in [t/(t + 5), 1], we assume that «; > t/(t + s) (obviously &, =
1> t/(t +s)); then

=1- Amin (T*T)
Ky = —(x?/s
t/s
21_Amin (T*T)<t+_s>
t (1)
t A\ s f+s\!*
>1-(3) () ()
t+s t+s t
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Therefore, o; > t/(t+s) foreachi = 1,2,.... Since X < v/«,Q,
then X < v/aQ and & € [t/(t + s), 1]. The proof is completed.

O
Consider the following iterative sequence:
X;=9Q Xy -Q-AX[A
(12)
k=0,1,...,y>0.

We will prove the following theorem.

Theorem 6. Ifthe operator equation (1) has a positive operator
solution X, then it has a maximal one X;. Moreover, the
sequence {X;} in (12) for y € [&, 1] is monotonically decreasing
and converges to X, where & is defined in Theorem 5.

Proof. Consider the iterative sequence (12) with y € [&, 1].
According to Theorem 4, we have X* < aQ < yQ = X for
any positive operator solution X to (1).

Suppose that X; > X°. Then
QAXA>Q A'XTA= X" 13)

1+1

Hence, X; > X hold for eachi. According to the definition
of &@ and the monotonicity of the function f(x) = (1 - x)
on [t/(t + s), 1], we have

Y-y I<aQ-a)I=A,, (T"T)I<T'T (14)

min (

forally € [@, 1], where T = Q' AQ7Y%. We compute

X;=Q-A"(yQ) A

t/s

_ Q1/2 [I _ Q_I/ZA*()/Q)_
- Q" (I
Using inequality (14) and equality (15), we obtain X

X;.

Assuming that X} < X7 |,

AQ—1/2] Q1/2 (15)
B y—t/sT*T) Ql/z.

<yQ =
then

—Q-A'X'A<Q-A'X A=X.  (16)

l+1

Therefore, X;,; < X; foralli = 0,1,..; that is, the sequence
{X’} is monotonically decreasing. Hence, {X;} converges to
the positive operator solution X to (1). Since X; > X* for any
positive operator solution X, it follows that X is the maximal
solution. O

Theorem 7. Let A, (T*T) < A max(T*T) <
(t/(t + s))t/s(s/(t +5)), and f3,, 3, are solutions to the equation
B = B) = A (T*T) in [0,t/(t + )] and [t/(t + s), 1],
respectively. Then there are the following conclusions.
(i) If y € [B;> B,], then the sequence {X,,} in (12) is mono-
tonically increasing and converges to a positive operator

solutionX € [{yQ,VaQ] to (1).

(ii) Ify € [&, 1], then the sequence { X, } in (12) is monoton-
ically decreasmg and converges to the maximal positive

operator solution X; € [§/B,Q,~/aQ] to (1).

(i) If y € (B and (t/s)IAIP < (BApmin(Q),

then the sequence {X,,} in (12) converges to the unique

solution X; € [/B,Q,V&Q], where & and T are
defined in Theorem 5.

Proof. Consider the function f(x) = x5 (1-x), x € [0,1].1t
is monotonically increasing on [0, t/(t+s)] and monotonically
decreasing on [t/(t + s), 1], and

t t \'( s
)= —= — ). 17
f<t+s> <t+s> <t+s) a7
Since A, (T*T) < (t/(t+s))t/5(s/(t+s)), then, for each y,, y,
such that 0 < 8, <y, < 5, < & <y, < 1, the inequalities

max f (x) =

x€(0,1]

t/s(l_y2)1<Amm(T T)<T T

(1 -yl

(18)
(T°T) <y

- max

are satisfied.

(i) Let y € [B;,,]. We will prove that the operator
sequence {X,} in (12) is monotonically increasing and is
bounded above.

According to the fourth inequality in (18), we compute

t/s

X1=Q-A"(yQ) A
_ Q1/2 (I _ y—t/sQ—l/ZA*Q—t/sAQ—l/Z) Ql/z (19)
_ Q1/2 (I

Assuming that X} > X7 |,

_ )/_t/ST*T) Ql/Z > YQ _ XS
then

—Q-A'X'A>Q-A'XA=X. (20)

l+1

Therefore, X;,, > X; foralli = 0, 1,..; that is, the sequence
{X;} is monotonically increasing. Obviously X; = yQ <
B,Q < &Q. We suppose that X; < &Q; from the first
inequality in (18), we obtain

—Q-A'X'A<Q-A'@Q " A<aQ  (2)

z+1

Hence, {X]} converges to a positive operator solution X;

to (1). Since X; € [\/yQ,VaQ] foralli = 0,1,..
X, € {yQ.VaQl.

(ii) Let y € [& 1]. From the proving procession of
Theorem 6, the sequence (12) is monotonically decreasing.

Since X, = /yQ = +/3,Q and supposing that X; > f,Q,
it follows that

X;,=Q-A X_tA >Q-A"(BQ) A

., we have

_ Q1/2 (I _ ﬁ—t/sQ—l/zA*Q—t/sAQ—l/Z) Q1/2

’ (22)
> Q1/2 (I _ ﬁ;t/slmax (T*T) I) Q1/2
= ﬂzQ-

By induction principle, X; > f3,Q hold for eachi =0, 1,2,....
Hence, {X}} is convergent. From Theorem 6, {X;} converges

to X; such that X; € [v/3,Q,~/yQl.



(iii) Considering the sequence {X;} in (12) fory € (3,, @),
that is, X; € (8,Q,&Q) and supposing that X; € (3,Q, aQ),
then, for X;

i+1>

X, =Q-A'X'A
< Q1/2 (I _ ‘B;t/sQfl/ZA*th/sAQfl/Z)Q1/2
<aQ,

Xi,=Q-ATX;'A

(23)

N QI/Z (I _ &_t/SQ_l/ZA*Q_t/SAQ_l/Z) QI/Z

> B,Q.

Hence, X; € (B,Q,yQ), foralli = 0,1,2,.... Now, we consid-
ering | X;,, - X;|,

1% - Xil

i+l T i

J(@-a"x7"4) - (Q-A"X,4)]

LS B

S (VB @)
tAl?

— |
(VB @)
t

1
-l1Al7

S (VB @)

X |1X; = Xl

IN

|X; = X (24)

and (t/9)AIP < (ByAn Q) it follows that {X,} in
(12) is a Cauchy sequence in the Banach space [/3,Q, ¥/&Q].
Hence, it has a limit X, in [+/B,Q, Ja&Q], and X, is a unique
solution to (1) in [\‘//32_Q, Jaq). According to Theorem 6, it

IN

is the maximal solution, that is, XV = X;. The proof is
completed. O
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